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Abstract

In this thesis, we first introduce some basics of the theory of rough paths and then we
present a Donsker-type invariance principle in rough path topology due to E. Breuil-
lard, P. Friz and M. Huesmann [3]. We extend their invariance principle to Markov
chains. The limit process is shown to be a diffusion process with drift. The strategy
of our proof is to establish tightness and to characterize the law of the limit process
as the unique solution to a martingale problem.
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1 Introduction

1.1 Motivation and overview

In this thesis, we study weak convergence results of the following form: We start
with a sequence (Xi)i≥1 of (possibly dependent) identically distributed random vari-
ables. From these random variables we then construct by interpolation a sequence
of stochastic processes (Y n)n≥1 such that Y n converges weakly to a limit process Y
as n → ∞ – in the sense that the measures induced by these stochastic processes
converge weakly in an appropriate topological function space. If the law of the limit
process does not depend on the exact distribution of the Xi, but only on some mo-
ments of the Xi and the dependence between Xi and Xj (i 6= j), such results are
called invariance principles. A basic invariance principle is Donsker’s theorem, which
says that a sequence of suitably interpolated (real-valued) random walks1 converges
weakly to Brownian motion.

A generalization of Donsker’s theorem to random variables taking values in a certain
Lie group – denoted Gd (depending on the dimension d ∈ N) in this section – was
established in the paper ”From Random Walks to Rough Paths” by E. Breuillard,
P. Friz and M. Huesmann [3]. That paper is the motivation for this thesis, which
aims at establishing a similar invariance principle for a stochastic process constructed
from a Markov chain (also taking values Gd) in place of the sequence of independent
random variables. The Lie group Gd is central to the theory of rough paths. To
explain the interest in this state space, we briefly give some basic ideas of this theory,
which was developed by T. Lyons and his co-authors in the 1990s.

The theory of rough paths is a deterministic, non-linear extension of the classical
theory of integration and differential equations to more irregular paths. This ex-
tension was motivated by stochastic modeling. To introduce the terminology, let us
first consider a classical differential equation of the following form

dyt = f(yt)dxt,

where y is the solution, x the driving signal or controlling term and f a vector field
(a function in the one-dimensional case). yt models the state of a dynamical system
(for example the speed of a parachutist) whose evolution is modified by the changes
of an external parameter xt (for example the time t). If we want to model a system
that is driven by an irregular random source x which is not of finite variation (for
example Brownian motion), we cannot use classical differential equations. Rough
path theory allows us to deal with more irregular driving signals, which are of finite

1i.e. the sequence (Sn)n≥1, where Sn =
∑n

i=1Xi and (Xi)i≥1 is a sequence of independent, identi-
cally distributed random variables.
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p-variation for some p ∈ (1,∞). A continuous map x : [0, 1] → Rd is said to be of
finite p-variation if

sup
0=t0<t1<···<tk=1

partition of [0,1], k∈N

k−1∑
i=0

∥∥xti+1 − xti
∥∥p <∞.

Since there are a lot of interesting stochastic processes which are not of finite vari-
ation, but of finite p-variation for some p > 2, rough path theory has various prob-
abilistic applications.
There is a fundamental problem with the case p ≥ 2: There exist real-valued paths
x, which are of finite p-variation for some p ≥ 2, such that the Riemann sums∑

i xti(xti+1 −xti) do not converge as the mesh of the partition tends to zero. Thus,

the integral
∫ t

0 xu dxu cannot be defined in the usual way as a limit of Riemann
sums.
The approach taken in rough path theory for the case p ≥ 2 is to replace the original
path x by a path x in a higher-dimensional vector space. The new path x – called
the lift of x – is constructed to encode the information needed to solve differential
equations driven by x in an efficient way. Differential equations can then be defined
and solved with respect to these lifted paths. Before the development of rough path
theory, iterated integrals of paths were used by different authors to obtain pathwise
Taylor series for the solutions of controlled differential equations. It was also shown
by K.T. Chen that a smooth path is uniquely determined by a Taylor series involving
its iterated integrals. Thus, for a smooth path, it makes sense to define its lift as
the sequence of its (low order) iterated integrals. For paths of finite p-variation for
some p ≥ 2, the lifted paths are usually taken as elements of the closure of lifted
smooth paths with respect to an 1/p-Hölder (or p-variation) distance. Elements of
this closure are called geometric rough paths. The appropriate dimension of the
vector space for the lift of a path x depends on the irregularity of x: The more
irregular the path, the higher the dimension of the vector space.
The main result of rough path theory is that the solution to a differential equa-
tion driven by a geometric rough path x depends continuously on x with respect
to a suitable 1/p-Hölder (or p-variation) distance. In this thesis, we call the topol-
ogy induced by the 1/p-Hölder distance on geometric rough paths the ”rough path
topology”. The above result has a lot of applications to stochastic analysis. In par-
ticular, we have the following application to invariance principles: Assume (Zn)n≥1

is a sequence of stochastic processes the paths of which are geometric rough paths
and Zn converges weakly to a limit process Z in rough path topology. Then, as
weak convergence is preserved under continuous maps, the sequence of solutions to
the differential equations driven by Zn will converge weakly to the solution of the
differential equation driven by Z in rough path topology. Results of this type are
particularly useful if the limit process is enhanced Brownian motion2 i.e. the rough
path lift of Brownian motion. This is due to the fact that several objects studied

2This term is used by P. Friz and his co-authors in [3] and [5].
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in the theory of stochastic integration and stochastic differential equations are con-
tinuous functions of enhanced Brownian motion in rough path topology, which is
stronger than the uniform topology on geometric rough paths. Following Breuillard-
Friz-Huesmann, we will therefore focus on weak convergence results in rough path
topology.

Some parts of the proof given by Breuillard et al. did not easily allow an extension to
the case of dependent random variables. We therefore relied on a different concept,
called the martingale problem formulation. To see how the martingale problem
formulation can be used to prove invariance principles, we first studied two simpler
cases: A stochastic process constructed from a real-valued Markov chain and a
special case of the setting in Breuillard et al.’s paper. The arguments developed in
these two cases could then be extended to Markov chains taking values in the Lie
group G2

3. To our knowledge, this is a new result.

The structure of this thesis is as follows:
In the next section of the introduction, we give the precise statement of Donsker’s
theorem and a related invariance principle in a stronger topology due to Lamperti.
At the end of the introduction, we fix some notation.
Chapters 2 and 3 contain basics which will be used to state and prove the invariance
principles in the subsequent chapters. Firstly, we introduce some relevant objects
and results from the theory of rough paths. Secondly, we give some results related
to weak convergence and explain the basic proof strategy used by Breuillard-Friz-
Huesmann (i.e. proving tightness and convergence of the finite-dimensional distri-
butions to establish weak convergence in a function space).
Chapter 4 is devoted to the Breuillard-Friz-Huesmann invariance principle. We
present their proof with more intermediate steps and explanations than in the orig-
inal paper.
In Chapter 5, we introduce two important notions for the proofs of our invariance
principles: The martingale problem formulation and a measure for dependence be-
tween random variables called the strong mixing coefficient.
In the last three chapters, we finally state and prove our three invariance principles.
A central ingredient for our proofs involving Markov chains (Xi)i≥1 are covariance
bounds. In the two cases we study, Cov(Xi, Xj) decreases exponentially fast as a
function of the distance |i− j|.

3We restrict our argument to the case d = 2 to concentrate on the conceptual aspects and to keep
the notation at a manageable level.
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1.2 Basic invariance principles and Hölder topology

Donsker’s theorem involves the space of continuous functions [0, 1]→ R, denoted
C ([0, 1],R), endowed with the uniform topology.

Theorem 1.1 (Donsker’s theorem, [1]). Let (Xi)i≥1 be a sequence of iid4, real-
valued random variables with mean 0 and finite variance σ2 > 0. Define S0 = 0 and

Sn =
∑n

i=1Xi for n ∈ N. Consider the rescaled random walk Y (n) = {Y (n)
t }t∈[0,1]

defined by

Y
(n)
t =

1

σ
√
n
Snt

for t ∈
{

0, 1
n ,

2
n , . . . , 1

}
and piecewise linearly interpolated in between, i.e.

Y
(n)
t =

1

σ
√
n

(
Sbntc + (nt− bntc)Xbntc+1

)
for t ∈ [0, 1].

Then, as n → ∞, Y (n) converges weakly to a standard Brownian motion B in
C ([0, 1],R), i.e. for any bounded, continuous function f : C ([0, 1],R)→ R, we have

lim
n→∞

E[f(Y (n))] = E[f(B)]. (1.1)

Note that Donsker’s theorem can be generalized to Rd-valued random variables. One
then obtains weak convergence to d-dimensional Brownian motion.

Donsker’s theorem has the following physical interpretation: Consider a particle
which is displaced according to Xi at time point iτ , where τ is a small time interval
and X1, X2, . . . are independent. Viewed from a large distance, this particle seems
to perform a Brownian motion.

Let us explain some arguments related to statement (1.1), since results of this form
will be central to this thesis: First note that for each ω ∈ Ω, the map Y (n)

. (ω) :
[0, 1] → R is continuous i.e. Y (n)

. (ω) ∈ C ([0, 1],R). Let us consider the Borel σ-
algebra C on C ([0, 1],R) endowed with the uniform topology. One can show that
the map

Y (n) : (Ω,F)→ (C ([0, 1],R) , C)

is measurable i.e. Y (n) can be viewed as a random variable with values in C ([0, 1],R).

Hence, Y (n) induces the image measure P
(
Y (n)

)−1
on C ([0, 1],R) and (1.1) is

equivalent to saying that P
(
Y (n)

)−1
converges weakly to the Wiener measure.

In fact, Y (n) and Brownian motion are not only continuous, but α-Hölder continuous
for any α ∈ (0, 1/2). Hence, we can restrict our attention to the space of α-Hölder
continuous functions, an approach due to Lamperti (see [11]). He strengthened

4independent and identically distributed.
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Donsker’s invariance principle in the following way: Let Cα−Höl ([0, 1],R) denote the
space of functions x : [0, 1]→ R such that x(0) = 0 and

‖x‖α := sup
0≤s<t≤1

|x(t)− x(s)|
|t− s|α

+ sup
t∈[0,1]

|x(t)| <∞,

endowed with the topology induced by the norm ‖.‖α. If the Xi have a finite moment
of order 2p for some p ∈ N \ {1}, then the function space C ([0, 1],R) in Donsker’s
theorem can be replaced by Cα−Höl ([0, 1],R) for any α ∈ (0, (p− 1)/(2p)).
Since the above topology on Cα−Höl ([0, 1],R) is stronger than the uniform one,
there are more continuous functions on Cα−Höl ([0, 1],R), which is advantageous for
statistical applications such as estimation and testing hypotheses.
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1.3 Notation and conventions

N natural numbers excluding 0

bxc the largest integer smaller or equal to x ∈ R
dxe the smallest integer larger or equal to x ∈ R
|x| Euclidean norm of x ∈ Rd

C(I, E) set of continuous maps I → E for I ⊂ R interval, (E, d) metric space

X
D
= Y The random variables X and Y have the same distribution.

Xn
D→ X convergence in distribution

Xn
P→ X convergence in probability

Short notation for paths

If f is a map having preimage I ⊂ R, we often write ft instead of f(t) for t ∈ I.

The Landau symbols O and o

Consider two functions f, g : N→ R.

f(n) = O(g(n)) (for n→∞) :⇔
There exist constants K > 0 and N ∈ N such that |f(n)| ≤ K |g(n)| for all n ≥ N .

f(n) = o(g(n)) (for n→∞) :⇔
For every ε > 0 there exists a constant N ∈ N such that |f(n)| ≤ ε |g(n)| for all
n ≥ N .

Probability spaces

If we do not mention anything else, the probability space on which random variables
are defined will always be arbitrary and denoted by (Ω,F , P ).

Random variables

Random variables taking values in a Lie group will be written in bold face. Random
variables in normal type take their values in Rd or in a Lie algebra.
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2 Some basics of the theory of rough paths

In this chapter, we introduce some objects and results from the theory of rough
paths. We also included the proofs of some results to illustrate how one can work
with these objects. However, we will not introduce integrals with respect to rough
paths and rough differential equations. For this, we refer the interested reader to
[12] or [14].
An interesting, but also challenging feature of rough path theory is that it combines
analytical and algebraic aspects and it also has connections to differential geometry.
Rough path theory can be studied from several different conceptual viewpoints. We
will mainly follow the approach taken by P. Friz and his co-authors in [3] and [5].
The latter1 is the main reference for this chapter.
We will only develop the theory for handling driving signals of finite p-variation
for p ∈ (2, 3] – a case that is often used in probabilistic applications. We will
first introduce the collection of iterated integrals up to level 2, called the (step-2)
signature. Next, we will study the underlying tensor space. Using some of the
definitions and results given for this tensor space, we will then investigate some
properties of the signature. In the next section, we will see that the set of all
signatures forms a Lie group. We will then define a metric on this Lie group. This
metric will be used to define geometric rough paths. Finally, we will treat the rough
path lift of Brownian motion.

2.1 The signature of a path

Definition 2.1. For s, t ∈ R≥0, s < t, let D([s, t]) denote the set of partitions of
the interval [s, t]. An element D of D([s, t]) is of the form s = t0 < t1 < · · · < tk = t
for some k ∈ N and will be denoted D = (ti)i=0,...,k or simply D = (ti) for short. We
define the mesh |D| of D by |D| := maxi=0,...k−1(ti+1 − ti).
A path x : [s, t]→ Rd is said to be of finite 1-variation if

|x|1−var;[s,t] := sup
(ti)∈D([s,t])

∑
i

∣∣xti+1 − xti
∣∣ <∞.

C1−var ([s, t],Rd) :=
{
x : [s, t]→ Rd | x is continuous and of finite 1-variation

}
.

Remark 2.2. Note that |.|1−var;[s,t] is only a semi-norm on C1−var ([s, t],Rd). But if

we identify two paths x, y : [s, t] → Rd satisfying xu − yu = const. for all u ∈ [s, t],
then |.|1−var;[s,t] is a norm on these equivalence classes of paths.

Let (ei)i=1,...,d be the canonical basis of Rd. Then, (ei⊗ej)i,j∈{1,...,d} is the canonical

basis of the vector space
(
Rd
)⊗2

:= Rd ⊗ Rd.
1mainly Chapters 7-9.
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Definition 2.3. Let x ∈ C1−var ([s, t],Rd). We define

(∫
s<u<t

dxiu

)
i=1,...,d

:=

d∑
i=1

(∫ t

s
1 dxiu

)
ei ∈ Rd; (2.1)

(∫
s<u<v<t

dxiudx
j
v

)
i,j=1,...,d

:=
d∑

i,j=1

(∫ t

s

∫ v

s
1 dxiudx

j
v

)
(ei ⊗ ej) ∈

(
Rd
)⊗2

. (2.2)

For (2.1), we will use the short notation
∫
s<u<t dxu and for (2.2), we will write∫

s<u<v<t dxu ⊗ dxv.

Remark 2.4. The integrals on the right-hand side of (2.1) and (2.2) are Riemann-
Stieltjes integrals. We clearly have

∫
s<u<t dxu = xt − xs.

If the path x : [s, t]→ Rd is absolutely continuous, then
∫
s<u<t dxu =

∫ t
s ẋudu.

Definition 2.5. For x ∈ C1−var ([s, t],Rd), the step-2 signature is defined by

S2(x)s,t :=

(
1,

∫
s<u<t

dxu,

∫
s<u<v<t

dxu ⊗ dxv
)
∈ R⊕ Rd ⊕

(
Rd
)⊗2

.

The path u 7→ S2(x)s,u is called the (step-2) lift of x.

2.2 Tensor spaces

We now study the vector space R⊕Rd⊕
(
Rd
)⊗2

underlying the step-2 signature and
some useful subsets of this space.

First, we recall the definition of the tensor product on Rd.

Definition 2.6. For

a =

d∑
i=1

aiei ∈ Rd, b =

d∑
i=1

bjej ∈ Rd,

the tensor product, which is a bilinear map Rd × Rd →
(
Rd
)⊗2

, is defined as

a⊗ b :=
d∑

i,j=1

aibj(ei ⊗ ej) ∈
(
Rd
)⊗2

.

Definition 2.7. Let d ∈ N. We define the vector space T 2
(
Rd
)

:= R⊕Rd⊕ (Rd)⊗2.

For g ∈ T 2
(
Rd
)
, we write g = (g0, g1, g2) := g0 + g1 + g2.

We set
(
Rd
)⊗0

:= R.

For k ∈ {0, 1, 2}, let πk : T 2
(
Rd
)
→
(
Rd
)⊗k

be the projection to the k-th tensor
level.
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Remark 2.8. We can identify
(
Rd
)⊗2

with the set of real-valued d × d-matrices by
writing the factor in front of ei ⊗ ej in the i-th row, j-th column of the matrix. So
we can think of an element of T 2

(
Rd
)

as a collection of a real number, an element
of Rd and a d× d matrix with real entries.

Definition 2.9. We define the product of (g0, g1, g2), (h0, h1, h2) ∈ T 2
(
Rd
)

by

(g0, g1, g2)⊗ (h0, h1, h2) := (g0h0, g0h1 + h0g1, g0h2 + h0g2 + g1 ⊗ h1).

Note that the product ⊗ is not commutative.
It is easy to see that this product satisfies the laws of associativity and distributivity
and that it is compatible with scalar multiplication (in the sense that for r, s ∈ R
and g, h ∈ T 2

(
Rd
)
, we have (rg)⊗ (sh) = (rs)(g ⊗ h)). Thus, we have

Lemma 2.10. The space (T 2
(
Rd
)
,⊗) is an associative algebra over R with neutral

element 1 := (1, 0, 0).

We now define a norm on T 2
(
Rd
)
.

Definition 2.11. First, we introduce a norm on
(
Rd
)⊗2

: For

a =
d∑

i,j=1

aijei ⊗ ej ∈
(
Rd
)⊗2

, |a|(Rd)⊗2 :=

√√√√ d∑
i,j=1

|aij |2.

Then, for g = (g0, g1, g2) ∈ T 2
(
Rd
)
,

|g|T 2(Rd) := max
{
|g0| , |g1| , |g2|(Rd)⊗2

}
.

In the sequel, we will just write |.| in place of |.|(Rd)⊗2 . The meaning will be clear
from the context.

Remark 2.12. (T 2
(
Rd
)
, |.|T 2(Rd)) is a Banach space of dimension 1 + d+ d2.

Next, we consider some useful subsets of T 2
(
Rd
)

having fixed zeroth components.

Definition 2.13. t2
(
Rd
)

:=
{
g ∈ T 2

(
Rd
)

: π0(g) = 0
}

.
1 + t2

(
Rd
)

:=
{
g ∈ T 2

(
Rd
)

: π0(g) = 1
}

.
Let us also define the map

[., .] : t2
(
Rd
)
× t2

(
Rd
)
→ t2

(
Rd
)

(g, h) 7→ [g, h] := g ⊗ h− h⊗ g.

Clearly, the bracket operation [., .] is anticommutative (i.e. [g, h] = −[h, g]). As the
product ⊗ on T 2

(
Rd
)

is bilinear, [., .] is also bilinear. One can check by a simple
computation that this bracket satisfies Jacobi’s identity (i.e. [f,[g,h]] + [g,[h,f]] +
[h,[f,g]]=0 for all f, g, h ∈ t2

(
Rd
)
). Consequently, this bracket operation is a Lie

bracket and we have
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Lemma 2.14. (t2
(
Rd
)
, [., .]) is a Lie algebra over R.

Let us endow 1 + t2
(
Rd
)

with the topology induced by the metric

ρ(g, h) := |g − h|T 2(Rd) = max
i=1,2

|πi(g − h)| . (2.3)

Then, we have

Lemma 2.15. 1 + t2
(
Rd
)

is a Lie group with respect to ⊗.

Proof. 1 + t2
(
Rd
)

is a group with respect to ⊗:

1 is the neutral element. For g = (1, g1, g2) ∈ 1 + t2
(
Rd
)
, the inverse is

g−1 = (1,−g1,−g2 + g1 ⊗ g1).

1 + t2
(
Rd
)

is a C∞-manifold since it is diffeomorphic to the vector space t2
(
Rd
)

=̃

Rd+d2 , which is a C∞-manifold. The group operations ⊗ and (.)−1 are polynomial
functions in the coordinates and hence they are smooth.

2.3 The exponential map and the Campbell-Baker-Hausdorff formula

The exponential and logarithm maps between the two subspaces t2
(
Rd
)

and 1+
t2
(
Rd
)

of T 2
(
Rd
)

are just truncated versions of the usual exponential and logarithm
series.

Definition 2.16.

exp : t2
(
Rd
)
→ 1 + t2

(
Rd
)

a 7→ 1 + a+
a⊗ a

2
=

(
1, a1, a2 +

1

2
a1 ⊗ a1

)
;

log : 1 + t2
(
Rd
)
→ t2

(
Rd
)

1 + a 7→ a− a⊗ a
2

=

(
0, a1, a2 −

1

2
a1 ⊗ a1

)
.

Clearly, exp and log are inverse maps. Hence, they are bijective.

For the Lie algebra t2
(
Rd
)
, the Campbell-Baker-Hausdorff formula from the theory

of Lie algebras and Lie groups has a very simple form and can be obtained by an
easy computation (which is left to the reader).

Theorem 2.17 (Campbell-Baker-Hausdorff formula for t2
(
Rd
)
). For a, b ∈ t2

(
Rd
)
,

we have

exp(a)⊗ exp(b) = exp

(
a+ b+

1

2
[a, b]

)
.
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2.4 The signature revisited

We now consider an important example – the signature of a linear path. This result
will be used several times in the following proofs.

Example 2.18. Let a ∈ Rd. We compute the step-2 signature of the path
x : [0, 1]→ Rd; t 7→ ta:

S2(x)0,1 =

(
1,

∫
0<u<1

dxu,

∫
0<u<v<1

dxu ⊗ dxv
)

=

(
1, a

∫
0<u<1

du, a⊗ a
∫

0<u<v<1
du dv

)
=

(
1, a,

a⊗ a
2

)
= exp ((0, a, 0)) .

Remark 2.19. In the sequel, we will write exp(a) in place of exp ((0, a, 0)) for a ∈ Rd.

Let us consider the second-order iterated integrals appearing in the signature more
closely. They are elements of Rd ⊗ Rd, which can be identified with the set of real-
valued d × d matrices (Remark 2.8). We fix a path x ∈ C1−var ([0, 1],Rd

)
. We can

decompose M := π2 (S2(x)0,1) into its symmetric and antisymmetric parts

S =
1

2

(
M +MT

)
and A =

1

2

(
M −MT

)
.

We write S = (sij)i,j∈{1,...,d} and A = (aij)i,j∈{1,...,d}. The symmetric part S can be
expressed by the increments of the path x since

sij =
1

2

(∫
0<u<v<1

dxiudx
j
v +

∫
0<u<v<1

dxjudx
i
v

)
=

1

2

(∫ 1

0
xiv dx

j
v +

∫ 1

0
xjv dx

i
v −

(∫ 1

0
xi0 dx

j
v +

∫ 1

0
xj0 dx

i
v

))
=

1

2

(
xi1x

j
1 − x

i
0x
j
0 −

(
xi0

(
xj1 − x

j
0

)
+ xj0

(
xi1 − xi0

)))
(2.4)

=
1

2

(
xi1 − xi0

) (
xj1 − x

j
0

)
,

where in (2.4), we have done integration by parts for the first term. Hence, the
symmetric part S is determined by π1 (S2(x)0,1). Thus, all additional information
contained in the second-order iterated integrals must be encoded in the antisym-
metric part A.
For i 6= j, the entry aij of the antisymmetric part has a nice geometric interpre-
tation: Consider the path u ∈ [0, 1] 7→ (xiu, x

j
u) ∈ R2 and add the line segment

joining (xi1, x
j
1) to (xi0, x

j
0) to obtain a closed directed curve. Then, an application

of Green’s theorem yields that aij is the area enclosed by this curve if orientation
and multiplicity are taken into account (see Figure 2.1).
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(xi0, x
j
0)

(xi1, x
j
1)

(xiu, x
j
u)

aij

Figure 2.1: The entry in the i-th row, j-th column of the antisymmetric part of
π2 (S2(x)0,1) is the signed area enclosed by the above directed curve.

2.5 The Lie group G2
(
Rd
)

In the following, the set of all step-2 signatures of continuous paths of finite 1-
variation will be the state space in which the random variables take their values.
We therefore study this set in some detail. First, we introduce some additional
objects which will turn out to be closely related to this set of signatures.

Preliminaries

Definition 2.20. G2
(
Rd
)

:=
{
S2(x)0,1 : x ∈ C1−var ([0, 1],Rd

)}
.

Remark 2.21. In the last section, we have seen that an element of G2
(
Rd
)

is deter-
mined by a path increment and an area associated to this increment.

Definition 2.22. For v, w ∈ Rd, let [v, w] := v ⊗ w − w ⊗ v ∈ Rd ⊗ Rd.
We define [Rd,Rd] := span

(
[v, w] : v, w ∈ Rd

)
, where span denotes the linear span

over R.
Let g2

(
Rd
)

be the smallest Lie subalgebra of t2
(
Rd
)

which contains π1(t2
(
Rd
)
) ∼=

Rd. Thus, g2
(
Rd
) ∼= Rd ⊕ [Rd,Rd].

Remark 2.23. Note that [Rd,Rd] can be identified with the set of skew-symmetric
matrices.

Definition 2.24.
〈
exp

(
Rd
)〉

:=
{
⊗mi=1 exp(vi) : m ∈ N, v1, . . . , vm ∈ Rd

}
.

Remark 2.25.

a)
〈
exp

(
Rd
)〉

is a subgroup of 1 + t2
(
Rd
)
:

exp(0) = 1 is the neutral element and for v1, . . . , vm ∈ Rd, the inverse of exp(v1)⊗
· · · ⊗ exp(vm) is exp(−vm)⊗ · · · ⊗ exp(−v1).

b)
〈
exp

(
Rd
)〉

is the smallest subgroup of 1+t2
(
Rd
)

which contains the set exp(Rd).
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Different representations

Theorem 2.26 (Representation theorem for G2
(
Rd
)
). We have

G2
(
Rd
)

= exp
(
g2
(
Rd
))

=
〈

exp
(
Rd
)〉

,

and G2
(
Rd
)

is a closed Lie subgroup of (1 + t2
(
Rd
)
,⊗).

Remark 2.27.

a) Due to the equality G2
(
Rd
)

= exp
(
g2
(
Rd
))

, each g ∈ G2
(
Rd
)

can be written
as g = (1, v, A+ 1

2v ⊗ v), where A is a skew-symmetric matrix and v ∈ Rd.

b) Recall the definition of the metric ρ on 1 + t2
(
Rd
)

given in (2.3). The metric
ρ|G2(Rd) induces the (sub)manifold topology of G2

(
Rd
)
.

To prove the representation theorem for G2
(
Rd
)
, we will need several results related

to paths and their signatures. These results will be stated in the next subsection.
The proofs are given in [5].

Some results for paths and their signatures

Definition 2.28. Let γ ∈ C1−var ([0, T ],Rd
)

and η ∈ C1−var ([T, 2T ],Rd
)
. The

concatenation γ t η of these two paths is defined by

γ t η(t) :=

{
γ(t) for t ∈ [0, T ]

η(t)− η(0) + γ(T ) for t ∈ [T, 2T ],

so that we have γ t η ∈ C1−var ([0, 2T ],Rd
)
. If γ and η are both parametrized over

the interval [0,T], we reparametrize the concatenation of the two paths, so that it is
parametrized over [0, T ], too2:

γ t η(t) :=

{
γ(2t) for t ∈ [0, T/2]

η(2t− T )− η(0) + γ(T ) for t ∈ [T/2, T ].

Theorem 2.29 (Chen, [5], Th. 7.11). For γ ∈ C1−var ([0, T ],Rd
)

and
η ∈ C1−var ([T, 2T ],Rd

)
, we have

S2(γ t η)0,2T = S2(γ)0,T ⊗ S2(η)T,2T .

Equivalently, for x ∈ C1−var ([0, T ],Rd
)

and 0 ≤ s < t < u ≤ T , we have

S2(x)s,u = S2(x)s,t ⊗ S2(x)t,u. (2.5)

2The signature of a path can be shown to be independent of the chosen parametrization.
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The idea for the proof below comes from [14].

Proof. For t1, t2 ∈ [0,∞), t1 < t2 and a path γ ∈ C1−var ([t1, t2],Rd
)
, we use

the following notation for the signature: S2(γ)t1,t2 = (1, γ1
t1,t2 , γ

2
t1,t2). Let γ ∈

C1−var ([0, T ],Rd
)

and η ∈ C1−var ([T, 2T ],Rd
)
. Then, for the path θ := γ t η ∈

C1−var ([0, 2T ],Rd
)
, we have

θ1
0,2T =

∫ 2T

0
dθu =

∫ T

0
dγu +

∫ 2T

T
d(ηu − η0 − γT )

=

∫ T

0
dγu +

∫ 2T

T
dηu = γ1

0,T + η1
T,2T

and

θ2
0,2T =

∫
0<u<v<2T

dθu ⊗ dθv

=

∫
0<u<v<T

dγu ⊗ dγv +

∫
0<u<T<v<2T

dγu ⊗ dηv +

∫
T<u<v<2T

dηu ⊗ dηv

= γ2
0,T +

(∫ T

0
dγ

)
⊗
(∫ 2T

T
dη

)
+ η2

T,2T

= γ2
0,T + γ1

0,T ⊗ η1
T,2T + η2

T,2T .

Hence, we obtain S2(θ)0,2T = S2(γ)0,T ⊗ S2(η)T,2T .

Chow’s theorem states that each element of exp
(
g2
(
Rd
))

can be represented as the
step-2 signature of a piecewise linear path.

Theorem 2.30 (Chow, [5], Th. 7.28). For each g ∈ exp
(
g2
(
Rd
))

, there exist
v1, . . . , vm ∈ Rd such that

g = exp(v1)⊗ · · · ⊗ exp(vm).

In other words, there exists a piecewise linear path x : [0, 1] → Rd such that
S2(x)0,1 = g.

From Chow’s theorem, one can deduce that

Corollary 2.31 ([5], Cor. 7.29). Let (gn)n≥1 be a sequence in exp
(
g2
(
Rd
))

such
that gn −−−→

n→∞
13. Then, there exists a sequence of piecewise linear paths (xn)n≥1

(parametrized over [0, 1]) such that xn has signature gn and the length of the path
xn, that is

∫ 1
0 |dx

n
u|, converges to 0 as n→∞.

Definition 2.32. Let x : [0, T ]→ Rd and let D = (ti)i=0,...k be a partition of [0, T ].
Then the piecewise linear approximation of x is defined by

xDt := xti +
t− ti
ti+1 − ti

(xti+1 − xti)

for t ∈ [ti, ti+1], i = 0, . . . , k − 1.

3in the metric ρ on 1 + t2
(
Rd
)
.
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We will use the fact that the 1-variation of any piecewise linear approximation of a
path x does not exceed the 1-variation of x.

Proposition 2.33 ([5], Prop. 1.28). Let x ∈ C1−var ([0, T ],Rd
)
. Then, for any

partition D of [0, T ] and any s, t ∈ [0, T ], s < t, we have∣∣xD∣∣
1−var;[s,t] ≤ |x|1−var;[s,t] .

If (Dn)n≥1 is a sequence of partitions of [0, T ] such that limn→∞ |Dn| = 0, then the
sequence of piecewise linear approximations (xDn)n≥1 converges uniformly to x as
n→∞.

Proposition 2.34 ([5], Prop. 7.15). Let (xn)n≥1 be a sequence of paths in
C1−var ([0, 1],Rd

)
with supn≥1 |xn|1−var;[0,1] <∞, uniformly convergent to some x ∈

C1−var ([0, 1],Rd
)
. Then, S2(xn)0,. converges uniformly to S2(x)0,..

In particular, we have

lim
n→∞

S2(xn)0,1 = S2(x)0,1.

Proof of the representation theorem for G2
(
Rd
)

(Theorem 2.26)

Step 1: exp
(
g2
(
Rd
))

=
〈
exp

(
Rd
)〉

⊆: This is due to Chow’s theorem (Theorem 2.30).

⊇: Clearly, exp
(
Rd
)
⊂ exp

(
g2
(
Rd
))

.
〈
exp

(
Rd
)〉
⊆ exp

(
g2
(
Rd
))

then follows from
the Campbell-Baker-Hausdorff formula (Theorem 2.17).

Step 2:
〈
exp

(
Rd
)〉

is a closed subset of 1 + t2
(
Rd
)
.

By Step 1, it is enough to show that exp
(
g2
(
Rd
))

is closed in 1 + t2
(
Rd
)
. As the

Lie bracket on t2
(
Rd
)

is continuous in both arguments, g2
(
Rd
)

is a closed subset of
t2
(
Rd
)
. In addition, we have exp

(
g2
(
Rd
))

= log−1(g2
(
Rd
)
) and log is a continuous

map. Consequently, exp
(
g2
(
Rd
))

is a closed subset of 1 + t2
(
Rd
)
.

Step 3: G2
(
Rd
)

=
〈
exp

(
Rd
)〉

⊇: This is a consequence of Example 2.18 (where we computed the signature of a
linear path) combined with Chen’s theorem (Theorem 2.29): For v1, . . . , vm ∈ Rd

exp(v1)⊗ · · · ⊗ exp(vm)

is the step-2 signature of the path x : [0, 1] 7→ Rd defined by x0 = 0, xi/m =
x(i−1)/m + vi for i = 1, . . . ,m and linearly connected in between.

⊆: By Step 2, we have 〈exp (Rd)〉 =
〈
exp

(
Rd
)〉

. Hence, it suffices to prove

G2
(
Rd
)
⊆ 〈exp (Rd)〉.
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Let g ∈ G2
(
Rd
)
. Then, there exists x ∈ C1−var ([0, 1],Rd

)
such that g = S2(x)0,1.

It follows from Proposition 2.33 that there exists a sequence (xn)n≥1 of piecewise
linear approximations of x which satisfies

sup
n≥1
|xn|1−var;[0,1] ≤ |x|1−var;[0,1] <∞

and converges uniformly to x on [0, 1]. We now consider the signatures gn :=
S2(xn)0,1 of these piecewise linear paths. As seen before, we have

gn ∈
〈

exp
(
Rd
)〉

for all n ∈ N. In addition,
lim
n→∞

gn = g

holds by Proposition 2.34. Consequently, g ∈ 〈exp (Rd)〉.

Step 4:
〈
exp

(
Rd
)〉

is a closed Lie subgroup of (1 + t2
(
Rd
)
,⊗).

We have shown topological closedness in Step 2. The fact that
〈
exp

(
Rd
)〉

is an
(abstract) subgroup of 1 + t2

(
Rd
)

was already discussed in Remark 2.25. The claim
can now be obtained by applying a theorem from the theory of Lie groups which
states that each closed abstract subgroup of a Lie group is also a Lie subgroup (see
for example [10], Th. 2.9).

2.6 The Carnot-Carathéodory norm and metric

The Carnot-Carathéodory norm and homogenous norms on G2
(
Rd
)

The Carnot-Carathéodory norm of g ∈ G2
(
Rd
)

is defined by using paths in Rd
having signature g.

Definition 2.35. For g ∈ G2
(
Rd
)
, we define

‖g‖ := inf

{∫ 1

0
|dγ| : γ ∈ C1−var

(
[0, 1],Rd

)
and S2(γ)0,1 = g

}
.

Remark 2.36.
∫ 1

0 |dγ| is the length of the path γ, measured in the Euclidean distance
on Rd.

Theorem 2.37 (existence of a minimizing path, [5], Th. 7.32). For every g ∈
G2
(
Rd
)
, ‖g‖ is finite and achieved at some minimizing path γ∗ i.e. there exists γ∗ ∈

C1−var ([0, 1],Rd
)

such that

‖g‖ =

∫ 1

0
|dγ∗| and S2 (γ∗)0,1 = g.

The minimizing path γ∗ can be parametrized to be Lipschitz continuous and of con-
stant speed i.e. there exists a constant c ≥ 0 such that

∣∣γ̇∗(t)∣∣ = c for almost every
t ∈ [0, 1].
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Remark 2.38. Observe that combining Chow’s theorem (Theorem 2.30) with the
fact G2

(
Rd
)

= exp
(
g2
(
Rd
))

gives that for any g ∈ G2
(
Rd
)
, there exists a piecewise

linear path [0, 1]→ Rd with signature g. Thus, it is clear that ‖g‖ is finite for each
g ∈ G2

(
Rd
)
. For a proof of the remaining statements in Theorem 2.37, we refer the

reader to [5].

We will now introduce the concept of a homogenous norm on G2
(
Rd
)

and show that
it applies to the map ‖.‖ : G2

(
Rd
)
→ R≥0 defined above. Note that the Lie group

G2
(
Rd
)

is not a vector space, but we can define the following ”substitute of scalar
multiplication” on the underlying tensor space T 2

(
Rd
)
.

Definition 2.39. For r ∈ R, we define the dilation map

δr : T 2
(
Rd
)
→ T 2

(
Rd
)

(g0, g1, g2) 7→ (g0, rg1, r
2g2).

Definition 2.40. A homogenous norm on G2
(
Rd
)

is a continuous4 map
|||.||| : G2

(
Rd
)
→ R≥0 having the following two properties:

(i) |||g||| = 0⇔ g = 1 ∈ G2
(
Rd
)
;

(ii) Homogeneity with respect to the dilation map δr:

|||δr(g)||| = |r| |||g||| for all r ∈ R.

Example 2.41. A simple example for a homogenous norm on G2
(
Rd
)

is given by

|||g||| := max
{
|π1(g)| , |π2(g)|1/2

}
.

Proposition 2.42 (Properties of the map ‖.‖). Let g, h ∈ G2
(
Rd
)
. Then, we have

(i) ‖g‖ = 0⇔ g = 1;

(ii) Homogeneity with respect to the dilation map δr:

‖δr(g)‖ = |r| ‖g‖ for all r ∈ R;

(iii) Symmetry: ‖g‖ =
∥∥g−1

∥∥;

(iv) Sub-additivity: ‖g ⊗ h‖ ≤ ‖g‖+ ‖h‖;

(v) The map g 7→ ‖g‖ is continuous.

In particular, ‖.‖ is a homogenous norm on G2
(
Rd
)
.

Definition 2.43. ‖.‖ is called Carnot-Carathéodory norm.

4with respect to the manifold topology on G2
(
Rd
)
.
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Proof of Proposition 2.42. For g ∈ G2
(
Rd
)
, we write γ∗g for an arbitrary path of

minimal length having signature g i.e. γ∗g ∈ C1−var ([0, 1],Rd
)

such that

‖g‖ =

∫ 1

0

∣∣dγ∗g ∣∣ and S2(γ∗g )0,1 = g.

In the following, let g, h ∈ G2
(
Rd
)
.

(i): This is left to the reader.
(ii): Case r = 0: ‖δ0(g)‖ = ‖1‖ = 0 = 0 ‖g‖.
Case r 6= 0: By definition of the signature, we have S2(rγ∗g)0,1 = δr(g). Conse-
quently,

‖δr(g)‖ ≤
∫ 1

0

∣∣d(rγ∗g )
∣∣ = |r|

∫ 1

0

∣∣d(γ∗g )
∣∣ = |r| ‖g‖ .

To obtain the opposite inequality, we replace r by 1
r and g by δr(g) and proceed as

above.

(iii): For
←−
γ∗g : [0, 1]→ Rd; t 7→ γ∗g (1− t), the reversal of the path γ∗g , we have

S2(←−γ∗g)0,1 = g−1 ([5], Prop. 7.12). This implies

∥∥g−1
∥∥ ≤ ∫ 1

0

∣∣∣d(
←−
γ∗g )
∣∣∣ =

∫ 1

0

∣∣d(γ∗g )
∣∣ = ‖g‖ .

For the proof of the opposite inequality, we just replace g by g−1.

(iv): Let γ∗g,h := γ∗gt γ∗h be the concatenation of the paths γ∗g and γ∗h (reparametrized
to the interval [0, 1]). Chen’s theorem implies that

S2(γ∗g,h)0,1 = S2(γ∗g )0,1 ⊗ S2(γ∗h)0,1 = g ⊗ h.

It follows that

‖g ⊗ h‖ ≤
∫ 1

0

∣∣d(γ∗g,h)
∣∣ = ‖g‖+ ‖h‖ .

(v): We consider G2
(
Rd
)

with the metric ρ̃ := ρ|G2(Rd), which induces the manifold

topology on G2
(
Rd
)
. Since this metric space satisfies the first axiom of countability,

it is enough to prove sequential continuity.
For this, let g ∈ G2

(
Rd
)

and let (gn)n≥1 be a sequence in G2
(
Rd
)

satisfying

lim
n→∞

ρ̃ (gn, g) = 0. (2.6)

The aim is to show that
lim
n→∞

|‖gn‖ − ‖g‖| = 0. (2.7)

As the group operations ⊗ and (.)−1 (which are polynomial functions in the coordi-
nates) are continuous in the metric ρ̃, (2.6) implies

lim
n→∞

ρ̃
(
g−1
n ⊗ g,1

)
= 0.
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Hence, it follows from Corollary 2.31 that

lim
n→∞

∥∥g−1
n ⊗ g

∥∥ = 0. (2.8)

Now, using sub-additivity and symmetry of the Carnot-Carathéodory norm, we get

• ‖g‖ − ‖gn‖ ≤
∥∥g−1

n ⊗ g
∥∥

• ‖gn‖ =
∥∥g−1

n

∥∥ ≤ ∥∥g−1
n ⊗ g

∥∥+
∥∥g−1

∥∥ =
∥∥g−1

n ⊗ g
∥∥+ ‖g‖

⇒ ‖gn‖ − ‖g‖ ≤
∥∥g−1

n ⊗ g
∥∥.

Thus,
|‖gn‖ − ‖g‖| ≤

∥∥g−1
n ⊗ g

∥∥ . (2.9)

Combining (2.9) and (2.8) gives (2.7).

The next result will be used in the proof of the Breuillard-Friz-Huesmann invariance
principle.

Theorem 2.44. All homogenous norms on G2
(
Rd
)

are equivalent i.e. if ‖.‖1 and
‖.‖2 are two homogenous norms on G2

(
Rd
)
, then there exists a constant C ≥ 1 such

that for all g ∈ G2
(
Rd
)

1

C
‖g‖1 ≤ ‖g‖2 ≤ C ‖g‖1 . (2.10)

Proof. Let ‖.‖1 and ‖.‖2 be two homogenous norms on G2
(
Rd
)
. It follows easily from

the definition of equivalent norms that it suffices to consider one specific homogenous
norm ‖.‖1 on G2

(
Rd
)
. Let us take

‖g‖1 = max
{
|π1(g)| , |π2(g)|1/2

}
.

We consider the set B :=
{
g ∈ G2

(
Rd
)

: ‖g‖1 = 1
}

. If we view B as a subset of
the normed vector space (T 2

(
Rd
)
, |.|T 2(Rd)), then it is clear that B is compact as

it is bounded and closed. Since the manifold topology of G2
(
Rd
)

is induced by the
metric ρ|G2(Rd), which is in turn induced by |.|T 2(Rd), B is also compact in G2

(
Rd
)
.

As ‖.‖2 is continuous, it attains a maximum and a minimum on B. This minimum is
positive, because ‖.‖2 satisfies property (i) of the definition of a homogenous norm
(Definition 2.40). Hence, there exist two positive constants m and M such that for
all g ∈ B

m ≤ ‖g‖2 ≤M. (2.11)

For g = 1, it is clear that (2.10) holds (All terms are 0 in this case.). Thus, we can
assume g 6= 1, so that ‖g‖1 > 0. We set ε = 1

‖g‖1
. Then, we have δε(g) ∈ B. Thus,

by inequality (2.11), we have that for all g ∈ G2
(
Rd
)
\ {1}

m ≤ ‖δε(g)‖2 =
‖g‖2
‖g‖1

≤M.

This implies the claim.

25



The Carnot-Carathéodory metric and geodesics in G2
(
Rd
)

We now use the Carnot-Carathéodory norm to define a metric on G2
(
Rd
)
.

Proposition 2.45. The map

d : G2
(
Rd
)
×G2

(
Rd
)
→ R≥0

(g, h) 7→
∥∥g−1 ⊗ h

∥∥
is a metric on G2

(
Rd
)
. Moreover, d is left-invariant5 and continuous.

Definition 2.46. d is called Carnot-Carathéodory metric.

We omit the proof of Proposition 2.45 as the claims follow easily from the definition
of d and the properties of the Carnot-Carathéodory norm stated in Proposition 2.42.

We will use that

Proposition 2.47. (G2
(
Rd
)
, d) is a Polish space.

For a proof of this fact, see [5] (p. 153).

For the next result, we will need the notion of geodesics in a metric space.

Definition 2.48. Let (E, d) be a metric space and g, h ∈ E. A geodesic joining g
and h is a continuous path Y g,h : [0, 1]→ E such that Y g,h(0) = g, Y g,h(1) = h and

d
(
Y g,h(s), Y g,h(t)

)
= |t− s| d(g, h) (2.12)

for all s, t ∈ [0, 1], s < t.

E is called a geodesic space if any two points in E can be joined by a (not
necessarily unique) geodesic.

Thus, a geodesic is a path which is a shortest connection between any two of its
points. In Rd, the geodesics are straight lines.

The following fact will be fundamental for interpolating random variables taking
values in G2

(
Rd
)
.

Theorem 2.49. (G2
(
Rd
)
, d) is a geodesic space. For g, h ∈ G2

(
Rd
)
, a connecting

geodesic is given by

t ∈ [0, 1] 7→ Yt := g ⊗ S2(γ∗)0,t,

where γ∗ is a minimizing path associated to g−1 ⊗ h (i.e.
∫ 1

0 |dγ∗| =
∥∥g−1 ⊗ h

∥∥ and
S2(γ∗)0,1 = g−1 ⊗ h).

5i.e. d(g ⊗ h, g ⊗ k) = d(h, k) for all g, h, k ∈ G2
(
Rd
)
.
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Proof. Y is continuous since the map t 7→ S2(γ∗)0,t is continuous. It is clear that
Y0 = g and Y1 = h.
By Theorem 2.37, we can assume that γ∗ is parametrized to be Lipschitz continuous
and satisfies

| ˙γ∗u| = const. for almost all u ∈ [0, 1]. (2.13)

Then, for 0 ≤ s < t ≤ 1, we have

d(Ys, Yt) =
∥∥(g ⊗ S2(γ∗)0,s)

−1 ⊗ (g ⊗ S2(γ∗)0,t)
∥∥

= ‖S2(γ∗)s,t‖ (2.14)

≤
∫ t

s
|dγ∗| (2.15)

=

∫ t

s
| ˙γ∗u| du (2.16)

= (t− s)
∫ 1

0
| ˙γ∗u| du (2.17)

= (t− s)
∫ 1

0
|dγ∗| (2.18)

= (t− s)
∥∥g−1 ⊗ h

∥∥
= (t− s) d(g, h).

(2.14) is a consequence of Chen’s theorem. (2.15) follows from the definition of the
Carnot-Carathéodory norm by reparametrization. In (2.16) and (2.18), we have
used that γ∗ is Lipschitz continuous and hence absolutely continuous. (2.17) is due
to the fact that γ∗ is almost everywhere of constant speed (assumption (2.13)).
If we assume the inequality in (2.15) to be strict, we will obtain
d(Ys, Yt) < (t− s)d(g, h). This implies

d(g, h) = d(Y0, Y1)

≤ d(Y0, Ys) + d(Ys, Yt) + d(Yt, Y1)

< (s+ (t− s) + (1− t)) d(g, h)

= d(g, h),

which is a contradiction. Consequently, there is equality in (2.15) so that we have
d(Ys, Yt) = (t− s) d(g, h).
Hence, Y is a geodesic connecting g and h.

2.7 Geometric α-Hölder rough paths

To introduce the notion of geometric α-Hölder rough paths, we need a Hölder dis-
tance for paths in G2

(
Rd
)
. Such a distance induces a topology which is stronger

than the uniform one. First, we need some preparatory definitions.
In the whole section, we assume α ∈ (0, 1] if nothing else is mentioned.
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Definition 2.50. We define the increments of a path x : [0, 1]→ G2
(
Rd
)

by

xs,t := x−1
s ⊗ xt ∈ G2

(
Rd
)

for 0 ≤ s ≤ t ≤ 1.

Definition 2.51. For a path x : [0, 1] → G2
(
Rd
)
, the α-Hölder norm is defined

as

‖x‖α−Höl := sup
0≤s<t≤1

‖xs,t‖
|t− s|α

= sup
0≤s<t≤1

d(xs, xt)

|t− s|α
.

Let Cα−Höl
(
[0, 1], G2

(
Rd
))

:=
{
x ∈ C([0, 1], G2

(
Rd
)
) : ‖x‖α−Höl <∞

}
.

Remark 2.52. C1−Höl
(
[0, 1], G2

(
Rd
))

is the space of Lipschitz continuous maps
[0, 1]→ G2

(
Rd
)
. Note that for 0 < α < α′ ≤ 1, we have

Cα
′−Höl

(
[0, 1], G2

(
Rd
))
⊂ Cα−Höl

(
[0, 1], G2

(
Rd
))

.

Definition 2.53. Let x, y be two paths in C([0, 1], G2
(
Rd
)
). We define the α-

Hölder distance of x and y by

dα−Höl (x, y) := sup
0≤s<t≤1

d(xs,t, ys,t)

|t− s|α
.

On the set Cα−Höl
(
[0, 1], G2

(
Rd
))

, dα−Höl satisfies all properties of a metric except
that dα−Höl (x, y) = 0 does not imply x = y, but only x = c⊗ y for c = x−1

0 ⊗ y0 ∈
G2
(
Rd
)
. The distance

d̃α−Höl(x, y) := d(x0, y0) + dα−Höl (x, y)

is a metric on G2
(
Rd
)
.

Lemma 2.54.
(
Cα−Höl

(
[0, 1], G2

(
Rd
))
, d̃α−Höl

)
is a complete metric space.

Cα−Höl
(
[0, 1], G2

(
Rd
))

is not separable. For establishing invariance principles, it
is advantageous to work with a separable state space. We will therefore focus on
a separable subspace of Cα−Höl

(
[0, 1], G2

(
Rd
))

, namely the dα−Höl-closure of the
step-2 lifts of smooth paths [0, 1] → Rd. Note that the starting point of any such
step-2 lift is 16 . To allow for arbitrary starting points, we therefore have to use a
transformation.

Definition 2.55. Let C0,α−Höl
1

(
[0, 1], G2

(
Rd
))

be the set of continuous paths x :
[0, 1] → G2

(
Rd
)

for which there exists a sequence of smooth paths xn : [0, 1] → Rd
such that

lim
n→∞

dα−Höl (x, S2(xn)0, .) = lim
n→∞

sup
0≤s<t≤1

d(xs,t, S2(xn)s,t)

|t− s|α
= 0.

By C0,α−Höl
(
[0, 1], G2

(
Rd
))

, we denote the set of paths x satisfying x0, . = x−1
0 x. ∈

C0,α−Höl
1

(
[0, 1], G2

(
Rd
))

.

6as S2(x)0,0 = 1 for any path x : [0, 1]→ Rd.
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Proposition 2.56. C0,α−Höl
(
[0, 1], G2

(
Rd
))

is a Polish space for the metric d̃α−Höl.

As C0,α−Höl
(
[0, 1], G2

(
Rd
))

is a closed subspace of Cα−Höl
(
[0, 1], G2

(
Rd
))

, com-
pleteness follows immediately from completeness of Cα−Höl

(
[0, 1], G2

(
Rd
))

. The
proof of separability is more involved (see [5]).

Remark 2.57. In the sequel, we will always endow Cα−Höl
(
[0, 1], G2

(
Rd
))

and

C0,α−Höl
(
[0, 1], G2

(
Rd
))

with the topology induced by the metric d̃α−Höl. We call
this topology rough path topology.

The next result is a useful characterization of the subspace C0,α−Höl
(
[0, 1], G2

(
Rd
))

of Cα−Höl
(
[0, 1], G2

(
Rd
))

for α 6= 1.

Theorem 2.58 (Wiener’s characterization, [5], Th. 8.22). Let α ∈ (0, 1) and
x ∈ Cα−Höl

(
[0, 1], G2

(
Rd
))

. Then, x ∈ C0,α−Höl
(
[0, 1], G2

(
Rd
))

if and only if

lim
δ→0

sup
s,t∈[0,1]

0<|t−s|<δ

d(xs, xt)

|t− s|α
= 0.

We will distinguish two types of α-Hölder rough paths.

Definition 2.59. Let α ∈ (1/3, 1/2]. Elements of Cα−Höl
(
[0, 1], G2

(
Rd
))

are called
weak geometric α-Hölder rough paths and elements of
C0,α−Höl

(
[0, 1], G2

(
Rd
))

are called geometric α-Hölder rough paths.

We now give a condition which guarantees that the sample paths of a stochastic
process with values in G2

(
Rd
)

are a.s. weak geometric α-Hölder rough paths. A
similar condition is used in Kolmogorov’s continuity criterion, which ensures that
a stochastic process with values in Rd has a continuous version. We will apply the
following result to enhanced Brownian motion in the next section.

Theorem 2.60 ([5], Th. A.10). Let (Xt : t ∈ [0, 1]) be a stochastic process with
values in G2

(
Rd
)
. Assume there exist constants a, b, C > 0, satisfying a > 1 + b,

such that

E [d(Xs, Xt)
a] ≤ C |t− s|1+b

for all s, t ∈ [0, 1].

Then, for any γ ∈ (0, ba), the sample paths of X are a.s. in Cγ−Höl
(
[0, 1], G2

(
Rd
))

.

2.8 Enhanced Brownian motion

This section deals with the rough path lift of Brownian motion to the Lie group
G2
(
Rd
)
, called enhanced Brownian motion (EBM). We will see that EBM has several

properties which are similar to the properties of Brownian motion. The notion of
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Brownian motion can be generalized to Lie groups (see for example [15], p. 115f.)
and EBM is in fact a Brownian motion on the Lie group G2

(
Rd
)
.

To simplify the formulation of certain results, we will define EBM on the time
interval [0,∞), although we will only need the restriction to the time interval [0, 1]
in the sequel.

Definition 2.61. Given a d-dimensional Brownian motion B = (B1, . . . , Bd), the
d-dimensional Lévy area A = (Aij : i, j ∈ {1, . . . , d}) is defined as the continuous
version of the process

t ∈ [0,∞) 7→ Aijt =
1

2

(∫ t

0
Bi
u dB

j
u −

∫ t

0
Bj
u dB

i
u

)
.

Definition 2.62. Let B be a d-dimensional Brownian motion and A its Lévy area.
Then, the continuous version of the G2

(
Rd
)
-valued process B, defined by

Bt := exp ((0, Bt, At))

for t ≥ 0 is called enhanced Brownian motion (EBM).

We will establish that almost every sample path realization of enhanced Brownian
motion is a weak geometric α-Hölder rough path for any α ∈ (1/3, 1/2). In fact, the
term ”weak” can be omitted in the last sentence, but we will not prove this here
(for a proof, see [5], Cor. 13.14).

First, we give some basic properties of enhanced Brownian motion. Some of these
properties will be useful in the proof of rough path regularity.

Let us consider the increments of enhanced Brownian motion, Brownian motion and
Lévy’s area: For 0 ≤ s ≤ t <∞,

Bs,t = B−1
s ⊗Bt;

Bs,t := Bt −Bs;

Aijs,t := Aijt −Aijs −
1

2

(
Bi
sB

j
s,t −Bj

sB
i
s,t

)
=

1

2

(∫ t

s
Bi
s,r dB

j
r −

∫ t

s
Bj
s,r dB

i
r

)
a.s..

One can then check by an easy computation that

Bs,t = exp ((0, Bs,t, As,t)) .

Proposition 2.63 ([5], Prop. 13.11). Let B be an enhanced Brownian motion.
Then, we have:

(i) B0(ω) = 1 for all ω.

(ii) For every t, h ∈ [0,∞), Bt,t+h is independent of σ(Bu : u ≤ t).
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(iii) B has stationary increments, i.e. for every s ≥ 0

(Bs,s+t)t≥0
D
= (Bt)t≥0 .

(i) is easy to see and (ii) is left to the reader (or see [5], p. 334-335).

Proof of (iii). Brownian motion has stationary increments, that is for each s ≥ 0

(Bs,s+t)t≥0
D
= (Bt)t≥0 .

Now, fix s ≥ 0. Then, we have(
Aijs,s+t

)
t≥0

=

(
1

2

(∫ s+t

s
Bi
s,r dB

j
r −

∫ s+t

s
Bj
s,r dB

i
r

))
t≥0

=

(
1

2

(∫ s+t

s
Bi
s,r dB

j
s,r −

∫ s+t

s
Bj
s,r dB

i
s,r

))
t≥0

D
=

(
1

2

(∫ t

0
Bi
r dB

j
r −

∫ t

0
Bj
r dB

i
r

))
t≥0

=
(
Aijt

)
t≥0

.

Consequently,

(Bs,s+t, As,s+t)t≥0
D
= (Bt, At)t≥0 .

Now, the result follows from the definition of enhanced Brownian motion and the
fact that the map exp : g2

(
R2
)
→ G2

(
Rd
)

is continuous and thus measurable.

It is not hard to deduce the following scaling result for EBM from the scaling of

Brownian motion (i.e. (Bλ2t)t≥0
D
= (λBt)t≥0 for λ > 0).

Lemma 2.64 (Scaling of EBM, [5], Lem. 13.12). Let B be an enhanced Brownian
motion. Then, for every λ > 0, we have

(Bλ2t)t≥0
D
= (δλ (Bt))t≥0 .

We now turn to the proof of rough path regularity.

Proposition 2.65. Let B be an enhanced Brownian motion defined on the time
interval [0, 1]. Then, for any α ∈ (1/3, 1/2), B.(ω) is a weak geometric α-Hölder
rough path almost surely.

Proof. Let s, t ∈ [0, 1], s < t. Since EBM has stationary increments and scales as
stated in Lemma 2.64, we have

Bs,t
D
= B0,t−s

D
= δ√t−s (B0,1) = δ√t−s (B1) .
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Consequently, for all q ∈ N and all s, t ∈ [0, 1], s < t,

E
[
d (Bs,Bt)

2q
]

= E
[
‖Bs,t‖2q

]
= E

[
‖B1‖2q

]
|t− s|q . (2.19)

Now, given any α ∈ (0, 1/2), there exists q ∈ N such that q−1
2q > α, so that by (2.19)

and Theorem 2.60, we have B.(ω) ∈ Cα−Höl
(
[0, 1], G2

(
Rd
))

almost surely.
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3 Weak convergence and tightness

3.1 Definitions and basic results

The reference for this section is [1].

Let (S, d) be a metric space and S the Borel σ-algebra on S.

If Pn, n ∈ N and P are probability measures on (S,S) and Pn converges weakly to
P , we write w-limn→∞ Pn = P .

In the sequel, let Π denote a family of probability measures on (S,S).

Definition 3.1. Π is tight if for every ε > 0 there exists a compact set Kε ⊂ S
such that P (Kε) > 1− ε for all P ∈ Π.

Definition 3.2. Π is relatively compact if every sequence of elements of Π con-
tains a weakly convergent subsequence i.e. for every sequence (Pn)n≥1, Pn ∈ Π for
all n, there exists a subsequence (Pni)i≥1 and a probability measure Q1 defined on
(S,S) such that w-limi→∞ Pni = Q.

Theorem 3.3 (Prohorov’s theorem). If Π is tight, then it is relatively compact.

Remark 3.4. If the metric space S is separable and complete, then the converse is
also true. This result will not be used in the sequel.

Definition 3.5. For m ∈ N and t1, . . . , tm ∈ [0, 1], we define the map

πt1,...,tm : C([0, 1], S)→ Sm

x 7→ (x(t1), . . . , x(tm)).

If P is a probability measure on C([0, 1], S), we call the image measures of the form
P (πt1,...,tm)−1 its finite-dimensional distributions.

We now turn to some results related to weak convergence. The next result says
in particular that the limit measure of a weakly convergent sequence of probability
measures is unique.

Proposition 3.6. Let P and Q be two probability measures on (S,S). If∫
f dP =

∫
f dQ

for every bounded, continuous function f : S → R, then P = Q.

1not necessarily an element of Π.
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The fact that weak convergence is preserved under continuous maps will be used
several times in the subsequent proofs.

Let S′ be a metric space with Borel σ-algebra S ′.

Theorem 3.7 (Continuous mapping theorem). Let Pn, n ∈ N and P be probability
measures satisfying w-limn→∞ Pn = P . Let h : S → S′ be a continuous map. Then,
w-limn→∞ Pnh

−1 = Ph−1.

3.2 Proof method

In this section, we prove the basic weak convergence result on which the proof of
the Breuillard-Friz-Huesmann invariance principle relies.

Let α ∈ (0, 1] and let Bα be the Borel σ-algebra on C0,α−Höl
(
[0, 1], G2

(
Rd
))

with

respect to the α-Hölder metric d̃α−Höl.

Theorem 3.8. Let Pn, n ∈ N, and P be probability measures on
(C0,α−Höl

(
[0, 1], G2

(
Rd
))
,Bα). If the finite-dimensional distributions of Pn con-

verge weakly to those of P and if (Pn)n≥1 is tight, then Pn converges weakly to P .

The argumentation in the proof below is adapted from [1], where the corresponding
result is established for the space C ([0, 1],R) with uniform topology. We will use
the following result, which will be proven at the end of this section.

Lemma 3.9. A probability measure on (C0,α−Höl
(
[0, 1], G2

(
Rd
))
,Bα) is completely

determined by its finite-dimensional distributions.

Proof of Theorem 3.8. By Prohorov’s theorem, (Pn)n≥1 is relatively compact i.e. ev-
ery subsequence (Pni)i≥1 contains another subsequence (Pnik

)k≥1 converging weakly

to some probability measure Q on C0,α−Höl
(
[0, 1], G2

(
Rd
))

.

Let m ∈ N and t1, . . . , tm ∈ [0, 1]. Since the map πt1,...,tm defined in the previous
section (Definition 3.5) is continuous, the continuous mapping theorem (Theorem
3.7) implies

w-lim
k→∞

Pnik
π−1
t1,...,tm

= Qπ−1
t1,...,tm

.

As the finite-dimensional distributions of Pn converge weakly to those of P , we have

w-lim
n→∞

Pnπ
−1
t1,...,tm

= Pπ−1
t1,...,tm

.

Thus, by Proposition 3.6,

Pπ−1
t1,...,tm

= Qπ−1
t1,...,tm

for all m ∈ N and all t1, . . . , tm ∈ [0, 1] i.e. P and Q have the same finite-dimensional
distributions. By Lemma 3.9, this implies P = Q. Thus, every subsequence (Pni)i≥1

contains another subsequence (Pnik
)k≥1 satisfying w-limk→∞ Pnik

= P . Conse-
quently, the whole sequence (Pn)n≥1 converges weakly to P .
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Proof of Lemma 3.9. Let C denote the set of cylinder sets in C0,α−Höl
(
[0, 1], G2

(
Rd
))

i.e.

C :=
{
π−1
i1,...,im

(B) : B is a Borel set in
(
G2
(
Rd
))m

, i1, . . . , im ∈ [0, 1],m ∈ N
}
.

C is stable under intersections, so that it suffices to prove σ (C) = Bα.
σ (C) ⊂ Bα is clear since the maps of the form πt1,...,tm are continuous. For the

other inclusion, note that the separable metric space (C0,α−Höl
(
[0, 1], G2

(
Rd
))
, d̃α)

is second-countable. Hence, it is enough to show that an arbitrary open ball in Bα
is an element of σ (C). For this, we will use the fact that G2

(
Rd
)

is separable. Let
{gi : i ∈ N} be a dense subset of G2

(
Rd
)
. For x ∈ C0,α−Höl

(
[0, 1], G2

(
Rd
))

=: C0,α

and ε > 0, we then have

Bε(x) =
{
y ∈ C0,α : d(x0, y0) + dα−Höl (x, y) < ε

}
=

⋃
(p,q)∈Q+

0 ×Q
+
0 ,

p+q<ε

{
y ∈ C0,α : d(x0, y0) ≤ p ∧ sup

0≤s<t≤1

d(xs,t, ys,t)

|t− s|α
≤ q
}

=
⋃

(p,q)∈Q+
0 ×Q

+
0 ,

p+q<ε

⋂
s,t∈Q∩[0,1]

s<t

y ∈ C0,α : d(x0, y0) ≤ p ∧ d(xs,t, ys,t) ≤ q |t− s|α︸ ︷︷ ︸
=:qs,t


(3.1)

=
⋃

(p,q)∈Q+
0 ×Q

+
0 ,

p+q<ε

⋂
s,t∈Q∩[0,1]

s<t

⋃
i∈N

⋂
m∈N

{
y ∈ C0,α : y0 ∈ Bp(x0) ∧ yt ∈ B1/m(gi)

∧ ys ⊗ xs,t ∈ Bqs,t+1/m(gi)
}
∈ σ (C) . (3.2)

(3.1) is due to the fact that paths in C0,α are continuous. To obtain (3.2), we have
used that by left-invariance of the metric d, we have d(xs,t, ys,t) = d(ys ⊗ xs,t, yt)
and that tensor multiplication by xs,t is continuous and hence measurable. This
completes the proof.
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4 Breuillard-Friz-Huesmann (BFH) invariance principle for
independent random variables with values in G2

(
Rd
)

4.1 Results

We will need the following

Definition 4.1. A G2
(
Rd
)
-valued random variable X is called centered if the Rd-

valued random variable π1(X) is centered i.e. E[π1(X)] = 0 ∈ Rd.

Theorem 4.2 (Breuillard-Friz-Huesmann theorem, BFH theorem for short, [3]).
Let (Xi)i≥1 be a sequence of iid G2

(
Rd
)
-valued random variables which are centered

and have finite moments of all orders (i.e. ∀q ∈ [1,∞) : E[‖Xi‖q] < ∞). Consider

the rescaled random walk W(n) = {W(n)
t }t∈[0,1] defined by W

(n)
0 = 1,

W
(n)
t = δn−1/2(X1 ⊗ · · · ⊗Xnt)

for t ∈
{

1
n ,

2
n , . . . , 1

}
and piecewise geodesically connected in between (i.e. W(n)|[ i

n
, i+1

n
]

is a geodesic connecting W
(n)
i/n and W

(n)
(i+1)/n).

Then, for any α ∈ (0, 1/2), W(n) converges weakly to an enhanced Brownian motion
B in C0,α−Höl

(
[0, 1], G2

(
Rd
))

i.e. for any bounded, continuous function
f : C0,α−Höl

(
[0, 1], G2

(
Rd
))
→ R, we have

lim
n→∞

E
[
f
(
W(n)

)]
= E[f(B)].

In particular, the above theorem implies

Corollary 4.3 (Donsker’s theorem for enhanced Brownian motion, [3]). Let (Xi)i≥1

be a sequence of iid Rd-valued random variables which are centered and have finite
moments of all orders (i.e. ∀q ∈ [1,∞) : E[|Xi|q] < ∞). Let S0 = 0 and Sn =∑n

i=1Xi for n ∈ N and consider the rescaled and piecewise linearly connected random

walk Y (n) = {Y (n)
t }t∈[0,1] defined by

Y
(n)
t =

1√
n

(Sbntc + (nt− bntc)Xbntc+1).

Then, for any α ∈ (0, 1/2), S2(Y (n))0, . converges weakly to an enhanced Brownian
motion in C0,α−Höl

(
[0, 1], G2

(
Rd
))

.
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Proof of Corollary 4.3. By Chen’s theorem (Theorem 2.29), the signature of a piece-
wise linear path in Rd equals the tensor product of the signatures of the linear pieces.
From Example 2.18, we know that the signature of a linear path in Rd with slope
a ∈ Rd is exp(a). Consequently, we have

S2(Y (n))0,t =

{
δn−1/2 (exp (ntX1)) for t ∈ [0, 1

n ]

δn−1/2

(⊗bntc
i=1 exp(Xi)⊗ exp

(
(nt− bntc)Xbntc+1

))
for t ∈ ( 1

n , 1].

Now, we set Xi := exp(Xi) for i ∈ N. Then, (Xi)i≥1 is a sequence of centered1 iid
random variables with values in G2

(
Rd
)
.

In addition, Xi has finite moments of all orders: For each ω ∈ Ω, the shortest path in
Rd with signature Xi(ω) is a linear path with slope Xi(ω). Hence, by the definition
of the Carnot-Carathéodory norm, we have

E [‖Xi‖q] = E [|Xi|q] <∞

for all q ∈ [1,∞).
For a ∈ Rd and g ∈ G2

(
Rd
)
, one can check that the path t ∈ [0, 1] 7→ g⊗exp(ta) sat-

isfies property (2.12) and thus is a geodesic connecting g and g⊗ exp(a). Hence, the
stochastic process S2(Y (n))0, . is geodesically interpolated between the time points
k
n and k+1

n , k = 0, . . . , n− 1.
Consequently, we can apply the BFH theorem to the sequence (Xi)i≥1 to obtain the
conclusion of the corollary.

4.2 Proof

The first thing to do is showing that the sample paths of W(n) are a.s. in
C0,α−Höl

(
[0, 1], G2

(
Rd
))

. It is easy to see that the sample paths of W(n) are a.s.
in Cα−Höl

(
[0, 1], G2

(
Rd
))

. Then, one can use Wiener’s characterization (Theorem
2.58) to obtain the desired result. The details are left to the reader.
By Theorem 3.8, it is enough to prove that the finite-dimensional distributions of
(P (W(n))−1)n≥1 converge weakly to those of PB−1 and that the sequence
(P (W(n))−1)n≥1 is tight in C0,α−Höl

(
[0, 1], G2

(
Rd
))

for any α ∈ (0, 1/2).

Remark 4.4. In the sequel, we will just write ”the sequence (W(n))n≥1 is tight in
C0,α−Höl

(
[0, 1], G2

(
Rd
))

” for the latter fact.

1as E[π1(Xi)] = E[Xi] = 0.
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4.2.1 Step 1: Convergence of the finite-dimensional distributions

We will use the following properties of G2
(
Rd
)
.

Lemma 4.5. The Lie group G2
(
Rd
)

is simply connected and nilpotent.

Proof. G2
(
Rd
)

is simply connected:
We endow the vector space g2

(
Rd
)

with the topology induced by the norm |.|T 2(Rd).

Then, the map exp |g2(Rd) : g2
(
Rd
)
→ G2

(
Rd
)

is a homeomorphism. Hence, the

claim follows from the fact that the topological vector space g2
(
Rd
)

is contractible
and therefore simply connected.

G2
(
Rd
)

is nilpotent2:
Let U :=

{
g ∈ G2

(
Rd
)

: π1(g) = 0 ∧ π2(g) is skew-symmetric
}

. It is easy to check
that

[
G2
(
Rd
)
, G2

(
Rd
)]

= U and
[
G2
(
Rd
)
, U
]

= {1}. Thus, the descending central
series of G2

(
Rd
)

is (G2
(
Rd
)
, U,1,1, . . . ) and G2

(
Rd
)

is nilpotent.

Consequently, the following weak convergence result holds for centered iid random
variables on G2

(
Rd
)
.

Theorem 4.6 (Central limit theorem for centered iid random variables on a nilpo-
tent Lie group, [3]). Let N be a simply connected nilpotent Lie group and let (Xi)i≥1

be a sequence of iid random variables with values in N . Let Xi be centered (i.e. their
projection π1(Xi) on the abelianization of N has mean 0) and have a finite second
moment i.e. E[‖Xi‖2] <∞. Then we have

δn−1/2(X1 ⊗ · · · ⊗Xn)
D→ B1,

where B1 is the time 1 value of the Brownian motion on N associated to X1.

For a proof of the above theorem, see [4].
We now explain how convergence of the finite-dimensional distributions can be ob-
tained from the above central limit theorem.
We first consider the case of a single time point s ∈ [0, 1]. We have

d
(
W(n)

s ,W
(n)
bnsc/n

)
≤
∥∥δn−1/2

(
Xbnsc+1

)∥∥ = n−1/2
∥∥(Xbnsc+1

)∥∥ P→ 0. (4.1)

Since the metric space (C0,α−Höl
(
[0, 1], G2

(
Rd
))
, d̃α−Höl) is separable, we can apply

Proposition A.1, which yields that it is enough to show

W
(n)
bnsc/n

D→ Bs. (4.2)

We have

W
(n)
bnsc/n = δn−1/2

(
X1 ⊗ · · · ⊗Xbnsc

)
= δ

(bnsc/n)1/2

(
δbnsc−1/2

(
X1 ⊗ · · · ⊗Xbnsc

)) D→ δs1/2 (B1) = Bs,

2see Definition A.5.
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where the convergence in distribution is due to the above central limit theorem, the
continuous mapping theorem (the dilation map is continuous) and the fact that
limn→∞ bnsc /n = s.

Now, we consider two time points s, t ∈ [0, 1], s < t. The aim is to show that

(W
(n)
s ,W

(n)
t )

D→ (Bs,Bt). It follows from (4.1) that it suffices to prove(
W

(n)
bnsc/n,W

(n)
bntc/n

)
D→ (Bs,Bt) .

By the continuous mapping theorem, it is enough to show(
W

(n)
bnsc/n,

(
W

(n)
bnsc/n

)−1
⊗W

(n)
bntc/n

)
D→ (Bs,Bs,t) . (4.3)

As the components of the left are independent, we can apply Theorem A.2. Thus,

(4.3) follows from (4.2), identical distribution of the Xi and the fact that Bt−s
D
= Bs,t.

Analogous arguments also apply to three or more time points, so that we obtain
convergence of the finite-dimensional distributions.

4.2.2 Step 2: Tightness

We will take advantage of the following result:

Theorem 4.7 (Kolmogorov-Lamperti tightness criterion, [5], Cor. A.11). Let(
{Y(n)

t : t ∈ [0, 1]}
)
n≥1

be a sequence of continuous G2
(
Rd
)
-valued stochastic pro-

cesses. Assume there exist constants a, b, c > 0, satisfying a > 1 + b, such that

sup
n≥1

E
[
d
(
Y(n)
s ,Y

(n)
t

)a]
≤ c |t− s|1+b

for all s, t ∈ [0, 1].

Then,
(
Y(n)

)
n≥1

is tight in Cγ−Höl
(
[0, 1], G2

(
Rd
))

for any γ ∈
(
0, ba
)
.

Remark 4.8. Note that for a sequence of stochastic processes
(
Y(n)

)
n≥1

whose sam-

ple paths are a.s. in C0,γ−Höl
(
[0, 1], G2

(
Rd
))

, tightness in Cγ−Höl
(
[0, 1], G2

(
Rd
))

implies tightness in C0,γ−Höl
(
[0, 1], G2

(
Rd
))

.

We will prove the following:

There exist constants a, b, c > 0, a > 1 + b, such that b/a lies arbitrarily close to 1/2
and

E
[
d
(
W(n)

s ,W
(n)
t

)a]
≤ c |t− s|1+b (4.4)

holds for all s, t ∈ [0, 1] and all n ∈ N. By the above tightness criterion,
(
W(n)

)
n≥1

is then tight in C0,γ−Höl
(
[0, 1], G2

(
Rd
))

for any γ ∈ (0, 1/2).
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We now fix n ∈ N and simplify condition (4.4) in several steps. First, we claim that
it is enough to show the bound (4.4) for s = 0 and t = k

n , k = 1, . . . , n. This will be
established in two steps:
Claim 1: If (4.4) holds for s = 0 and t = k

n , k = 1, . . . , n, then (4.4) holds for all
s, t ∈

{
0, 1

n ,
2
n , . . . , 1

}
.

Claim 2: If (4.4) holds for all s, t ∈
{

0, 1
n ,

2
n , . . . , 1

}
, then (4.4) holds for all s, t ∈

[0, 1].

Proof of Claim 1. Let s, t ∈
{

1
n ,

2
n , . . . , 1

}
, s < t. By left-invariance of the Carnot-

Carathéodory metric, we have

d
(
W(n)

s ,W
(n)
t

)
= d (1, δn−1/2 (Xns+1 ⊗ · · · ⊗Xnt)) .

We set k := nt − ns ∈ {1, . . . , n − 1}. As the Xi are identically distributed,

δn−1/2(Xns+1 ⊗ · · · ⊗Xnt) has the same distribution as W
(n)
k/n = δn−1/2(X1 ⊗ · · · ⊗

Xnt−ns).
Thus, as the map g ∈ G2

(
Rd
)
7→ d(1, g) is continuous and thus measurable, we have

E
[
d
(
W(n)

s ,W
(n)
t

)a]
= E

[
d
(
W

(n)
0 ,W

(n)
k/n

)a]
,

which implies Claim 1.

Proof of Claim 2. By assumption, there exists a constant c > 0 such that

E
[
d
(
W(n)

s ,W
(n)
t

)a]
≤ c |t− s|1+b .

holds for all s, t ∈
{

0, 1
n ,

2
n , . . . , 1

}
.

Let s, t ∈ [0, 1].

Case 1: |s− t| ≤ 1
n

(i) ∃k ∈ {0, 1, . . . , n− 1} : s, t ∈
[
k
n ,

k+1
n

]
.

Without loss of generality (W.l.o.g.), we can assume k=0. Hence, there exist y, z ∈
[0, 1] such that s = y

n and t = z
n . We use the defining property (2.12) for geodesics

and the assumption a > 1 + b to get

E
[
d
(
W

(n)
y/n,W

(n)
z/n

)a]
= |y − z|aE

[
d
(
W

(n)
0 ,W

(n)
1/n

)a]
≤ |y − z|a c

(
1

n

)1+b

≤ c
∣∣∣∣ 1n(y − z)

∣∣∣∣1+b

= c |s− t|1+b .
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(ii) ∃k ∈ {0, 1, . . . , n− 2} : s ∈
[
k
n ,

k+1
n

]
∧ t ∈

[
k+1
n , k+2

n

]
.

W.l.o.g., we can assume k=0. Using the triangle inequality, convexity of the function
xa on R≥0 for a > 1 and the bound obtained in Case (i) yields3

E
[
d
(
W(n)

s ,W
(n)
t

)a]
≤ E

[(
d
(
W(n)

s ,W
(n)
1/n

)
+ d

(
W

(n)
1/n,W

(n)
t

))a]
≤ 2a−1

(
E
[
d
(
W(n)

s ,W
(n)
1/n

)a]
+ E

[
d
(
W

(n)
1/n,W

(n)
t

)a])
≤ 2a−1

(
c

∣∣∣∣ 1n − s
∣∣∣∣1+b

+ c

∣∣∣∣t− 1

n

∣∣∣∣1+b
)
≤ 2ac |s− t|1+b .

Case 2: |s− t| > 1
n

Then, there exist k, l ∈ {0, 1, . . . , n − 1}, k < l such that s ∈
[
k
n ,

k+1
n

)
and t ∈[

l
n ,

l+1
n

)
.

Due to geodesic interpolation between time points k
n , k = 0, 1, . . . , n, we have

d
(
W(n)

s ,W
(n)
t

)
≤ d

(
W

(n)
k/n,W

(n)
(l+1)/n

)
.

It follows that

E
[
d
(
W(n)

s ,W
(n)
t

)a]
≤ E

[
d
(
W

(n)
k/n,W

(n)
(l+1)/n

)a]
≤ c

∣∣∣∣ l + 1− k
n

∣∣∣∣1+b

≤ 31+bc |t− s|1+b ,

where in the last inequality we have used that∣∣∣∣ l + 1− k
n

∣∣∣∣ ≤ |t− s|+ 2

n
≤ 3 |t− s| .

Consequently, if we choose c := max
{

2ac, 31+bc
}

, then (4.4) will hold for all s, t ∈
[0, 1]. Note that the constant c does not depend on n ∈ N.

Claim 1 and 2 imply that it suffices to show that there exist positive constants a, b, c,
satisfying a > 1 + b, such that b/a lies arbitrarily close to 1/2 and for all n ∈ N and
all k ∈ {1, . . . , n}

E
[
d
(
W

(n)
0 ,W

(n)
k/n

)a]
≤ c

∣∣∣∣kn
∣∣∣∣1+b

. (4.5)

Now, we have

d
(
W

(n)
0 ,W

(n)
k/n

)
= ‖δn−1/2 (X1 ⊗ · · · ⊗Xk)‖ = n−1/2 ‖X1 ⊗ · · · ⊗Xk‖ ,

3The idea for this argument is taken from [6].
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which implies that (4.5) is equivalent to

n−a/2E[‖X1 ⊗ · · · ⊗Xk‖a] ≤ c
∣∣∣∣kn
∣∣∣∣1+b

for all n ∈ N and all k ∈ {1, . . . , n}.
This will follow if we prove that for all p ∈ N

E[‖X1 ⊗ · · · ⊗Xk‖4p] = O(k2p) for k →∞, (4.6)

as we can then choose ap = 4p and bp = 2p−1, p ∈ N, and clearly limp→∞
2p−1

4p = 1
2 ,

so that we obtain tightness of
(
W(n)

)
n≥1

in C0,α−Höl
(
[0, 1], G2

(
Rd
))

for any α ∈
(0, 1/2).

The rest of the proof aims at establishing (4.6) by using polynomial functions on
G2
(
Rd
)
, which will now be introduced. Let a = (a1;k, a2;ij ; 1 ≤ k ≤ d, 1 ≤ i < j ≤

d) ∈ g2(Rd) be the log-chart of G2
(
Rd
)
, g 7→ a = log(g), and let P be a polynomial

function on G2
(
Rd
)

i.e. a polynomial in a1;k, a2;ij . In the sequel, we will use the
term ”polynomial” to mean ”polynomial function on G2

(
Rd
)
”.

The degree d◦P of P is defined as follows: If P is a monomial of the form

P =

n∏
r=1

m∏
s=1

(a1;kr)αkr (a2;isjs)αisjs ,

where kr ∈ {1, 2, . . . , d} and is, js ∈ {1, 2, . . . , d}, is < js, then

d◦P :=
n∑
r=1

αkr + 2
m∑
s=1

αisjs .

If P is an arbitrary polynomial, then d◦P is the maximum of the degrees of its
monomials, as usual.

Next, we will express (4.6) in terms of a polynomial function on G2
(
Rd
)
. For this,

let P̃ be the polynomial defined by

P̃ (exp(a)) :=

d∑
i=1

(
a1;i
)4p

+
∑

i,j∈{1,...,d}
i<j

(
a2;ij

)2p

for a ∈ g2
(
Rd
)
. Clearly, d◦P̃ = 4p. We claim that

Lemma 4.9. For each p ∈ N, there exists a constant Cp > 0 such that for all
a ∈ g2(Rd),

‖exp(a)‖4p ≤ Cp P̃ (exp(a)). (4.7)
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Proof. Consider the map

‖.‖1 : G2
(
Rd
)
→ R≥0

g 7→ |π1(log(g))|+ |π2(log(g))|1/2 .

It is easy to see that ‖.‖1 is a homogenous norm on G2
(
Rd
)
. By equivalence of

homogenous norms on G2
(
Rd
)

(Theorem 2.44), ‖.‖1 is equivalent to the Carnot-
Carathéodory norm. Hence, there exists a positive constant C such that for all
a = (0, a1, a2) ∈ g2

(
Rd
)
,

‖exp(a)‖ ≤ C ‖exp(a)‖1 .

We now fix a ∈ g2
(
Rd
)
. Then, we have

‖exp(a)‖4p1 =
(∣∣a1

∣∣+
∣∣a2
∣∣1/2)4p

≤ 24p
(∣∣a1

∣∣4p +
∣∣a2
∣∣2p)

= 24p

( d∑
i=1

(
a1;d
)2
)2p

+

 ∑
i,j∈{1,...,d}

(
a2;ij

)2p
≤ 24pd4p

 d∑
i=1

(
a1;d
)4p

+
∑

i,j∈{1,...,d}

(
a2;ij

)2p

≤ 24p+1d4p

 d∑
i=1

(
a1;d
)4p

+
∑

i,j∈{1,...,d}
i<j

(
a2;ij

)2p
 ,

where the last inequality is due to the fact that a2;ji = −a2;ij for all i, j ∈ {1, . . . , d}.
It follows that (4.7) holds with Cp = C

4p
24p+1d4p.

To obtain (4.6), it is thus enough to prove that

E[P̃ (X1 ⊗ · · · ⊗Xk)] = O(k2p). (4.8)

We now introduce the key object of this proof. It is a map T on polynomial functions
on G2

(
Rd
)
. For this, let X be a G2

(
Rd
)
-valued random variable with finite moments

of all orders and let P be a polynomial function on G2
(
Rd
)
. Then, we define the

polynomial function TP on G2
(
Rd
)

by

TP (g) := E[P (g ⊗X)]− P (g).

We will take advantage of the fact that applying the map T to a polynomial yields
a polynomial of at least two degrees lower.
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Lemma 4.10. If P is a polynomial function of degree d◦P ≥ 2 and the random
variable X (introduced in the above definition of the map T ) is centered, we have

d◦(TP ) ≤ d◦P − 2. (4.9)

The proof of this lemma heavily relies on the Campbell-Baker-Hausdorff formula
and the assumption that X is centered.

Proof. Clearly, it is enough to show (4.9) for an arbitrary monomial. Let g ∈ G2
(
Rd
)

be given. We set a := log(g) ∈ g2
(
Rd
)

and ϕ := log(X). Then, ϕ is a g2
(
Rd
)
-

valued random variable. We write a = (0, a1, a2) and ϕ = (0, ϕ1, ϕ2). Then, we have
ϕ1 = π1(X), so that E[ϕ1] = 0 i.e. ϕ is also centered. This fact will be central to
the following argumentation.
Then, we have

TP (g) = E[P (exp(a)⊗ exp(ϕ))]− P (exp(a))

= E

[
P

(
exp

(
a+ ϕ+

1

2
[a, ϕ]

))]
− P (exp(a)) (4.10)

= E

[
P

(
exp

((
0, a1 + ϕ1, a2 + ϕ2 +

1

2

(
a1 ⊗ ϕ1 − ϕ1 ⊗ a1

))))]
− P (exp(a)), (4.11)

where in (4.10), we have applied the Campbell-Baker-Hausdorff formula.
We now study the expression (4.11) for two examples of simple monomials and then
we discuss arbitrary monomials.

Example 1 :
P (g) = (a1;i)m

for some i ∈ {1, . . . , d} and m ∈ N \ {1}. Then, d◦P = m and we have

TP (g) = E
[(
a1;i + ϕ1;i

)m]− (a1;i
)m

=
(
a1;i
)m

+mE
[
ϕ1;i
]︸ ︷︷ ︸

=0

(
a1;i
)m−1

+

(
m

2

)
E
[
(ϕ1;i)2

] (
a1;i
)m−2

+ E[ terms of lower degree ]−
(
a1;i
)m

= r
(
a1;i
)m−2

+ terms of lower degree,

where r is a real number. Thus, d◦(TP ) ≤ m− 2 = d◦P − 2.
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Example 2 :

P (g) = (a2;ij)m

for some i, j ∈ {1, . . . , d}, i < j and m ∈ N. Then, d◦P = 2m. We assume now that
m ≥ 2. Then, similarly to Example 1, we have

TP (g) = E

[(
a2;ij + ϕ2;ij +

1

2

(
a1;iϕ1;j − ϕ1;ia1;j

))m]
−
(
a2;ij

)m
=
(
a2;ij

)m
+mE

[
ϕ2;ij

] (
a2;ij

)m−1

+
m

2
E
[(
a1;iϕ1;j − ϕ1;ia1;j

)]︸ ︷︷ ︸
=0

(
a2;ij

)m−1

+
1

2

(
m

2

)
E
[(
a1;iϕ1;j − ϕ1;ia1;j

)2] (
a2;ij

)m−2

+ E[ terms of lower degree ]−
(
a2;ij

)m
= r1

(
a2;ij

)m−1
+
(
r2

(
a1;i
)2

+ r3a
1;ia1;j + r4

(
a1;j
)2) (

a2;ij
)m−2

+ terms of lower degree,

where r1, . . . , r4 are real numbers.

In the case m = 1, it is easy to see that TP (g) = E[ϕ2;ij ] ∈ R, which is a polynomial
of degree 0.

Thus, we conclude that d◦(TP ) ≤ 2m− 2 = d◦P − 2.

The reasoning in Examples 1 and 2 basically carries over to arbitrary monomials,
which are finite products of powers of a1;k, k ∈ {1, . . . , d} and a2;ij , i, j ∈ {1, . . . , d},
i < j. To see this, note that for an arbitrary monomial P , we have:

1. The term of degree d◦P in E[P (g ⊗X)] equals P (g) and therefore it cancels out
in TP (g).

2. All terms of degree d◦P − 1 in P (g ⊗X) contain exactly one component of the
centered random variable ϕ1 and thus they have expectation zero.

This implies that TP (g) is a polynomial of degree ≤ d◦P − 2.

Now, for any polynomial P on G2
(
Rd
)

and k ∈ N, we have

E[P (X1 ⊗ · · · ⊗Xk)] (4.12)

= E[E[P ((X1 ⊗ · · · ⊗Xk−1)⊗Xk)|X1, . . . ,Xk−1]]

= E[TP (X1 ⊗ · · · ⊗Xk−1) + P (X1 ⊗ · · · ⊗Xk−1)] (4.13)

= E[(T + Id)(P (X1 ⊗ · · · ⊗Xk−1))], (4.14)

where (4.13) follows from the definition of the map T and the fact that Xk is
independent of X1, . . . ,Xk−1.
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By iteratively applying the equality between (4.12) and (4.14), we obtain

E[P̃ (X1 ⊗ · · · ⊗Xk)] = (T + Id)kP̃ (1) =

k∑
l=1

(
k

l

)
T lP̃ (1). (4.15)

In fact, the number of summands in (4.15) does not depend on k. To see this, we use
that applying the map T to a polynomial gives a polynomial of at least two degrees
lower (Lemma 4.10) to obtain

d◦(T lP̃ ) ≤ d◦P̃ − 2l = 2(2p− l),

which implies

E[P̃ (X1 ⊗ · · · ⊗Xk)] =

2p∑
l=0

(
k

l

)
T lP̃ (1). (4.16)

Now, for all k ∈ N, for all l ∈ N ∪ {0}, we have
(
k
l

)
≤ kl

l! , so that
(
k
l

)
= O(kl) as

k →∞. Hence, for all l ∈ {0, 1, . . . , 2p}(
k

l

)
T lP̃ (1) = O(k2p).

Combining this with (4.16) yields the estimate (4.8).
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5 Some probabilistic tools

In this chapter, we introduce some notions and give some results that will be used
to prove the invariance principles in the subsequent chapters.

5.1 Strong mixing sequences of random variables

The strong mixing coefficient is a means to quantify the dependence between random
variables.

Definition 5.1. Let (Ω, F , P ) be a probability space. For two σ-fields A, B ⊆ F ,
we define the strong mixing coefficient of A and B by

α(A,B) := sup
(A,B)∈A×B

|P (A ∩B)− P (A)P (B)| .

Definition 5.2. Let (Xi)i≥1 be a sequence of random variables defined on the same
probability space (Ω, F , P ). For k ∈ N and l ∈ N, we define the σ-algebras

F lk := σ(Xi : k ≤ i ≤ l) and

F∞k := σ(Xi : i ≥ k).

For n ∈ N
αn := sup

m∈N
α(Fm1 ,F∞n+m).

If limn→∞ αn = 0, we say that the sequence (Xi)i≥1 is α-mixing or strong mixing.

Thus, random variables that lie far apart in a strong mixing sequence of random
variables are ”almost independent”.

R. Yokoyama proved a moment bound for partial sums of strong mixing sequences of
random variables, which will be applied several times in the proofs of the following
invariance principles. In particular, this bound will be used to establish tightness
for a real-valued Markov chain (which will be shown to be strong mixing).

Theorem 5.3 (Yokoyama’s moment bound, [22]). Let (Xi)i≥1 be a stationary1,
strong mixing sequence of real-valued centered random variables satisfying
E[|X1|r+δ] <∞ for some r > 2 and some δ > 0. If

∞∑
i=0

(i+ 1)r/2−1α
δ/(r+δ)
i <∞, (5.1)

1see Definition A.3.
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then there exists a constant C > 0 such that for all n ∈ N

E

[∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
r]
≤ Cnr/2.

5.2 The martingale problem

To establish convergence of the finite-dimensional distributions, Breuillard et al.
used the central limit theorem for independent random variables on nilpotent Lie
groups. To our knowledge, no similar result has been established for dependent
random variables on nilpotent Lie groups. We will thus take a different approach,
which is based on the concept introduced in this section.

Introduction and definition

The martingale problem formulation – a concept introduced by D. Stroock and
S.R.S. Varadhan – is a way to specify Markov processes. Other approaches are par-
tial differential equations and stochastic differential equations. All three approaches
were shown to be equivalent. We will state this more precisely below for the mar-
tingale problem and stochastic differential equations. The martingale problem for-
mulation has the advantage that one can use the following powerful techniques: the
theory of weak convergence of probability measures on complete separable metric
spaces, the theory of regular conditional probabilities and localization arguments of
martingale theory. The main reference for this section is [20].
First, we introduce some notation and some basic objects. Let d∞ be the metric on
Ω := C([0, 1],Rd) induced by the supremum norm and letM be the Borel σ-algebra
on the metric space (Ω, d∞).
The coordinate process on Ω is the map x : [0, 1]×Ω→ Rd defined by x(t, ω) = ω(t).
One can show that M = σ(x(s) : 0 ≤ s ≤ 1) (see [20], p. 30). For t ∈ [0, 1], we
define the sigma-algebra Mt := σ(x(s) : 0 ≤ s ≤ t).
For a d × d real matrix a = (aij)1≤i,j≤d, let ‖a‖op := supx∈Rd,|x|=1 |Ax| denote its
operator norm. In the sequel, spaces of real matrices will always be endowed with the
topology induced by this norm. Let Sd be the set of symmetric, positive semidefinite
d×d real matrices. We assume that the maps a : Rd → Sd and b : Rd → Rd are Borel
measurable. For such a pair (a, b) of maps, we define the second-order differential
operator La,b by

La,bf(y) :=
1

2

d∑
i,j=1

aij(y)
∂2

∂yi∂yj
f(y) +

d∑
i=1

bi(y)
∂

∂yi
f(y)

for y ∈ Rd and f : Rd → R a two times continuously partially differentiable function.
Let C∞0

(
Rd
)

denote the set of maps Rd → R having compact support and continuous
partial derivatives of all orders. We are now ready to state the basic definition of
this section:
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Definition 5.4. A probability measure P on
(
C([0, 1],Rd),M

)
is a solution to

the martingale problem for (a,b) starting at y0 ∈ Rd if the following two
conditions hold:

(i) P (x(0) = y0) = 1;

(ii) For any f ∈ C∞0
(
Rd
)
, the stochastic process(

f(x(t))− f(x(0))−
∫ t

0
La,bf(x(u))du

)
t∈[0,1]

is a P -martingale with respect to the filtration (Mt)t∈[0,1].

We say that the martingale problem for (a, b) is well-posed if for every y0 ∈ Rd,
there exists a unique solution to the martingale for (a, b) starting at y0.

A useful characterization of martingales

The next lemma will be useful for working with the martingale problem formulation
in the subsequent chapters.

Lemma 5.5. Let (Mt)t∈[0,1] be a family of real-valued random variables defined on(
C([0, 1],Rd),M

)
and let P be a probability measure on this function space. Then,

the following two statements are equivalent:

(i) (Mt)t∈[0,1] is a P -martingale with respect to the filtration (Mt)t∈[0,1].

(ii) For all s, t ∈ [0, 1], s < t and for any continuous, bounded, Ms-measurable
map φ : C([0, 1],Rd)→ R, we have

EP [(Mt −Ms)φ] = 0.

In the proof of the above lemma, the following result will be applied twice.

Lemma 5.6. Let ξ be a (real-valued) random variable in L1(Ω,F , P ) and let D be
a generating system of F which is stable under intersections. If for all A ∈ D∫

A
ξ dP = 0,

then ξ = 0 almost surely.

The proof of the above lemma is left to the reader.

Proof of Lemma 5.5. (i) ⇒ (ii): This can be established by a standard argument
from measure theory.
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(ii) ⇒ (i): (i) is equivalent to the following fact: For all s, t ∈ [0, 1], s < t and all
A ∈Ms, we have ∫

A
(Mt −Ms) dP = 0.

We fix s, t ∈ [0, 1] satisfying s < t. Observe that

Ds :=

 ⋃
I⊂[0,s];

I finite,I 6=∅

σ (x(u) : u ∈ I)

 ∪ ∅
is stable under intersections and a generating system of Ms = σ (x(u) : u ∈ [0, s]).
Hence, by Lemma 5.6, it suffices to show that for all D ∈ Ds∫

D
(Mt −Ms) dP = 0. (5.2)

Note that for I = {i1, . . . , ik}, we have

σ (x(i1), . . . , x(ik)) = σ
(
π−1
i1,...,ik

(B) : B ∈ Bk
)
,

where Bk denotes the Borel σ-algebra on
(
Rd
)k ∼= Rdk. Hence, (5.2) is equivalent to

the following fact: For k ∈ N, 0 ≤ i1 < i2 < · · · < ik ≤ s and B ∈ Bk, we have∫
(Mt −Ms) 1B(πi1,...,ik) dP = 0. (5.3)

Now, we apply Lemma 5.6 again: Since the set of compact subsets of Rdk is stable
under intersections and generates Bk, it is enough to prove (5.3) for all compact sets
B ⊂ Rdk.
We now fix a compact B ⊂ Rdk. For n ∈ N, we define the function fn : Rdk → [0, 1]
by2

fn(x) =


1 if x ∈ B
0 if d(x,B) ≥ 1/n

1− n d(x,B) if 0 < d(x,B) < 1/n.

Then, for all x ∈ Rdk, we have limn→∞ fn(x) = 1B(x). Note that
fn(πi1,...,ik) : C([0, 1],Rdk) → [0, 1] is a continuous, bounded, Ms-measurable func-
tion, so that by (ii), we have∫

(Mt −Ms) fn(πi1,...,ik) dP = 0

for all n ∈ N. By Lebesgue’s dominated convergence theorem, this implies∫
(Mt −Ms) 1B(πi1,...,ik) dP = lim

n→∞

∫
(Mt −Ms) fn(πi1,...,ik) dP = 0.

2For x ∈ Rdk, the distance to the set B is defined as d(x,B) := inf {‖x− y‖ : y ∈ B}.

52



Equivalence to the weak solution formulation for stochastic differential
equations

In the proofs of the following invariance principles, we will characterize the law of
the limit process as a solution to a certain martingale problem. We are therefore
interested in conditions which ensure that a given martingale problem is well-posed.
We will rely on a simple condition that comes from the theory of stochastic differ-
ential equations (abbreviated as SDEs). Since the relation between SDEs and the
martingale problem will also be useful for obtaining alternative characterizations of
the limit process, we now study this relation in some detail. The rest of this section
is based on [18].
First, we need to introduce some notions from the theory of SDEs. The following
stochastic integrals are Itô integrals.
Let Md denote the space of d×d real matrices and let σ : Rd →Md and b : Rd → Rd
be Borel measurable maps. Let µ be a probability measure on Rd.

Definition 5.7. We say that the SDE

Xt = X0 +

∫ t

0
σ(Xu) dBu +

∫ t

0
b(Xu) du, t ∈ [0, 1], (5.4)

has a weak solution with initial distribution µ if there exists a filtered probabil-
ity space (Ω,F , (Ft)t∈[0,1] , P ) satisfying the usual conditions, together with continu-

ous semi-martingales X and B with values in Rd such that the following conditions
hold:

(i) B is an (Ft)-Brownian motion.

(ii) X0 has law µ.

(iii)
∫ t

0

(
trace (σ(Xu)(σ(Xu))T ) + |b(Xu)|

)
du <∞ a.s. for all t ∈ [0, 1].

(iv) Xt = X0 +
∫ t

0 σ(Xu) dBu +
∫ t

0 b(Xu) du for t ∈ [0, 1].

If for every probability measure µ on Rd, there exists a weak solution to the SDE (5.4)
with µ as its initial distribution, we say that the SDE (5.4) has a weak solution.

Remark 5.8. Let us write b = (b1, . . . , bd), σ = (σij)i,j∈{1,...,d}, X = (X1, . . . , Xd)

and B = (B1, . . . , Bd). The vector notation used in (5.4) is defined as follows:

Xi
t = Xi

0 +

d∑
j=1

∫ t

0
σij(Xu) dBj

u +

∫ t

0
bi(Xu) du, i = 1, . . . , d.

Definition 5.9. The solution of the SDE (5.4) is said to be unique in law for the
initial distribution µ if any two solutions (perhaps on different filtered probability
spaces) with initial distribution µ have the same law.
The solution of (5.4) is said to be unique in law if it is unique in law for any initial
distribution µ on Rd.

53



Now, we can state the equivalence results rigorously.

Theorem 5.10. If X is a weak solution of the SDE (5.4) starting at y ∈ Rd, then
the law of X solves the martingale problem for

(
σσT , b

)
starting at y.

Conversely, if Py is a solution to the martingale problem for
(
σσT , b

)
starting at

y ∈ Rd, then there exists a weak solution to the SDE (5.4) starting at y whose law
is Py.

Remark 5.11. The first implication is easy to prove. The second is more involved3.
We will only use the second implication.

Theorem 5.12. Uniqueness in law holds for the SDE (5.4) starting at y ∈ Rd if
and only if there exists at most one solution to the martingale problem for

(
σσT , b

)
starting at y.

Now, we assume that the maps σ and b are Lipschitz continuous i.e. there exists a
positive constant L such that for all x, y ∈ Rd

‖σ(x)− σ(y)‖op ≤ L |x− y| and |b(x)− b(y)| ≤ L |x− y| . (5.5)

If condition (5.5) is satisfied, then the SDE (5.4) has a weak solution and uniqueness
in law holds for this SDE. It is now a consequence of Theorem 5.10 and Theorem
5.12 that

Theorem 5.13. If the maps σ and b are Lipschitz continuous, then the martingale
problem for

(
σσT , b

)
is well-posed.

3see for example [18], p. 160f..
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6 Invariance principle for a real-valued Markov chain

In this chapter, we will use the martingale problem formulation to prove an in-
variance principle for a stochastic process constructed from a Markov chain which
takes only two real values. This simple setting is suitable for demonstrating how the
dependencies between the random variables can be handled.

6.1 Preliminaries and result

First, we introduce the α-Hölder topology for real-valued paths. The definitions and
remarks in this section are taken from [6]. We assume α ∈ (0, 1].

Definition 6.1. Let Cα−Höl ([0, 1],R) denote the space of paths x : [0, 1] → R
satisfying x0 = 0 and

‖x‖α = sup
s,t∈[0,1]
s 6=t

|xt − xs|
|t− s|α

+ sup
t∈[0,1]

|xt| <∞.

Definition 6.2. The Hölderian modulus of continuity of a path x : [0, 1]→ R
is defined as

wα(x, δ) := sup
s,t∈[0,1]

0<|t−s|<δ

|xt − xs|
|t− s|α

.

C0,α−Höl ([0, 1],R) :=
{
x ∈ Cα−Höl ([0, 1],R) : limδ→0wα(x, δ) = 0

}
.

Remark 6.3. (C0,α−Höl ([0, 1],R), ‖.‖α) is a separable closed subspace of the non-
separable Banach space (Cα−Höl ([0, 1],R), ‖.‖α).

Theorem 6.4. Let (Xi)i≥1 be a Markov chain such that each Xi takes values in
{−1, 1}. Assume P (X1 = 1) = P (X1 = −1) = 1/2 and for some p ∈ (0, 1)

P (Xi+1 = 1 | Xi = 1) = p and

P (Xi+1 = −1 | Xi = −1) = p.

For n ∈ N, define the stochastic process Y (n) = {Y (n)
t }t∈[0,1] by Y

(n)
0 = 0,

Y
(n)
t =

1√
n

nt∑
i=1

Xi

for t ∈
{

1
n ,

2
n , . . . , 1

}
and piecewise linearly interpolated in between.

Let σ =
√

p
1−p . Then, for any α ∈ (0, 1/2), Y (n) converges weakly to σB in

C0,α−Höl ([0, 1],R), where B is a standard Brownian motion.
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6.2 Calculation of the strong mixing coefficients and an exponential
covariance bound

We now establish two important auxiliary results for the proof of Theorem 6.4. In
the whole section, (Xi)i≥1 denotes the Markov chain introduced in that theorem.
We will first calculate the strong mixing coefficients of the Markov chain (Xi)i≥1.
This result will then be used to obtain an exponential covariance bound.

Lemma 6.5. Let (αn)n≥1 denote the sequence of strong mixing coefficients of the
Markov chain (Xi)i≥1. Then, for all n ∈ N, we have

αn =
1

4
|2p− 1|n . (6.1)

As |2p− 1| < 1, this implies that the sequence (Xi)i≥1 is strong mixing.

Proof of (6.1). For k, l ∈ N, we set Glk := σ(Xi : k ≤ i ≤ l) and G∞k := σ(Xi : i ≥ k).
Then, by the Markov property and stationarity, we have

αn = sup
m∈N

α(Gm1 ,G∞m+n) = sup
m∈N

α(Gmm ,Gm+n
m+n) = α(G1

1 ,Gn+1
n+1).

For i ∈ N, we set Gi := Gii . Then, Gi = {{Xi = 1} , {Xi = −1}} and these events
both have probability 1/2.
For n ∈ N, we define

n̂ :=

{⌊
n
2

⌋
if n is odd⌊

n
2

⌋
− 1 otherwise.

Note that X1 and Xn+1 take the same value if and only if there is an even number
of changes (which happen with probability 1−p) between +1 and −1 in the Markov
chain up to Xn+1. The probability that X1 and Xn+1 take the same value/different
values are thus

G(n) :=

bn2 c∑
i=0

(
n

2i

)
(1− p)2ipn−2i and

U(n) := 1−G(n) =
n̂∑
i=0

(
n

2i+ 1

)
(1− p)2i+1pn−2i−1.

Consequently, we obtain

αn = sup
(A,B)∈G1×Gn+1

∣∣∣∣P (A ∩B)− 1

4

∣∣∣∣
=

1

2
max

{∣∣∣∣G(n)− 1

2

∣∣∣∣ , ∣∣∣∣U(n)− 1

2

∣∣∣∣} =
1

2

∣∣∣∣G(n)− 1

2

∣∣∣∣ .
Now, we have ∣∣∣∣G(n)− 1

2

∣∣∣∣ =
1

2
|G(n)− U(n)| = 1

2
|2p− 1|n ,

where the last equation is due to the binomial theorem. The claim now follows.
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Proposition 6.6. Let n ∈ N, 1 ≤ i1 ≤ · · · ≤ in and l ∈ {1, . . . , n − 1} and let
f : {−1, 1}l → R and g : {−1, 1}n−l → R. We set F := ‖f‖∞ and G := ‖g‖∞.
Then, there exists a constant β > 0 such that∣∣E [f(Xi1 , . . . , Xil)g(Xil+1

, . . . , Xin)
]
− E [f(Xi1 , . . . , Xil)]E

[
g(Xil+1

, . . . , Xin)
]∣∣

≤ FG exp(−β(il+1 − il)). (6.2)

In particular, for 1 ≤ i1 ≤ i2, we have

|E [Xi1Xi2 ]| ≤ exp(−β(i2 − i1)). (6.3)

For the proof of Proposition 6.6, we will use the following bound for the covariance
of two bounded random variables:

Lemma 6.7 ([2], Th. 1.11). Let X and Y be two real-valued random variables
satisfying |X| ≤ C a.s. and |Y | ≤ D a.s. for two constants C ≥ 0, D ≥ 0. Then, we
have1

|E[XY ]− E[X]E[Y ]| ≤ 4CD α(σ(X), σ(Y )).

Proof of Proposition 6.6. Let n ∈ N and l ∈ {1, . . . , n − 1} be fixed. Applying
Lemma 6.7 to our setting gives∣∣E [f(Xi1 , . . . , Xil)g(Xil+1

, . . . , Xin)
]
− E [f(Xi1 , . . . , Xil)]E

[
g(Xil+1

, . . . , Xin)
]∣∣

≤ 4FG α
(
σ (f(Xi1 , . . . , Xil)) , σ

(
g(Xil+1

, . . . , Xin)
))
. (6.4)

We have

α
(
σ (f(Xi1 , . . . , Xil)) , σ

(
g(Xil+1

, . . . , Xin)
))

≤ α(σ(Xi1 , . . . , Xil), σ(Xil+1
, . . . , Xin)) (6.5)

= α(σ(Xil), σ(Xil+1
)) (6.6)

= α(σ(X1), σ(Xil+1−il+1)) (6.7)

=
1

4
|2p− 1|il+1−il . (6.8)

In (6.5), we have used measurability of the functions f and g and the fact that for
σ-algebras A0 ⊂ A, B0 ⊂ B, we have α(A0,B0) ≤ α(A,B). (6.6) follows from the
Markov property and (6.7) is due to stationarity of the Markov chain (Xi)i≥1.

Combining (6.4) and (6.8) and setting β := − log(|2p− 1|) gives the claim.

1α denotes the strong mixing coefficient.
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6.3 Proof

The strategy is as follows: We will first prove that the sequence (Y (n))n≥1 is tight
in C0,α−Höl ([0, 1],R) for any α ∈ (0, 1/2). By Prohorov’s theorem, (Y (n))n≥1 is thus
relatively compact in C0,α−Höl ([0, 1],R). Hence, it suffices to show that an arbitrary
weakly convergent subsequence of (Y (n))n≥1 has limit σB. In this step of the proof,
the martingale problem formulation will come into play.

6.3.1 Step 1: Tightness

The following argumentation is taken from [6]2. We will take advantage of

Proposition 6.8 (Lamperti’s tightness criterion, [6], Cor. 1). Let(
{Y (n)

t : t ∈ [0, 1]}
)
n≥1

be a sequence of real-valued stochastic processes vanishing at

0. Assume there exist positive constants a, b and c such that for all s, t ∈ [0, 1] and
for all n ∈ N

E
[∣∣∣Y (n)

t − Y (n)
s

∣∣∣a] ≤ c |t− s|1+b . (6.9)

Then, the sequence (Y (n))n≥1 is tight in C0,γ−Höl ([0, 1],R) for any γ ∈
(
0, ba
)
.

Remark 6.9. Note that the above proposition includes the statement that the sample
paths of Y (n) are a.s. in C0,γ−Höl ([0, 1],R). Hence, we do not have to show this fact
separately.

Our aim is now to establish (6.9). We fix a > 2. We first consider the case where s
and t lie in the same interpolation interval.

Case 1: ∃j ∈ {0, 1, . . . , n− 1}: j
n ≤ s ≤ t ≤

j+1
n .

We have ∣∣∣Y (n)
t − Y (n)

s

∣∣∣ =

∣∣∣∣ 1√
n

(nt− ns)Xj+1

∣∣∣∣ =
√
n |t− s| |Xj+1| .

This implies that for ε > 0

E
[∣∣∣Y (n)

t − Y (n)
s

∣∣∣a] = na/2 |t− s|aE [|X1|a]

≤ |t− s|a/2E
[
|X1|a+ε]a/(a+ε)

,

where the last inequality is due to Hölder’s inequality and the fact that n |t− s| ≤ 1.

2proof of Theorem 17.

58



Case 2: s 6= t ∧ (∃j ∈ {1, . . . , n− 1},∃k ∈ {0, 1, . . . , n− 1} : j + k + 1 ≤ n
∧ j−1

n ≤ s ≤
j
n ∧

j+k
n ≤ t ≤

j+k+1
n ).

Then,

E
[∣∣∣Y (n)

t − Y (n)
s

∣∣∣a]
≤ E

[(∣∣∣Y (n)
t − Y (n)

(j+k)/n

∣∣∣+
∣∣∣Y (n)

(j+k)/n − Y
(n)
j/n

∣∣∣+
∣∣∣Y (n)
j/n − Y

(n)
s

∣∣∣)a]
≤ 3a−1

(
E
[∣∣∣Y (n)

t − Y (n)
(j+k)/n

∣∣∣a]+ E
[∣∣∣Y (n)

(j+k)/n − Y
(n)
j/n

∣∣∣a]+ E
[∣∣∣Y (n)

j/n − Y
(n)
s

∣∣∣a]) .
(6.10)

In (6.10), we have used convexity of the function xa on R≥0 for a > 2. For the
first and the last expectation in (6.10), we have the upper bound derived in Case
1. To find an upper bound for the expectation in the middle if k 6= 0, we will
apply Yokoyama’s moment bound (Theorem 5.3). In view of the assumptions of
this theorem, note that we have already seen in Lemma 6.5 that αi = 1

4 |2p− 1|i
and the sequence (Xi)i≥1 is strong mixing. One can check that

∞∑
i=0

(i+ 1)

(
1

4
|2p− 1|i

)1/5

<∞,

i.e. for r = 4 and δ = 1, assumption (5.1) holds.
Consequently, there exists a constant C > 0 such that

E
[∣∣∣Y (n)

(j+k)/n − Y
(n)
j/n

∣∣∣a] = E

[∣∣∣∣ 1√
n

(Xj+1 +Xj+2 + · · ·+Xj+k)

∣∣∣∣a]
≤ C

(
k

n

)a/2
≤ C |t− s|a/2 , (6.11)

where the first inequality in (6.11) is due to Yokoyama’s moment bound.

Hence, if we choose b = a
2 − 1 and c = 3a−1

(
2E
[
|X1|a+ε]a/(a+ε)

+ C
)

, then (6.9)

will hold for all s, t ∈ [0, 1], so that
(
Y (n)

)
n≥1

is tight in C0,α−Höl ([0, 1],R) for any

α ∈ (0, 1/2).

6.3.2 Step 2: Characterization of the limit process

In this step3, we use some ideas presented in [19] and [20], Chapter 11.
Let

(
Y (ni)

)
i≥1

be subsequence of (Y (n))n≥1 that converges weakly to a limit process
Y . In the sequel, we will always work with this subsequence, but we will denote it
by (Y (n))n≥1 to simplify the notation.
As already mentioned in the introduction in connection with Donsker’s theorem, the
stochastic process Y (n) can be seen as a map Ω → (C([0, 1],R). Since the Borel σ-

algebraM on (C([0, 1],R) is generated by the one-dimensional cylinder sets and Y
(n)
t

3and in the respective steps of the subsequent proofs.
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is a random variable for each t ∈ [0, 1], Y (n) is F −M-measurable i.e. it is a random
variable taking values in (C([0, 1],R),M). It is important to understand that in
the following proof, we will switch between the two probability spaces (Ω,F , P ) and(
C([0, 1],R),M, P (Y (n))−1

)
(or

(
C([0, 1],R),M, PY −1

)
, respectively).

Let a, b : R→ R be given by a(x) = σ2 = p
1−p and b(x) = 0 for all x ∈ R.

Our aim is to prove the following

Claim: The probability measure PY −1 is the unique solution to the martingale
problem for (a, b) starting at 0 i.e. P (Y0 = 0) = 1 and for each f ∈ C∞0 (R)(

f(x(t))− f(x(0))− 1

2
σ2

∫ t

s
f ′′(x(u)) du

)
t∈[0,1]

(6.12)

is a PY −1-martingale with respect to (Mt)t∈[0,1].

It then follows from Theorem 5.10 that PY −1 is the law of σB, where B is a standard
Brownian motion.

Proof of the claim:

By Theorem 5.13, uniqueness is clear. As weak convergence in C([0, 1],R) implies
convergence of the finite-dimensional distributions4, P (Y0 = 0) = 1 follows from

P (Y
(n)

0 = 0) = 1 for all n ∈ N.

We turn to the proof of (6.12). We fix f ∈ C∞0 (R), s, t ∈ [0, 1], s < t and a
continuous, bounded, Ms-measurable map φ : C([0, 1],R) → R. By Lemma 5.5, it
is enough to show that

EPY −1

[(
f(x(t))− f(x(s))− 1

2
σ2

∫ t

s
f ′′(x(u)) du

)
φ

]
= 0.

By the transformation theorem for image measures (Theorem A.4), this is equivalent
to

EP

[(
f(Yt)− f(Ys)−

1

2
σ2

∫ t

s
f ′′(Yu) du

)
φ(Y )

]
= 0. (6.13)

We will prove that for ε ∈ (0, t− s), we have

EP

[(
f(Yt)− f(Ys+ε)−

1

2
σ2

∫ t

s+ε
f ′′(Yu) du

)
φ(Y )

]
= 0. (6.14)

Since the stochastic process Y is continuous and the functions f and f ′′ are bounded
and continuous, Lebesgue’s dominated convergence theorem implies that the left-
hand side of (6.14) converges to the left-hand side of (6.13) as ε→ 0. The following
argumentation thus aims at establishing (6.14).

For the rest of the proof, we fix ε ∈ (0, t− s) and we set s := s+ ε.

4This is due to the continuous mapping theorem, as the maps of the form πt1,...,tm introduced in
Definition 3.5 are continuous.
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It is easy to see that for fixed n ∈ N

f

(
x

(
k

n

))
−

k∑
j=1

(
EP (Y (n))−1

[
f

(
x

(
j

n

)) ∣∣∣∣M(j−1)/n

]
− f

(
x

(
j − 1

n

)))
,

1 ≤ k ≤ n, is a (discrete-parameter) P
(
Y (n)

)−1
-martingale with respect to the

filtration (Mk/n)1≤k≤n. As φ is Mdnse/n-measurable, this implies (we use Lemma
5.5 again)

EP (Y (n))−1

[(
f

(
x

(
dnte
n

))
− f

(
x

(
dnse
n

))

−
dnte∑

j=dnse+1

(
EP (Y (n))−1

[
f

(
x

(
j

n

)) ∣∣∣∣M(j−1)/n

]
− f

(
x

(
j − 1

n

)))φ

 = 0.

(6.15)

Now, we will apply the transformation theorem for image measures again. For all
the above terms except the conditional expectations, this is easy. We now focus on
the above conditional expectations. We define F0 := {∅,Ω} and

Fj := σ (Xi : 1 ≤ i ≤ j) for j ∈ {1, . . . , n}.

Note that we have

Fj = σ

(
Y (n)
u : 0 ≤ u ≤ j

n

)
.

Let j ∈ {dnse+ 1, . . . , dnte}. We will use that φ is M(j−1)/n-measurable and

φ
(
Y (n)

)
is Fj−1-measurable to obtain∫

EP (Y (n))−1

[
f

(
x

(
j

n

)) ∣∣∣∣M(j−1)/n

]
φ dP

(
Y (n)

)−1

=

∫
f

(
x

(
j

n

))
φ dP

(
Y (n)

)−1

=

∫
f
(
Y

(n)
j/n

)
φ
(
Y (n)

)
dP

=

∫
EP

[
f
(
Y

(n)
j/n

) ∣∣∣ Fj−1

]
φ
(
Y (n)

)
dP.

Consequently, (6.15) is equivalent to

EP

[(
f
(
Y

(n)
dnte/n

)
− f

(
Y

(n)
dnse/n

)
−

dnte∑
j=dnse+1

(
EP

[
f
(
Y

(n)
j/n

) ∣∣∣ Fj−1

]
− f

(
Y

(n)
(j−1)/n

))φ
(
Y (n)

) = 0. (6.16)
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In the rest of the proof, we will show that the left-hand side of (6.16) converges to
the left-hand side of (6.14) as n→∞, which will imply that (6.14) holds.
In the following, all (conditional and unconditional) expectations will be taken with
respect to the probability measure P . We will thus omit P in the notation for
expectations.
Since Y (n) converges weakly to Y and for u ∈ [0, 1], the map h ∈ C ([0, 1],R) 7→
f(hu)φ(h) is continuous, f(Y

(n)
u )φ

(
Y (n)

)
converges weakly to f(Yu)φ(Y ) by the

continuous mapping theorem. Thus, as f and φ are bounded functions, we have

lim
n→∞

E
[(
f
(
Y

(n)
dnte/n

)
− f

(
Y

(n)
dnse/n

))
φ
(
Y (n)

)]
= E [(f (Yt)− f (Ys))φ(Y )] .

We define φY := φ(Y ) and φn := φ
(
Y (n)

)
for n ∈ N. What remains to be shown is

lim
n→∞

E

 dnte∑
j=dnse+1

(
E
[
f
(
Y

(n)
j/n

) ∣∣∣ Fj−1

]
− f

(
Y

(n)
(j−1)/n

))
φn


=

1

2
σ2E

[(∫ t

s
f ′′(Yu) du

)
φY

]
. (6.17)

For this, we define Sk :=
∑k

i=1Xi for k ∈ N, S0 := 0 and we consider the Taylor

expansion of E[f(Y
(n)
j/n )|Fj−1] for j ∈ N. Using that Sj−1 is Fj−1-measurable, we

obtain

E
[
f
(
Y

(n)
j/n

) ∣∣∣ Fj−1

]
= E

[
f

(
Sj−1√
n

+
Xj√
n

) ∣∣∣∣ Fj−1

]
= f

(
Sj−1√
n

)
+

1√
n
f ′
(
Sj−1√
n

)
E [Xj | Fj−1] +

1

2n
f ′′
(
Sj−1√
n

)
E
[
X2
j

∣∣ Fj−1

]
+ E

[
R3

(
Sj√
n

) ∣∣∣∣ Fj−1

]
a.s., (6.18)

where R3 denotes the remainder term5 of the Taylor expansion. Observe that f ′′′ is
bounded and

∣∣X3
i

∣∣ = 1, so that we have∣∣∣∣E [E [R3

(
Sj√
n

) ∣∣∣∣ Fj−1

]
φn

]∣∣∣∣ ≤ ‖f ′′′‖∞ ‖φ‖∞n3/2
= O

(
n−3/2

)
.

More generally, if for a summand s(j) in the Taylor expansion, we have E[s(j)φn] =

o (1/n) for all j ∈ {1, . . . , n}, then limn→∞
∑dnte

j=dnse+1E[s(j)φn] = 0. This fact will
be used frequently in the sequel. Here, we only need to consider the first three terms
in (6.18).
We clearly have E[X2

j |Fj−1] = 1. Using the Markov property of (Xi)i≥1 and the
given transition probabilities for this Markov chain, one can check that

E[Xj |Fj−1] = (2p− 1)Xj−1.

5we consider its Lagrange form.
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Hence, we have

lim
n→∞

E

 dnte∑
j=dnse+1

(
E
[
f
(
Y

(n)
j/n

) ∣∣∣ Fj−1

]
− f

(
Y

(n)
(j−1)/n

))
φn


= (2p− 1) lim

n→∞

dnte∑
j=dnse+1

E

[
1√
n
f ′
(
Sj−1√
n

)
Xj−1 φn

]
(6.19)

+
1

2
lim
n→∞

dnte∑
j=dnse+1

E

[
1

n
f ′′
(
Sj−1√
n

)
φn

]
.

The difficulty in expression (6.19) is that Sj−1 and Xj−1 are dependent random
variables. To handle this difficulty, we set L(n) :=

⌊
sn1/10

⌋
and we will do Tay-

lor expansion of f ′
(
Sj−1√
n

)
with expansion point

Sj−L(n)√
n

. Then, we will apply the

covariance estimate (6.2) to the resulting summands in such a way that applying

limn→∞
∑dnte

j=dnse+1 to the error terms yields 0. We claim that

lim
n→∞

dnte∑
j=dnse+1

E

[
1√
n
f ′
(
Sj−1√
n

)
Xj−1 φn

]

=
1

2(1− p)
lim
n→∞

dnte∑
j=dnse+1

E

[
1

n
f ′′
(
Sj−1√
n

)
φn

]
. (6.20)

To establish (6.20), we will use the two auxiliary results below. The first says that
shifting indices by L(n) gives an error term which tends to 0 as n → ∞. As the
functions f ′′ and φ are bounded, it is easy to see that

Lemma 6.10.∣∣∣∣∣∣
dnte∑

j=dnse+1

1

n
E

[
f ′′
(
Sj−L(n)√

n

)
φn

]
−

dnte∑
j=dnse+1

1

n
E

[
f ′′
(
Sj−1√
n

)
φn

]∣∣∣∣∣∣ = O

(
L(n)

n

)
.

For the second auxiliary result, we will use the fact that the stationary Markov chain
(Xi)i≥1 can be extended to a two-sided stationary Markov chain (Xi)−∞<i<∞.

Lemma 6.11. For j ∈ N, we have

lim
n→∞

L(n)−1∑
k=bL(n)/2c

E
[
Xj−L(n)+kXj−1

]
=

1

2(1− p)
.
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Proof. We have

L(n)−1∑
k=bL(n)/2c

E
[
Xj−L(n)+kXj−1

]
=

L(n)−bL(n)/2c∑
i=1

E [X1Xi] (6.21)

=
∞∑
i=0

E[X1Xi]−
∞∑

i=L(n)−bL(n)/2c+1

E[X1Xi],

where in (6.21), we have used stationarity. Now, it follows from the covariance
estimate (6.3) that

lim
n→∞

∣∣∣∣∣∣
∞∑

i=L(n)−bL(n)/2c+1

E[X1Xi]

∣∣∣∣∣∣ ≤ lim
n→∞

∞∑
i=L(n)−bL(n)/2c

exp(−βi) = 0.

This implies

lim
n→∞

L(n)−1∑
k=bL(n)/2c

E
[
Xj−L(n)+kXj−1

]
=

∞∑
i=1

E[X1Xi].

For i ∈ N, we have

E[X1Xi+1] =2P (Xi+1 = 1|X1 = 1)P (X1 = 1)− 2P (Xi+1 = −1|X1 = 1)P (X1 = 1)

=(2p− 1)i,

where the last equality is obtained by a similar argument as in the proof of (6.1) on
page 56. Consequently, as |2p− 1| < 1, we get

∞∑
i=1

E[X1Xi] =

∞∑
i=0

(2p− 1)i =
1

2(1− p)
.

Proof of (6.20). As already mentioned above, we first do Taylor expansion, which
gives:

f ′
(
Sj−1√
n

)
Xj−1√
n

=

[
f ′
(
Sj−L(n)√

n

)
+ f ′′

(
Sj−L(n)√

n

)(
Xj−L(n)+1 + · · ·+Xj−1√

n

)
+R2

(
Sj−1√
n

)]
Xj−1√
n
.

(6.22)

We have ∣∣∣∣E [R2

(
Sj−1√
n

)
Xj−1√
n

φn

]∣∣∣∣ ≤ ∥∥f ′′′∥∥∞ ‖φ‖∞ (L(n))2

n3/2
= o

(
1

n

)
,
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so that we do not have to consider this term.
We now show how the second summand in (6.22) can be handled. The argument
for the first summand is similar, but simpler. We split the sum

dnte∑
j=dnse+1

E

[
f ′′
(
Sj−L(n)√

n

)(
Xj−L(n)+1 + · · ·+Xj−1√

n

)
Xj−1√
n

φn

]
(6.23)

into two parts, to which we apply the covariance estimate (6.2) in different ways. We
would like to point out that the following argumentation would not work if s = s+ ε
were replaced by s.
Note that the function φn = φ ◦ Y (n) depends on the random variablesX1, . . . , Xdnse.
For n large enough, we have L(n) ≤ dnse − dnse, so that φn only depends on the
random variablesX1, . . . , Xdnse−L(n). We will use this fact in the following covariance
bound applications.
We set K := ‖f ′′‖∞ ‖φ‖∞.
We begin with the lower part of the sum (6.23). For n large enough, we have6

dnte∑
j=dnse+1

bL(n)/2c−1∑
k=1

1

n

∣∣∣∣E [f ′′(Sj−L(n)√
n

)
Xj−L(n)+k Xj−1 φn

]∣∣∣∣
≤

dnte∑
j=dnse+1

bL(n)/2c−1∑
k=1

1

n

∣∣∣∣∣∣E
[
f ′′
(
Sj−L(n)√

n

)
Xj−L(n)+k φn

]
E [Xj−1]︸ ︷︷ ︸

=0

∣∣∣∣∣∣
+K exp(−β(L(n)− k − 1)))

≤ (dnte − dnse)
n

L(n)−2∑
k=L(n)−bL(n)/2c

K exp(−βk) −−−→
n→∞

0. (6.25)

We now turn to the upper part of the sum (6.23). For n large enough and k ∈
{bL(n)/2c , . . . , L(n)− 1}, we have∣∣∣∣ 1nE

[
f ′′
(
Sj−L(n)√

n

)
Xj−L(n)+k Xj−1 φn

]
− 1

n
E

[
f ′′
(
Sj−L(n)√

n

)
φn

]
E
[
Xj−L(n)+k Xj−1

]∣∣∣∣ ≤ K

n
exp(−βk).

Note that

lim
n→∞

dnte∑
j=dnse+1

L(n)−1∑
k=bL(n)/2c

K

n
exp(−βk) = 0.

6A similar argument applies to the first summand in (6.22) and yields

lim
n→∞

1√
n
E

 dnte∑
j=dnse+1

f ′
(
Sj−L(n)√

n

)
Xj−1 φn

 = 0. (6.24)
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Consequently,

lim
n→∞

dnte∑
j=dnse+1

L(n)−1∑
k=bL(n)/2c

1

n
E

[
f ′′
(
Sj−L(n)√

n

)
Xj−L(n)+k Xj−1 φn

]

= lim
n→∞

dnte∑
j=dnse+1

1

n
E

[
f ′′
(
Sj−L(n)√

n

)
φn

] L(n)−1∑
k=bL(n)/2c

E
[
Xj−L(n)+k Xj−1

]

=
1

2(p− 1)
lim
n→∞

dnte∑
j=dnse+1

1

n
E

[
f ′′
(
Sj−1√
n

)
φn

]
, (6.26)

where in (6.26), we have applied Lemma 6.10 and Lemma 6.11.

The claim is now obtained by combining (6.24), (6.25) and (6.26).

In the next step, we will replace the expectation of the sum of the random variables

f ′′
(
Sj−1√
n

)
, j = dnse + 1, . . . , dnte by the expectation of the integral of the corre-

sponding linearly interpolated process Y (n) and an error term which tends to 0 as
n→∞. More precisely, we will use the following result:

Lemma 6.12.

E

∣∣∣∣∣∣ 1n
dnte∑

j=dnse+1

f ′′
(
Sj−1√
n

)
−
∫ t

s
f ′′
(
Y (n)
u

)
du

∣∣∣∣∣∣
 = O

(
1√
n

)
.

Proof. We fix n ∈ N and define the stochastic process Z(n) on the interval ( dnsen , dnten ]
by

Z(n)
u =

Sdnse+k√
n

for u ∈
(
dnse+ k

n
,
dnse+ k + 1

n

]
, k = 0, . . . , dnte − dnse − 1.

Let K := supt∈R |f ′′′(t)|, which is a Lipschitz constant for f ′′. We will use that for

u ∈ (s, s+ 1
n ], Y

(n)
u is the linear interpolation between

Sdnse√
n

and
Sdnse+1√

n
to obtain

∣∣∣f ′′ (Z(n)
u

)
− f ′′

(
Y (n)
u

)∣∣∣ ≤ K ∣∣∣∣Sdnse+1√
n
−
Sdnse√
n

∣∣∣∣ =
K√
n
.

For the other intervals of the form (s+ k
n , s+ k+1

n ], k ∈ {1, . . . , dnte − dnse − 1}, the
same argumentation holds true.
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Hence, ∣∣∣∣∣∣ 1n
dnte∑

j=dnse+1

f ′′
(
Sj−1√
n

)
−
∫ t

s
f ′′
(
Y (n)
u

)
du

∣∣∣∣∣∣
=

∣∣∣∣∣
∫ dnte/n
dnse/n

f ′′
(
Z(n)
u

)
du−

∫ t

s
f ′′
(
Y (n)
u
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∣∣∣∣∣
≤

∣∣∣∣∣
∫ (dnte−1)/n

dnse/n

(
f ′′
(
Z(n)
u
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− f ′′

(
Y (n)
u
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du

∣∣∣∣∣+

∣∣∣∣∣
∫ dnte/n

(dnte−1)/n
f ′′
(
Z(n)
u

)
du

∣∣∣∣∣
+

∣∣∣∣∣
∫ dnse/n
s

f ′′
(
Y (n)
u

)
du

∣∣∣∣∣+

∣∣∣∣∣
∫ t

(dnte−1)/n
f ′′
(
Y (n)
u

)
du

∣∣∣∣∣
≤
dnte−2∑
k=dnse

∣∣∣∣∣
∫ (k+1)/n

k/n

(
f ′′(Z(n)

u )− f ′′
(
Y (n)
u
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du

∣∣∣∣∣+
3

n

∥∥f ′′∥∥∞
≤ (dnte − dnse) K

n
√
n

+
3

n

∥∥f ′′∥∥∞ ≤ K + 3 ‖f ′′‖∞√
n

.

This implies the claim.

Let us write

R(f) :=
1

n

dnte∑
j=dnse+1

f ′′
(
Sj−1√
n

)
−
∫ t

s
f ′′
(
Y (n)
u

)
du.

By Lemma 6.12,

|E[R(f)φn]| ≤ ‖φ‖∞E[|R(f)|] = O(n−1/2).

Consequently, we obtain (6.17):

lim
n→∞

E

 dnte∑
j=dnse+1

(
E
[
f
(
Y

(n)
j/n

) ∣∣∣ Fj−1

]
− f

(
Y

(n)
(j−1)/n

))
φn


=

1

2

(
1 +

2p− 1

1− p

)
︸ ︷︷ ︸

=σ2

lim
n→∞

E

 dnte∑
j=dnse+1

1

n
f ′′
(
Sj−1√
n

)
φn

 (6.27)

=
1

2
σ2 lim

n→∞

(
E

[(∫ t

s
f ′′
(
Y (n)
u

)
du

)
φn

]
+ E[R(f)φn]

)
=

1

2
σ2 lim

n→∞
E

[(∫ t

s
f ′′
(
Y (n)
u

)
du

)
φn

]
=

1

2
σ2E

[(∫ t

s
f ′′ (Yu) du

)
φY

]
, (6.28)
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where (6.27) follows from (6.20) and (6.28) is a consequence of weak convergence
of Y (n) to Y and the continuous mapping theorem. For this, note that the map

h ∈ C([0, 1],R) 7→
(∫ t

s f
′′ (h(u)) du

)
φ(h) is continuous and bounded.

This completes the proof.
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7 Alternative proof for a special case of the BFH invariance
principle

In this chapter, we will consider random variables taking values in G2
(
R2
)
. As we

will often work with single real-valued components of such random variables in the
sequel, we define the following projections:

Definition 7.1. For i ∈ {1, 2},

π1;i : T 2
(
R2
)
→ R(

a0,

(
a1;1

a1;2

)
,

(
a2;11 a2;12

a2;21 a2;22

))
7→ a1;i,

and for i, j ∈ {1, 2},

π2;ij : T 2
(
R2
)
→ R(

a0,

(
a1;1

a1;2

)
,

(
a2;11 a2;12

a2;21 a2;22

))
7→ a2;ij .

7.1 Result

We now use the martingale problem formulation to prove a special case of the BFH
theorem (Theorem 4.2) without using the central limit theorem for centered iid
variables on a nilpotent Lie group.

Theorem 7.2. Let (Xi)i≥1 be a sequence of iid G2
(
R2
)
-valued random variables

which are centered. We assume that each real component of π1(Xi) and π2(Xi) is
bounded i.e. there exists a constant M ≥ 1 such that

|π1;j(Xi)| ≤M for j = 1, 2 and |π2;12(Xi)| ≤M. (7.1)

In addition, we assume that π2;12(Xi) is centered and that π1;1(Xi), π1;2(Xi) and
π2;12(Xi) are independent and have variance 1. Consider the rescaled random walk

W(n) = {W(n)
t }t∈[0,1] defined by W

(n)
0 = 1,

W
(n)
t = δn−1/2(X1 ⊗ · · · ⊗Xnt)

for t ∈
{

1
n ,

2
n , . . . , 1

}
and interpolated by curves of the form

[
i
n ,

i+1
n

]
3 t 7→ g ⊗ exp(ta),

69



where g ∈ G2
(
R2
)

and a ∈ g2
(
R2
)
, in between 1.

Then, for any α ∈ (0, 1/2), W(n) converges weakly to an enhanced Brownian motion
in C0,α−Höl

(
[0, 1], G2

(
R2
))

.

7.2 Proof

The strategy is the same as for the real-valued Markov chain in the previous chapter.
Tightness was already established in the proof of the BFH theorem. The only thing
left to do is showing that the limit process is an enhanced Brownian motion.

We define ξi := log(Xi) for i ∈ N.

As the map exp : g2
(
R2
)
→ G2

(
R2
)

is continuous, it is enough to prove that the

limit process (in the sense of weak convergence) of (log(W(n)))n≥1 is(
0,

(
B1

B2

)
, A

)
,

where (B1, B2) is a 2-dimensional Brownian motion and A its Lévy area. An element
of g2

(
R2
)

is determined by three real numbers (a 2-dimensional vector and one entry
in the skew-symmetric 2 × 2 matrix), so that we can identify g2

(
R2
)

with R3 (as
sets). We will thus work with the following 3-dimensional stochastic process:

S̃(n) =
(
Y

(n)
1 , Y

(n)
2 , Z(n)

)
:=
(
π1;1

(
log
(
W(n)

))
, π1;2

(
log
(
W(n)

))
, π2;12

(
log
(
W(n)

)))
. (7.2)

We clearly have S̃(n)(0) = (0, 0, 0). We will now express the components of S̃(n) in
terms of the real-valued entries of the g2

(
R2
)
-valued random variables ξi. If ξ and

η are two g2
(
R2
)
-valued random variables, then by the Campbell-Baker-Hausdorff

formula, we have

exp(ξ)⊗ exp(η) = exp

(
ξ + η +

1

2
[ξ, η]

)
.

We iteratively apply this formula and use the fact that iterated bracket expressions

1that is

W
(n)
t |[ i

n
, i+1

n ] =W
(n)

i/n ⊗ exp

(
−i log

((
W

(n)

i/n

)−1

⊗W
(n)

(i+1)/n

))
⊗ exp

(
tn log

((
W

(n)

i/n

)−1

⊗W
(n)

(i+1)/n

))
for i = 0, 1, . . . , n− 1.
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equal 0 in g2
(
R2
)

to obtain

Y (n)
m

(
j

n

)
= π1;m

(
log
(
W

(n)
j/n

))
=

1√
n

j∑
i=1

ξ1;m
i for m ∈ {1, 2} and (7.3)

Z(n)

(
j

n

)
= π2;12

(
log
(
W

(n)
j/n

))
=

1

n

 j∑
i=1

ξ2;12
i +

1

2

∑
1≤k<i≤j

(
ξ1;1
k ξ1;2

i − ξ
1;2
k ξ1;1

i

)
(7.4)

for j ∈ {1, . . . , n}. In between, the process is linearly interpolated (due to the form
of the chosen interpolating curves in G2

(
R2
)
).

We know (by tightness and Prohorov’s theorem) that
(
W(n)

)
n≥1

is relatively com-

pact. It follows from the continuous mapping theorem that (S̃(n))n≥1 is also rela-
tively compact. To characterize the limit process of an arbitrary weakly convergent
subsequence of (S̃(n))n≥1 by the martingale problem formulation, we will need sev-
eral auxiliary results, which we establish next.

7.2.1 Step 1: Auxiliary results

We will need moment bounds for partial sums of the real-valued random variables
ξ1;m
i , i ∈ N, m ∈ {1, 2}. The bound for the first moments will follow from the one

for the second moments, which we give first.

Lemma 7.3. For n ∈ N, k ∈ {1, . . . , n} and l, m ∈ {1, 2}, we have

E

[
1

n

(
k∑
i=1

ξ1;m
i

)(
k∑
i=1

ξ1;l
i

)]
≤ k

n
≤ 1.

Proof. Since ξi and ξj are independent for i 6= j, the components ξ1;1
i and ξ1;2

i are

independent and ξ1;m
i , m ∈ {1, 2}, has variance 1, we have

E

[
1

n

(
k∑
i=1

ξ1;m
i

)(
k∑
i=1

ξ1;l
i

)]
=

1

n

k∑
i=1

E[ξ1;m
i ξ1;l

i ] ≤ k

n
.

Lemma 7.4. For n ∈ N, k ∈ {1, . . . , n} and m ∈ {1, 2}, we have

E

[
1√
n

∣∣∣∣∣
k∑
i=1

ξ1;m
i

∣∣∣∣∣
]
≤
√
k

n
≤ 1.
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Proof. Applying first Schwarz’s inequality and then Lemma 7.3 yields

E

[
1

n

∣∣∣∣∣
k∑
i=1

ξ1;m
i

∣∣∣∣∣
]
≤ E

 1

n

(
k∑
i=1

ξ1;m
i

)2
1/2

≤
√
k

n
.

The proof of the bound for the third-order moments relies on Yokoyama’s moment
bound (Theorem 5.3).

Lemma 7.5. There exists a constant C > 0 such that for all n ∈ N, for k ∈
{1, . . . , n} and for all m1,m2 ∈ N0 satisfying m1 +m2 = 3, we have

E

[
1

n3/2

∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
m1
∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
m2]
≤ C

(
k

n

)3/2

≤ C. (7.5)

Proof. Case 1: m1 = 0 or m2 = 0

Let j ∈ {1, 2}. We consider the stationary sequence (ξ1;j
i )i≥1 of independent, cen-

tered, bounded random variables. This sequence of random variables is strong mix-
ing and satisfies assumption (5.1) in Yokoyama’s moment bound (since we have
αi = 0 for all i ∈ N). Applying this bound yields that there exists a constant Cj > 0
such that for all n ∈ N and k ∈ {1, . . . , n}

E

∣∣∣∣∣
k∑
i=1

ξ1;j
i

∣∣∣∣∣
3
 ≤ Cjk3/2.

Case 2: min{m1,m2} ≥ 1

W.l.o.g., we can assume m1 = 1 and m2 = 2. We will deduce the desired bound
from the bound obtained in Case 1.
Let n ∈ N and k ∈ {1, . . . , n}. Then, we have∣∣∣∣∣

k∑
i=1

ξ1;1
i

∣∣∣∣∣
∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
2

≤ max


∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
3

,

∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
3
 ≤

∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
3

+

∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
3

,

which implies

E

∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
2
 ≤ E

∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
3
+ E

∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
3
 ≤ (C1 + C2)k3/2.

Thus, (7.5) holds for C = C1 + C2.
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As in the previous chapter, we will need the fact that the expectation of the difference
between certain Riemann sums involving S̃(n) and the corresponding integrals tends
to 0 as n→∞.

Lemma 7.6. Let g : R3 → R be a continuously partially differentiable function with
compact support. Then,

E

∣∣∣∣∣∣ 1n
dnte∑

j=dnse+1

g

(
S̃(n)

(
j − 1

n

))
−
∫ t

s
g
(
S̃(n) (u)

)
du

∣∣∣∣∣∣
 = O

(
1√
n

)
.

Proof. It follows from the mean value theorem and the fact that first partial deriva-
tives of g are bounded that there exists a constant L > 0 such that for all x, y ∈ R3

|g(x)− g(y)| ≤ L ‖y − x‖1 ,

where ‖.‖1 denotes the L1-norm on R3.

We fix n ∈ N and define the stochastic process V (n) on the interval ( dnsen , dnten ] by

V (n)(u) = S̃(n)

(
dnse+m

n

)
for u ∈

(
dnse+m

n
,
dnse+m+ 1

n

]
,

m = 0, . . . , dnte − dnse − 1.

Now, let k ∈ {dnse , dnse+ 1, . . . , dnte − 1}. S̃(n)|(k/n,(k+1)/n] is the linear interpo-

lation between S̃(n)( kn) and S̃(n)(k+1
n ) and we have

S̃(n)

(
k + 1

n

)
− S̃(n)

(
k

n

)
=

(
1√
n
ξ1;1
k+1,

1√
n
ξ1;2
k+1,

1

n

(
ξ2;12
k+1 +

1

2
ξ1;2
k+1

(
k∑
i=1

ξ1;1
i

)
− 1

2
ξ1;1
k+1

(
k∑
i=1

ξ1;2
i

)))
.

Note that it follows from assumption (7.1) that
∣∣∣ξ1;m
i

∣∣∣ =
∣∣∣X1;m

i

∣∣∣ and
∣∣∣ξ2;12
i

∣∣∣ =∣∣∣X2;12
i − 1

2X1;1
i X1;2

i

∣∣∣ are bounded by M := M +M2. Hence,

E
[∥∥∥V (n)(u)− S̃(n)(u)

∥∥∥
1

]
≤ E

[∥∥∥∥∥
(

1√
n
ξ1;1
k+1,

1√
n
ξ1;2
k+1,

1

n

(
ξ2;12
k+1 +

1

2
ξ1;2
k+1

(
k∑
i=1

ξ1;1
i

)

−1

2
ξ1;1
k+1

(
k∑
i=1

ξ1;2
i

)))∥∥∥∥∥
1

]

≤ 2M√
n

+
M

n
+
M

2
E

[
1

n

∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
]

+
M

2
E

[
1

n

∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
]

(7.6)

≤ 4M√
n
, (7.7)
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where (7.7) is due to Lemma 7.4.
We have

E

[∣∣∣∣∣
∫ k+1

n

k
n

(
g
(
V (n)(u)

)
− g

(
S̃(n)(u)

))
du

∣∣∣∣∣
]

≤
∫ k+1

n

k
n

E
[∣∣∣g (V (n)(u)

)
− g

(
S̃(n)(u)

)∣∣∣] du
≤ 4LM

n
√
n
,

where the last inequality is due to Lipschitz continuity of g and (7.7). Finally, by a
similar argument as in the proof of Lemma 6.12, we obtain

E

∣∣∣∣∣∣ 1n
dnte∑

j=dnse+1

g

(
S̃(n)

(
j − 1

n

))
−
∫ t

s
g
(
S̃(n) (u)

)
du

∣∣∣∣∣∣


= E

[∣∣∣∣∣
∫ dnte/n
dnse/n

g
(
V (n)(u)

)
du−

∫ t

s
g
(
S̃(n) (u)

)
du

∣∣∣∣∣
]

= E

[∣∣∣∣∣
∫ (dnte−1)/n

dnse/n

(
g
(
V (n)(u)

)
− g

(
S̃(n) (u)

))
du

∣∣∣∣∣
]

+
3

n
‖g‖∞

≤
dnte−2∑
k=dnse

E

[∣∣∣∣∣
∫ k+1

n

k
n

(
g
(
V (n)(u)

)
− g

(
S̃(n)(u)

))
du

∣∣∣∣∣
]

+
3

n
‖g‖∞

≤ (dnte − dnse) 4LM

n
√
n

+
3

n
‖g‖∞ ≤

4LM + 3 ‖g‖∞√
n

.

7.2.2 Step 2: Characterization of the limit process

Let S̃ = (Y1, Y2, Z) be the limit process of an arbitrary weakly convergent sub-
sequence of (S̃(n))n≥1. As in the last chapter, we will omit the indices for the
subsequence.
Let a : R3 → S3 be defined by

a(x, y, z) =

 1 0 −y/2
0 1 x/2
−y/2 x/2 (x2 + y2)/4


and let b : R3 → R3;x 7→ (0, 0, 0).
The aim is to establish the following

Claim: PS̃−1 is the unique solution to the martingale problem for (a, b) starting at
(0, 0, 0).
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Using equivalence of the martingale problem formulation and the weak solution
formulation for SDEs, we can easily deduce the desired characterization of the limit
process S̃ from the above claim:
Note that the map σ : R3 →M3 given by

σ(x, y, z) =

 1 0 0
0 1 0
−y/2 x/2 0


is Lipschitz continuous and we have σ(x, y, z)σ(x, y, z)T = a(x, y, z). Consequently,
uniqueness in law holds for the 3-dimensional SDE

Xt = X0 +

∫ t

0
σ(Xu) dBu (7.8)

and due to Theorem 5.10, every weak solution of (7.8) starting at (0, 0, 0) has law
PS̃−1. It is easy to see that2 (B1, B2, A12) is such a weak solution.

Proof of the claim:

Uniqueness is due to the fact that the map σ is Lipschitz continuous.
P (S̃(0) = (0, 0, 0)) = 1 follows from P (S̃(n)(0) = (0, 0, 0)) = 1 for all n ∈ N.
The second-order differential operator corresponding to the above martingale prob-
lem is

La,bF (x, y, z) =
1

2
∂11F (x, y, z) +

1

2
∂22F (x, y, z) +

1

8
(x2 + y2) ∂33F (x, y, z)

− 1

2
y ∂13F (x, y, z) +

1

2
x ∂23F (x, y, z).

The first part of the argumentation is analogous to the one for the real-valued Markov
chain in the previous chapter (see p. 60ff.). We define the σ-algebras F0 := {∅,Ω}
and

Fj := σ (Xi : 1 ≤ i ≤ j) for j ∈ {1, . . . , n}.

Observe that

Fj := σ

(
W(n)

u : 0 ≤ u ≤ j

n

)
.

Further note that since W(n) is continuous, the process S̃(n) and the limit process S̃
are also continuous. Let F ∈ C∞0

(
R3
)
, s, t ∈ [0, 1], s < t and let φ : C([0, 1],R3)→ R

be a continuous, bounded, Ms-measurable map. We define φn := φ
(
S̃(n)

)
and

φS := φ
(
S̃
)

. The aim is to show that

E

[(
F
(
S̃(t)

)
− F

(
S̃(s)

)
−
∫ t

s
La,bF

(
S̃(u)

)
du

)
φS

]
= 0. (7.9)

2Recall that A denotes the Lévy area of the 2-dimensional Brownian motion (B1, B2).
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Note that for fixed n ∈ N

F

(
S̃(n)

(
k

n

))
−

k∑
j=1

(
E

[
F

(
S̃(n)

(
j

n

)) ∣∣∣∣ Fj−1

]
− F

(
S̃(n)

(
j − 1

n

)))
,

1 ≤ k ≤ n, is a (discrete-parameter) P
(
S̃(n)

)−1
-martingale with respect to the

filtration (Mk/n)1≤k≤n. We now aim at proving that

lim
n→∞

E

[(
F

(
S̃(n)

(
dnte
n

))
− F

(
S̃(n)

(
dnse
n

))

−
dnte∑

j=dnse+1

(
E

[
F

(
S̃(n)

(
j

n

)) ∣∣∣∣ Fj−1

]
− F

(
S̃(n)

(
j − 1

n

)))φn


= E

[(
F
(
S̃(t)

)
− F

(
S̃(s)

)
−
∫ t

s
La,bF

(
S̃(u)

)
du

)
φS

]
, (7.10)

since by Lemma 5.5, the above limit equals 0.
It follows from weak convergence of S̃(n) to S̃ and the continuous mapping theorem
that

lim
n→∞

E

[(
F

(
S̃(n)

(
dnte
n

))
− F

(
S̃(n)

(
dnse
n

)))
φn

]
= E

[(
F
(
S̃(t)

)
− F

(
S̃(s)

))
φS

]
. (7.11)

Now, we do Taylor expansion for the argument of the conditional expectation in
(7.10). Let j ∈ {1, . . . , n}. Then,

F

(
S̃(n)

(
j

n

))
= F

(
S̃(n)

(
j − 1

n

)
+

1√
n
ξ1;1
j ,

1√
n
ξ1;2
j ,

1√
n


1√
n
ξ2;12
j +

1

2
ξ1;2
j

=Y
(n)
1 ( j−1

n
)︷ ︸︸ ︷(

1√
n

j−1∑
i=1

ξ1;1
i

)
−1

2
ξ1;1
j

=Y
(n)
2 ( j−1

n
)︷ ︸︸ ︷(

1√
n

j−1∑
i=1

ξ1;2
i

)


︸ ︷︷ ︸
=:U(j,n)




= F

(
S̃(n)

(
j − 1

n

))
+

1√
n
ξ1;1
j ∂1F

(
S̃(n)

(
j − 1

n

))
+

1√
n
ξ1;2
j ∂2F

(
S̃(n)

(
j − 1

n

))
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+
1√
n
U(j, n) ∂3F

(
S̃(n)

(
j − 1

n

))
+

1

2n

(
ξ1;1
j

)2
∂11F

(
S̃(n)

(
j − 1

n

))
+

1

2n

(
ξ1;2
j

)2
∂22F

(
S̃(n)

(
j − 1

n

))
+

1

2n
(U(j, n))2 ∂33F

(
S̃(n)

(
j − 1

n

))
+

1

n
ξ1;1
j ξ1;2

j ∂12F

(
S̃(n)

(
j − 1

n

))
+

1

n
ξ1;1
j U(j, n) ∂13F

(
S̃(n)

(
j − 1

n

))
+

1

n
ξ1;2
j U(j, n) ∂23F

(
S̃(n)

(
j − 1

n

))
+ R3

(
S̃(n)

(
j

n

))
,

where R3 denotes the remainder term.

We use that S̃(n)
(
j−1
n

)
and Y

(n)
m

(
j−1
n

)
, m = 1, 2 are Fj−1-measurable to obtain3

E

[
F

(
S̃(n)

(
j

n

)) ∣∣∣∣ Fj−1

]
− F

(
S̃(n)

(
j − 1

n

))
=

1√
n
∂1F

(
S̃(n)

(
j − 1

n

))
E
[
ξ1;1
j

∣∣∣ Fj−1

]
+

1√
n
∂2F

(
S̃(n)

(
j − 1

n

))
E
[
ξ1;2
j

∣∣∣ Fj−1

]
+

1√
n
∂3F

(
S̃(n)

(
j − 1

n

))(
1√
n
E
[
ξ2;12
j

∣∣∣ Fj−1

]
+

1

2
Y

(n)
1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
− 1

2
Y

(n)
2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

])
+

1

2n
∂11F

(
S̃(n)

(
j − 1

n

))
E

[(
ξ1;1
j

)2
∣∣∣∣ Fj−1

]
+

1

2n
∂22F

(
S̃(n)

(
j − 1

n

))
E

[(
ξ1;2
j

)2
∣∣∣∣ Fj−1

]
+

1

2n
∂33F

(
S̃(n)

(
j − 1

n

))(
1

n
E

[(
ξ2;12
j

)2
∣∣∣∣ Fj−1

]
+

1

4

(
Y

(n)
1

(
j − 1

n

))2

E

[(
ξ1;2
j

)2
∣∣∣∣ Fj−1

]
+

1

4

(
Y

(n)
2

(
j − 1

n

))2

E

[(
ξ1;1
j

)2
∣∣∣∣ Fj−1

]
+

1√
n
Y

(n)
1

(
j − 1

n

)
E
[
ξ2;12
j ξ1;2

j

∣∣∣ Fj−1

]
− 1√

n
Y

(n)
2

(
j − 1

n

)
E
[
ξ2;12
j ξ1;1

j

∣∣∣ Fj−1

]
3Writing down the whole expansion in this general form will be useful for the next chapter. We will
see below that in the setting of this chapter, most of the summands actually equal 0.
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− 1

2
Y

(n)
1

(
j − 1

n

)
Y

(n)
2

(
j − 1

n

)
E
[
ξ1;1
j ξ1;2

j

∣∣∣ Fj−1

])
+

1

n
∂12F

(
S̃(n)

(
j − 1

n

))
E
[
ξ1;1
j ξ1;2

j

∣∣∣ Fj−1

]
+

1

n
∂13F

(
S̃(n)

(
j − 1

n

))(
1√
n
E
[
ξ1;1
j ξ2;12

j

∣∣∣ Fj−1

]
+

1

2
Y

(n)
1

(
j − 1

n

)
E
[
ξ1;1
j ξ1;2

j

∣∣∣ Fj−1

]
− 1

2
Y

(n)
2

(
j − 1

n

)
E

[(
ξ1;1
j

)2
∣∣∣∣ Fj−1

])
+

1

n
∂23F

(
S̃(n)

(
j − 1

n

))(
1√
n
E
[
ξ1;2
j ξ2;12

j

∣∣∣ Fj−1

]
+

1

2
Y

(n)
1

(
j − 1

n

)
E

[(
ξ1;2
j

)2
∣∣∣∣ Fj−1

]
− 1

2
Y

(n)
2

(
j − 1

n

)
E
[
ξ1;1
j ξ1;2

j

∣∣∣ Fj−1

])
+ E

[
R3

(
S̃(n)

(
j

n

))∣∣∣∣ Fj−1

]
a.s.. (7.12)

Note that ∣∣∣∣E [E [R3

(
S̃(n)

(
j

n

))∣∣∣∣ Fj−1

]
φn

]∣∣∣∣ = O
(
n−3/2

)
(7.13)

is a consequence of the moment bounds given in Step 1 (Lemma 7.3 - 7.5) and the
fact that the third-order partial derivatives of F are bounded.

Now, ξj = log(Xj) is independent of Fj−1, so that for any measurable function
f : g2

(
R2
)
→ R, we have E[f(ξj)|Fj−1] = E[f(ξj)] a.s.. In addition, we use

that X1;1
j = ξ1;1

j , X1;2
j = ξ1;2

j and X2;12
j are independent, centered and have vari-

ance 1, and hence E
[
ξ1;1
j ξ1;2

j

]
= E

[
ξ1;1
j ξ2;12

j

]
= E

[
ξ1;2
j ξ2;12

j

]
= 0 and E

[
ξ2;12
j

]
=

E
[
X2;12
j − 1

2X1;1
j X1;2

j

]
= 0. Thus, we obtain

E

 dnte∑
j=dnse+1

(
E

[
F

(
S̃(n)

(
j

n

)) ∣∣∣∣ Fj−1

]
− F

(
S̃(n)

(
j − 1

n

)))
φn


=

1

2n

dnte∑
j=dnse+1

E

[
∂11F

(
S̃(n)

(
j − 1

n

))
φn

]

+
1

2n

dnte∑
j=dnse+1

E

[
∂22F

(
S̃(n)

(
j − 1

n

))
φn

]

+
1

8n

dnte∑
j=dnse+1

E

[
∂33F

(
S̃(n)

(
j − 1

n

))((
Y

(n)
1

(
j − 1

n

))2

+

(
Y

(n)
2

(
j − 1

n

))2
)
φn

]
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− 1

2n

dnte∑
j=dnse+1

E

[
∂13F

(
S̃(n)

(
j − 1

n

))
Y

(n)
2

(
j − 1

n

)
φn

]

+
1

2n

dnte∑
j=dnse+1

E

[
∂23F

(
S̃(n)

(
j − 1

n

))
Y

(n)
1

(
j − 1

n

)
φn

]

+ o

(
1

n

)
.

Next, we will apply Lemma 7.6 to the above sums of expectations. For this, let
g : R3 → R be a continuously partially differentiable function with compact support.
We set

R(g) :=
1

n

dnte∑
j=dnse+1

g

(
S̃(n)

(
j − 1

n

))
−
∫ t

s
g
(
S̃(n) (u)

)
du.

By Lemma 7.6, we then have

|E[R(g)φn]| ≤ ‖φ‖∞E[|R(g)|] = O
(
n−1/2

)
.

In addition, it follows from weak convergence of S̃(n) to S̃ and the continuous map-
ping theorem that

lim
n→∞

E

[(∫ t

s
g
(
S̃(n) (u)

)
du

)
φn

]
= E

[(∫ t

s
g
(
S̃ (u)

)
du

)
φS

]
.

For example, if we apply the above results to g = ∂13F (.)p2(.), where p2 : R3 → R
denotes the projection to the second component, we get

lim
n→∞

dnte∑
j=dnse+1

− 1

2n
E

[
∂13F

(
S̃(n)

(
j − 1

n

))
Y

(n)
2

(
j − 1

n

)
φn

]

= − 1

2
lim
n→∞

(
E

[(∫ t

s
∂13F

(
S̃(n) (u)

)
Y

(n)
2 (u) du

)
φn

]
+O

(
n−1/2

))
= − 1

2
E

[(∫ t

s
∂13F

(
S̃ (u)

)
Y2 (u) du

)
φS

]
.

Using analogous arguments for the other summands, we thus obtain

lim
n→∞

E

 dnte∑
j=dnse+1

(
E

[
F

(
S̃(n)

(
j

n

)) ∣∣∣∣ Fj−1

]
− F

(
S̃(n)

(
j − 1

n

)))
φn


=

1

2
E

[(∫ t

s
∂11F

(
S̃ (u)

)
du

)
φS

]
+

1

2
E

[(∫ t

s
∂22F

(
S̃ (u)

)
du

)
φS

]
+

1

8
E

[(∫ t

s
∂33F

(
S̃ (u)

)(
(Y1 (u))2 + (Y2 (u))2

)
du

)
φS

]
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− 1

2
E

[(∫ t

s
∂13F

(
S̃ (u)

)
Y2 (u) du

)
φS

]
+

1

2
E

[(∫ t

s
∂23F

(
S̃ (u)

)
Y1 (u) du

)
φS

]
= E

[(∫ t

s
La,bF

(
S̃(u)

)
du

)
φS

]
.

Combining this with (7.11) yields (7.10) and completes the proof.
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8 Invariance principle for Markov chains with values in
G2
(
R2
)

8.1 Result

Setting and notation

Let (Xi)i≥1 be a time-homogenous Markov chain with values in G2
(
R2
)
. We assume

that each real component of π1(Xi) and π2(Xi) is bounded i.e. there exists a constant
M ≥ 1 such that

|π1;j(Xi)| ≤M for j = 1, 2 and |π2;12(Xi)| ≤M. (8.1)

Let the transition kernel P (x, dy) of the Markov chain be absolutely continuous with
respect to a probability measure µ with density p(x, y) := P (x, dy)/µ(dy) such that

1

C
≤ p(x, y) ≤ C

for some constant C ≥ 1 and all x, y ∈ G2
(
R2
)
. This implies that there exists a

unique stationary distribution1 ν for the Markov chain (Xi)i≥1.
We further assume that the transition kernel P (x, dy) is such that for j = 1, 2∫

π1;j dν = 0.

Let ν be the initial distribution of the Markov chain (Xi)i≥1, so that this Markov
chain is stationary.

Remark 8.1. Combining the last two assumptions gives that the (real-valued) ran-
dom variables π1;j(Xi) = π1;j(log(Xi)), j = 1, 2 are centered. This fact will be
fundamental in the subsequent argumentation.

We define ξi := log(Xi) for i ∈ N and use the following notation:

σ2
m := var

(
ξ1;m

1

)
= E

[(
ξ1;m

1

)2
]

for m ∈ {1, 2};

γ := E
[
ξ1;1

1 ξ1;2
1

]
;

slm :=
∞∑
k=2

E
[
ξ1;l

1 ξ1;m
k

]
for l,m ∈ {1, 2}; (8.2)

v := σ2
1 + 2s11 > 0; w := σ2

2 + 2s22 > 0;

c := γ + s12 + s21; d := E
[
ξ2;12

1

]
+

1

2
(s12 − s21) .

1This will be shown in the next section.
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We assume that
c2 ≤ vw.

Remark 8.2. The fact that the series in (8.2) converge will be a consequence of the
exponential covariance bound, which will be established in the next section.

In addition, we will need the injection

i : C
(
[0, 1],R3

)
→ C

(
[0, 1], g2

(
R2
))

f =

f1

f2

f3

 7→ (
0,

(
f1

f2

)
,

(
0 f3

−f3 0

))
,

and the map2

ẽxp : C
(
[0, 1], g2

(
R2
))
→ C

(
[0, 1], G2

(
R2
))(

0,

(
f1

f2

)
,

(
0 f3

−f3 0

))
7→
(

1,

(
f1

f2

)
,
1

2

(
f2

1 2f3 + f1 ◦ f2

−2f3 + f2 ◦ f1 f2
2

))
.

Let a : R3 → S3 be defined by

a(x, y, z) =

 v c (cx− vy)/2
c w (wx− cy)/2

(cx− vy)/2 (wx− cy)/2 (wx2 + vy2 − 2cxy)/4

 (8.3)

and let
b : R3 → R3;x 7→ (0, 0, d). (8.4)

Under these assumptions, we have

Theorem 8.3. Consider the stochastic process W(n) = {W(n)
t }t∈[0,1] as defined in

Theorem 7.2 (p. 69f.).
Then, for any α ∈ (0, 1/2),

(
W(n)

)
n≥1

converges weakly to the probability measure

Q (ẽxp ◦ i)−1 in C0,α−Höl
(
[0, 1], G2

(
R2
))

, where Q is the unique solution to the mar-
tingale problem for (a, b) starting at (0, 0, 0).

8.2 An exponential covariance bound and moment bounds

In the sequel, (Xi)i≥1 will always denote a Markov chain satisfying all conditions
introduced in the previous section and P (x, dy) will denote its transition kernel. Let
BG2(R2) be the Borel σ-algebra on G2

(
R2
)
.

The covariance bound given in this section is fundamental for the proof of Theorem
8.3. To establish that bound, we will need the fact that the n-step transition kernels
of the Markov chain (Xi)i≥1 converge exponentially fast to the stationary measure
ν in total variation distance3.
2This is just the ”functional version” of the exponential map g2

(
R2
)
→ G2

(
R2
)
.

3For two probability measures P and Q on (Ω,F), the total variation distance is defined by
‖P −Q‖tv := supA∈F |P (A)−Q(A)|.
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Proposition 8.4. There exists a constant λ > 0 such that for all n ∈ N

sup
x∈G2(R2)

‖Pn(x, .)− ν‖tv ≤ exp(−λn).

The idea for the proof below is taken from [21]4.

Proof. First, we establish that it suffices to prove the following

Claim: There exist a constant λ > 0 such that for all n ∈ N

η(n) := supx,y∈G2(R2) ‖Pn(x, .)− Pn(y, .)‖tv ≤ exp(−λn). (8.5)

Let x ∈ G2
(
R2
)

and A ∈ BG2(R2). Then, by the Chapman-Kolmogorov equation,
we have for all n,m ∈ N

∣∣Pn(x,A)− Pm+n(x,A)
∣∣ =

∣∣∣∣∣
∫
G2(R2)

(Pn(x,A)− Pn(y,A)) dPm(x, dy)

∣∣∣∣∣ ≤ η(n).

Due to (8.5), we have limn→∞ η(n) = 0, which implies that ν(A) := limn→∞ P
n(x,A)

exists. It follows that for n ∈ N

sup
x∈G2(R2)

‖Pn(x, .)− ν‖tv ≤ η(n) ≤ exp(−λn).

Note that due to (8.5), ν does not depend on x ∈ G2
(
R2
)
. It is easy to see that

ν is a stationary measure for the Markov chain (Xi)i≥1. In fact, ν is the unique
stationary measure for this Markov chain. This can be deduced from the fact that
ν(A) = limn→∞ P (Xn ∈ A) for A ∈ BG2(R2).

Proof of the claim:

We will show that the sequence (η(n))n≥1 is submultiplicative i.e.

η(m+ n) ≤ η(m)η(n) for m,n ∈ N. (8.6)

From this fact, we can then deduce the claim as follows:
As we assumed that 1/C ≤ p(x, y) ≤ C, we have θ := η(1) ≤ 1 − 1

C2 < 1. (To see
this, use that P (x,A) =

∫
A p(x, z)µ(dz) and distinguish the case µ(A) ≤ 1/C from

the case µ(A) > 1/C.) By submultiplicativity, we obtain

η(n) ≤ (η(1))n = θn = exp(−λn)

for λ = − log(θ).

4proof of Theorem 6.10 and subsequent remarks.
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We now establish (8.6):

Let x, y ∈ G2
(
R2
)
, A ∈ BG2(R2) and m, n ∈ N. We have (again by the Chapman-

Kolmogorov equation)

Pm+n(x,A)− Pm+n(y,A) =

∫
G2(R2)

Pm(z,A)[Pn(x, dz)− Pn(y, dz)].

Now, we assume that f : G2
(
R2
)
→ R is a function satisfying

supx,y∈G2(R2) |f(x)− f(y)| ≤ K for some constant K > 0 and µ = µ1 − µ2 is the
difference of two probability measures µ1 and µ2 such that ‖µ‖tv ≤ δ for some δ > 0.
Then, we have ∣∣∣∣∫ f dµ

∣∣∣∣ = inf
c∈R

∣∣∣∣∫ (f − c)dµ
∣∣∣∣ (8.7)

≤ 2 inf
c∈R

{
sup

x∈G2(R2)

|f(x)− c|

}
‖µ‖tv ≤ Kδ,

where in (8.7), we have used that
∫
c dµ = 0 for c ∈ R.

If we choose f(z) = Pm(z,A) and µ = Pn(x, .) − Pn(y, .), then ‖µ‖tv ≤ η(n) and
we obtain the inequality∣∣Pm+n(x,A)− Pm+n(y,A)

∣∣ ≤ sup
z1,z2∈G2(R2)

|Pm(z1, A)− Pm(z2, A)| η(n).

Hence, ∥∥Pm+n(x, .)− Pm+n(y, .)
∥∥

tv
≤ η(m)η(n).

Since x, y ∈ G2
(
R2
)

are arbitrary, this implies η(m+ n) ≤ η(m)η(n).

Proposition 8.5 (exponential covariance bound). Let n ∈ N, 1 ≤ i1 ≤ · · · ≤ in
and l ∈ {1, . . . , n − 1} and let g : {G2

(
R2
)
}l → R and h : {G2

(
R2
)
}n−l → R be

measurable functions such that |g(Xi1 , . . . ,Xil)| ≤ G and
∣∣h(Xil+1

, . . . ,Xin)
∣∣ ≤ H

for two positive constants G and H. Then, there exists a constant λ > 0, not
depending on G and H5, such that∣∣E [g(Xi1 , . . . ,Xil) h(Xil+1

, . . . ,Xin)
]
− E [g(Xi1 , . . . ,Xil)]E

[
h(Xil+1

, . . . ,Xin)
]∣∣

≤ 4GH exp(−λ(il+1 − il)). (8.8)

In particular, for 1 ≤ i1 ≤ i2 and k,m ∈ {1, 2}, we have∣∣∣E [X1;k
i1

X1;m
i2

]∣∣∣ =
∣∣∣E [ξ1;k

i1
ξ1;m
i2

]∣∣∣ ≤ 4M2 exp(−λ(i2 − i1)). (8.9)

5λ is the same constant as in Proposition 8.4.
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Proof. Let n ∈ N and l ∈ {1, . . . , n − 1} be fixed. The first part of the proof is the
same as for the real-valued Markov chain (proof of Proposition 6.6). We have∣∣E [g(Xi1 , . . . ,Xil) h(Xil+1

, . . . ,Xin)
]
− E [g(Xi1 , . . . ,Xil)]E

[
h(Xil+1

, . . . ,Xin)
]∣∣

≤ 4GHα
(
σ (g(Xi1 , . . . ,Xil)) , σ

(
h(Xil+1

, . . . ,Xin)
))

(8.10)

≤ 4GHα(σ(X1), σ(Xil+1−il+1)), (8.11)

where in (8.10), we have applied the covariance bound for two bounded random
variables (Lemma 6.7) and (8.11) follows from the Markov property and stationarity.

We set Gi := σ(Xi) for i ∈ N and m = il+1 − il + 1. Then,

α(G1,Gm) = sup
A∈G1,B∈Gm

|P (A ∩B)− P (A)P (B)|

= sup
A,B∈BG2(R2)

|P (X1 ∈ A ∧Xm ∈ B)− P (X1 ∈ A)P (Xm ∈ B)|

= sup
A,B∈BG2(R2)

∣∣∣∣∫
A
Pm−1(x,B) ν(dx)− ν(A) ν(B)

∣∣∣∣
= sup

A,B∈BG2(R2)

∣∣∣∣∫
A

(Pm−1(x,B)− ν(B)) ν(dx)

∣∣∣∣
≤ sup

A,B∈BG2(R2)

∫
A

∣∣Pm−1(x,B)− ν(B)
∣∣ ν(dx)

≤ sup
x∈G2(R2)

∥∥Pm−1(x, .)− ν
∥∥

tv

≤ exp(−λ(m− 1)) = exp(−λ(il+1 − il)),

where6 the last inequality is due to Proposition 8.4. Combining the above results
gives (8.8).

As in the case of independent random variables, we will need moment bounds for
partial sums of the real-valued random variables ξ1;m

i , i ∈ N, m ∈ {1, 2}, where
ξi = log(Xi). The above covariance estimate enables us to derive such bounds for
the first and second moments. For the third-order moments, we will use Yokoyama’s
moment bound again.

Lemma 8.6. There exists a constant K > 0 such that for all n ∈ N, for k, k ∈
{1, . . . , n}, k ≤ k, and l,m ∈ {1, 2}, we have∣∣∣∣∣∣E

 1

n

(
k∑
i=1

ξ1;l
i

) k∑
j=1

ξ1;m
j

∣∣∣∣∣∣ ≤ K k

n
≤ K.

6Some steps in the above sequence of equalities and inequalities are taken from [9].
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Proof. We will use stationarity of the Markov chain (Xi)i≥1 several times in this
proof. We have∣∣∣∣∣∣E

( k∑
i=1

ξ1;l
i

) k∑
j=1

ξ1;m
j

∣∣∣∣∣∣ ≤ k
∣∣∣E [ξ1;l

1 ξ1;m
1

]∣∣∣+

k∑
i=1

k∑
j=1
j 6=i

∣∣∣E [ξ1;l
i ξ

1;m
j

]∣∣∣ .
Let i ∈ {1, . . . , k}. Using the covariance estimate (8.9), we get

k∑
j=1
j 6=i

∣∣∣E [ξ1;l
i ξ

1;m
j

]∣∣∣ ≤ ∞∑
j=2

∣∣∣E [ξ1;l
1 ξ1;m

j

]∣∣∣ ≤ ∞∑
j=1

4M2 exp(−λj) =: K <∞.

Hence, for β := max

{
E

[(
ξ1;1

1

)2
]
, E

[(
ξ1;2

1

)2
]}

, we have

∣∣∣∣∣∣E
( k∑

i=1

ξ1;l
i

) k∑
j=1

ξ1;m
j

∣∣∣∣∣∣ ≤ k(β +K). (8.12)

Setting K := β +K gives the claim.

By applying Schwarz’s inequality and then the inequality (8.12), one obtains

Lemma 8.7. There exists a constant K̂ > 0 such that for all n ∈ N, for k ∈
{1, . . . , n} and m ∈ {1, 2}, we have

E

[
1√
n

∣∣∣∣∣
k∑
i=1

ξ1;m
i

∣∣∣∣∣
]
≤ K̂

√
k

n
≤ K̂.

Lemma 8.8. There exists a constant C > 0 such that for all n ∈ N, for k ∈
{1, . . . , n} and for m1,m2 ∈ N0 satisfying m1 +m2 = 3, we have

E

[
1

n3/2

∣∣∣∣∣
k∑
i=1

ξ1;1
i

∣∣∣∣∣
m1
∣∣∣∣∣
k∑
i=1

ξ1;2
i

∣∣∣∣∣
m2]
≤ C

(
k

n

)3/2

≤ C.

Proof. The proof is the same as in the case of independent random variables except
for the argumentation why Yokoyama’s moment bound (Theorem 5.3) can be ap-
plied. For this, we consider the strong mixing coefficients of the stationary sequence
(ξ1;j
i )i≥1, j ∈ {1, 2}: We have

αi = α
(
ξ1;j

1 , ξ1;j
i+1

)
≤ α (σ(X1), σ(Xi+1)) ≤ exp(−λi),
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where λ > 0 is the constant introduced in Proposition 8.4 and the last inequality
was established in the proof of the exponential covariance bound (Proposition 8.5).
Consequently, limi→∞ αi = 0 i.e. the sequence (ξ1;j

i )i≥1 is strong mixing. In addition,
we have

∞∑
i=1

(i+ 1)1/2α
1/4
i <∞.

Thus, we can choose δ = 1 in Theorem 5.3. It is clear that the sequence (ξ1;j
i )i≥1

satisfies the remaining conditions of this theorem.

8.3 Proof

8.3.1 Step 1: Tightness

Claim: The sequence (W(n))n≥1 is tight in C0,α−Höl
(
[0, 1], G2

(
R2
))

for any α ∈
(0, 1/2).

Proof of the claim:

By the same arguments as in the proof of the BFH theorem7 (Theorem 4.2), it
suffices to show that for all p ∈ N

E

[
2∑

m=1

|π1;m(log(X1 ⊗ · · · ⊗Xk))|4p + |π2;12(log(X1 ⊗ · · · ⊗Xk))|2p
]

= O
(
k2p
)
.

Note that up to this point in the argumentation, we have not used independence of
the Xi in the proof of the BFH theorem.
As seen before, it follows from the Campbell-Baker-Hausdorff formula that

π1;m(log(X1 ⊗ · · · ⊗Xk)) =

k∑
i=1

ξ1;m
i for m ∈ {1, 2} and

π2;12(log(X1 ⊗ · · · ⊗Xk)) =

k∑
i=1

ξ2;12
i +

1

2

∑
1≤i<j≤k

(
ξ1;1
i ξ1;2

j − ξ
1;2
i ξ1;1

j

)
.

Hence, it is enough to prove the following three bounds:

E

( k∑
i=1

ξ1;1
i

)4p
 = O

(
k2p
)

; (8.13)

E

( k∑
i=1

ξ2;12
i

)2p
 = O

(
k2p
)

; (8.14)

E

 ∑
1≤i<j≤k

ξ1;1
i ξ1;2

j −
∑

1≤i<j≤k
ξ1;2
i ξ1;1

j

2p = O
(
k2p
)
. (8.15)

7see (4.8) on p. 44.
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(8.14) is easy to see: It follows from the boundedness assumption (8.1) that for i ∈ N∣∣ξ2:12
i

∣∣ < M +M2,

which implies (8.14).

In order to establish (8.13) and (8.15), it suffices to show that

Proposition 8.9. For ηi ∈
{
ξ1;1
i , ξ1;2

i ,−ξ1;2
i

}
, we have

∑
1≤i1≤···≤i4p≤k

∣∣∣∣∣E
[

4p∏
m=1

ηim

]∣∣∣∣∣ = O
(
k2p
)
.

Proof. By the covariance bound (8.8), we have:
For n ∈ N, 1 ≤ i1 ≤ · · · ≤ in and l ∈ {1, . . . , n− 1}∣∣∣∣∣E

[
n∏

m=1

ηim

]
− E

[
l∏

m=1

ηim

]
E

[
n∏

m=l+1

ηim

]∣∣∣∣∣ ≤ 4Mn exp(−λ(il+1 − il)). (8.16)

In view of the following argumentation, it is important to note that ηi is centered
and |ηi| ≤M for all i ∈ N.
We distinguish several cases for the spacing of the indices im: Either each index
is close to its neighbors, or there is (at least) one index which is far away from its
neighbors - we say this index is ”isolated”8 – or each index has at least one neighbor
that is close and there is at least one large gap between two neighbors.
More formally, we define I := {i = (i1, . . . i4p) : 1 ≤ i1 ≤ · · · ≤ i4p ≤ k} and
kp :=

⌊
k1/(4p)

⌋
and consider the following subsets of I:

I1 :=

{
i ∈ I : max

m=2,...,4p
im − im−1 ≤ kp

}
;

I2 := {i ∈ I : i2 − i1 > kp ∨ i4p − i4p−1 > kp} ;

I3 := {i ∈ I : ∃j ∈ {3, . . . , 4p− 2} : min{ij − ij−1, ij+1 − ij} > kp} ;

I4 := {i ∈ I : ∀m ∈ {2, . . . , 4p− 1} : min{im − im−1, im+1 − im} ≤ kp
∧ ∃j ∈ {3, . . . , 4p− 1} : ij − ij−1 > kp} .

Note that I1 ∪ I2 ∪ I3 ∪ I4 = I, so that the claim will follow once we have proven
that ∑

In

∣∣∣∣∣E
[

4p∏
m=1

ηim

]∣∣∣∣∣ = O
(
k2p
)

(8.17)

for n = 1, 2, 3, 4. In the rest of the proof, we will establish these four upper bounds.

8For technical reasons, we will distinguish the case that the smallest or the largest index is isolated
from the case that an index with two neighbors is isolated.
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Case n = 1: maxm=2,...,4p im − im−1 ≤ kp.
In the sum (8.17), there are at most k(kp)

4p−1 < k2 ≤ k2p summands. Hence,
M4pk2p is an upper bound for this sum.

We will use the bound (8.16) to find upper bounds for the sums over I2, I3 and I4.
We set C := 4M4p.

Case n = 2: We assume i2 − i1 > kp. (The case i4p − i4p−1 > kp is analogous.)

Then, we have∣∣∣∣∣E
[

4p∏
m=1

ηim

]∣∣∣∣∣ ≤ |E[ηi1 ]|

∣∣∣∣∣E
[

4p∏
m=2

ηim

]∣∣∣∣∣+ C exp(−λkp) = C exp(−λkp).

As there are less than k4p summands in the sum (8.17),

k4pC exp(−λkp)

is an upper bound for this sum and thus, it is of order O(1).

Case n = 3: ∃j ∈ {3, . . . , 4p− 2} : min {ij − ij−1, ij+1 − ij} > kp.

By applying (8.16) twice, we obtain∣∣∣∣∣E
[

4p∏
m=1

ηim

]∣∣∣∣∣ ≤
∣∣∣∣∣E
[
j−1∏
m=1

ηim

]∣∣∣∣∣
∣∣∣∣∣∣E
 4p∏
m=j

ηim

∣∣∣∣∣∣+ C exp(−λkp)

≤

∣∣∣∣∣E
[
j−1∏
m=1

ηim

]∣∣∣∣∣
∣∣E[ηij ]

∣∣ ∣∣∣∣∣∣E
 4p∏
m=j+1

ηim

∣∣∣∣∣∣+ C exp(−λkp)


+ C exp(−λkp)

=

∣∣∣∣∣E
[
j−1∏
m=1

ηim

]∣∣∣∣∣C exp(−λkp) + C exp(−λkp)

≤ (M j−1 + 1)C exp(−λkp).

By the same argumentation as in the Case n = 2, the sum (8.17) over I3 is of order
O(1), too.

Case n = 4: ∀m ∈ {2, . . . , 4p− 1} : min {im − im−1, im+1 − im} ≤ kp
∧ ∃j ∈ {3, . . . , 4p− 1} : ij − ij−1 > kp.

We will iteratively apply the estimate (8.16) for each index ij satisfying ij+1−ij > kp.
There are at most 2p − 1 gaps (i.e. distances > kp between neighboring indices) in
this case. We will distinguish the case where the number of gaps is maximal from
the other cases. If the number of gaps is ≤ 2p − 2 (Case (ii)), we can proceed
similarly as in the above cases and use a simple upper bound for the number of
different involved products of ηim . But if the number of gaps is maximal (Case (i)),
then such a simple upper bound will not yield the desired result. In this case, we
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will apply the covariance bound (8.9) to find an upper bound for the sum over all
involved products.

Case (i): I4,1 := {i ∈ I : i2m+1 − i2m > kp for m = 1, 2, . . . , 2p− 1
∧ i2m − i2m−1 ≤ kp for m = 1, 2, . . . , 2p}.
If (8.16) is applied 2p− 1 times, one obtains∣∣∣∣∣E

[
4p∏
m=1

ηim

]∣∣∣∣∣ ≤
2p∏
m=1

∣∣E[ηi2m−1ηi2m ]
∣∣+ (2p− 1)M4p−2C exp(−λkp).

Now, for m ∈ {1, . . . , 2p} and a fixed index i2m−1 ∈ {1, . . . , k}, we use the covariance
bound (8.9) to get

∑
i2m∈{1,...,k}:
i2m−i2m−1≤kp

∣∣E[ηi2m−1ηi2m ]
∣∣ ≤ kp∑

l=0

4M2 exp(−λl) ≤
∞∑
l=0

4M2 exp(−λl)︸ ︷︷ ︸
=:C

<∞.

Consequently,∑
I4,1

2p∏
m=1

∣∣E[ηi2m−1ηi2m ]
∣∣

≤
k∑

i1=1

 ∑
i2∈{1,...,k}:
i2−i1≤kp

|E[ηi1ηi2 ]|

 k∑
i3=1

 ∑
i4∈{1,...,k}:
i4−i3≤kp

|E[ηi3ηi4 ]| (. . . )





≤ (Ck)2p = O
(
k2p
)
.

Case (ii): ∃q ∈ {1, . . . , 2p − 2}, ∃m1, . . . ,mq, 2 ≤ m1 < m2 < · · · < mq ≤ 4p − 2:
imj+1 − imj > kp for j = 1, . . . , q ∧ im+1 − im ≤ kp for m /∈ {m1, . . . ,mq}.
We fix q ∈ {1, . . . , 2p− 2}. Then,∣∣∣∣∣E

[
4p∏
m=1

ηim

]∣∣∣∣∣
≤
∣∣E[ηi1 · · · ηim1

]
∣∣ ∣∣E[ηim1+1 · · · ηim2

]
∣∣ · · · ∣∣∣E[ηimq+1 · · · ηi4p ]

∣∣∣ (8.18)

+ qM4p−2C exp(−λkp).

Now, we find an upper bound for the number of different products of the form (8.18)
under the conditions for the indices im given above. There are at most

k(kp)
m1−1k(kp)

m2−m1−1 · · · k(kp)
4p−mq−1

= kq+1 (kp)
4p−(q+1)

≤ k2p−1
(⌊
k1/(4p)

⌋)4p−2
≤ k2p
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such products. Each of these products is ≤M4p.

By summing over q ∈ {1, . . . , 2p− 2}, we get the following upper bound for the sum
of all products of the form (8.18): 2pM4pk2p.

Consequently, sum (8.17) over I4 is of order O
(
k2p
)
.

This completes the proof of tightness.

8.3.2 Step 2: Additional auxiliary results

To characterize the limit process and handle the dependencies, we will need similar
auxiliary results as in Chapter 6 for the real-valued Markov chain.

As in the previous chapter, we consider the 3-dimensional stochastic process S̃(n) as
defined in (7.2) and the relations (7.3) and (7.4) hold (see p. 70f.).

The following result is the analogon of Lemma 6.10. As in Chapter 6, let
L(n) =

⌊
sn1/10

⌋
.

Lemma 8.10. Let h : R3 → R be a continuously partially differentiable function
with compact support. Then, we have

(i)

∣∣∣∣∣∣
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j − L(n)

n

))]
−

dnte∑
j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j

n

))]∣∣∣∣∣∣
= O

(
L(n)

n

)
.

(ii)

∣∣∣∣∣∣
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j − L(n)

n

))
Y (n)
m

(
j − L(n)

n

)]

−
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j

n

))
Y (n)
m

(
j

n

)]∣∣∣∣∣∣ = O

(
L(n)√
n

)
for m ∈ {1, 2}.

(iii)

∣∣∣∣∣∣
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j − L(n)

n

))
Y (n)
m

(
j − L(n)

n

)

·Y (n)
l

(
j − L(n)

n

)]
−

dnte∑
j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j

n

))
Y (n)
m

(
j

n

)

·Y (n)
l

(
j

n

)]∣∣∣∣ = O

(
L(n)√
n

)
for m, l ∈ {1, 2}.
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Proof. We will only prove (ii) and (iii). (i) is easy. In the sequel, let m, l ∈ {1, 2}.
Note that

∣∣∣ξ1;m
i

∣∣∣ ≤M implies

∣∣∣∣Y (n)
m

(
k

n

)∣∣∣∣ =

∣∣∣∣∣ 1√
n

k∑
i=1

ξ1;m
i

∣∣∣∣∣ ≤M√n for k ∈ {1, . . . , n}. (8.19)

Consequently, we have

(ii)

∣∣∣∣∣∣
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j − L(n)

n

))
Y (n)
m

(
j − L(n)

n

)]

−
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j

n

))
Y (n)
m

(
j

n

)]∣∣∣∣∣∣
≤
‖h‖∞
n

 dnse∑
j=dnse−L(n)+1

∣∣∣∣Y (n)
m

(
j

n

)∣∣∣∣+

dnte∑
j=dnte−L(n)+1

∣∣∣∣Y (n)
m

(
j

n

)∣∣∣∣


≤ 2M ‖h‖∞
L(n)√
n
.

Note that the simple deterministic bound for the expression in (iii) does not tend

to 0 as n → ∞. But applying the moment bound given in Lemma 8.7 to Y
(n)
l (.)

will yield the desired bound (For Y
(n)
m (.), we can use the deterministic bound (8.19)

again.):

(iii)

∣∣∣∣∣∣
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j − L(n)

n

))
Y (n)
m

(
j − L(n)

n

)
Y

(n)
l

(
j − L(n)

n

)]

−
dnte∑

j=dnse+1

1

n
E

[
h

(
S̃(n)

(
j

n

))
Y (n)
m

(
j

n

)
Y

(n)
l

(
j

n

)]∣∣∣∣∣∣
≤
M ‖h‖∞√

n

 dnse∑
j=dnse−L(n)+1

E

[∣∣∣∣Y (n)
l

(
j

n

)∣∣∣∣]+

dnte∑
j=dnte−L(n)+1

E

[∣∣∣∣Y (n)
l

(
j

n

)∣∣∣∣]


≤ 2MK̂ ‖h‖∞
L(n)√
n
.

The analogon of Lemma 6.11 involves the two-sided extension (Xi)−∞<i<∞ of the
stationary Markov chain (Xi)i≥1. It can be established by similar arguments as in
the first part of the proof of Lemma 6.11. By using stationarity of the sequence
(ξ1;m
i )−∞<i<∞, m ∈ {1, 2}, and the covariance bound (8.9), one obtains
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Lemma 8.11. For j ∈ N and l,m ∈ {1, 2}, we have

lim
n→∞

j−1∑
k=j−bL(n)/2c+1

E
[
ξ1;l
k ξ

1;m
j

]
=
∞∑
k=2

E
[
ξ1;l

1 ξ1;m
k

]
.

8.3.3 Step 3: Characterization of the limit process

We assume that S̃ = (Y1, Y2, Z) is the limit process of a weakly convergent subse-

quence of S̃(n) =
(
Y

(n)
1 , Y

(n)
2 , Z(n)

)
.

The aim is to establish the following

Claim: Q := PS̃−1 is the unique solution to the martingale problem for (a, b)
starting at (0, 0, 0), where the maps a : R3 → S3 and b : R3 → R3 are defined as in
(8.3) and (8.4).

Proof of the claim:

We first establish uniqueness: Note that the map σ : R3 →M3 defined by

σ(x, y, z) =

 √
v 0 0

c/
√
v

√
vw − c2/

√
v 0

(cx/
√
v −
√
vy)/2

√
vw − c2x/(2

√
v) 0


is Lipschitz continuous and satisfies σ(x, y, z)σ(x, y, z)T = a(x, y, z). Thus, by Theo-
rem 5.13, the martingale problem for (a, b) is well-posed.
In the rest of the proof, we will show that PS̃−1 is a solution to the martingale
problem for (a, b) starting at (0, 0, 0). P (S̃(0) = (0, 0, 0)) = 1 is clear. The second-
order differential operator corresponding to the above martingale problem is

La,bF (x, y, z) =d ∂3F (x, y, z) +
1

2
v ∂11F (x, y, z) +

1

2
w ∂22F (x, y, z)

+
1

4

(
1

2
wx2 +

1

2
vy2 − cxy

)
∂33F (x, y, z)

+ c ∂12F (x, y, z)

+
1

2
(cx− vy) ∂13F (x, y, z) +

1

2
(wx− cy) ∂23F (x, y, z).

The first part of the argumentation is similar to the one for independent random
variables. We recall the notation introduced there:
Fj := σ (Xi : 1 ≤ i ≤ j) for j ∈ {1, . . . , n} and F0 is the trivial σ-algebra. Let
F ∈ C∞0

(
R3
)
, s, t ∈ [0, 1], s < t and let φ : C([0, 1],R3) → R be a continuous,

bounded, Ms-measurable map. We define φn := φ
(
S̃(n)

)
and φS := φ

(
S̃
)

.

Again, we aim at proving (7.9). It is a consequence of Lebesgue’s dominated con-
vergence theorem that it suffices to show that for ε ∈ (0, t− s)

E

[(
F
(
S̃(t)

)
− F

(
S̃(s+ ε)

)
−
∫ t

s+ε
La,bF

(
S̃(u)

)
du

)
φS

]
= 0.
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For the rest of the proof, we fix ε ∈ (0, t−s). We will establish (7.10) with s replaced
by s+ ε. It is clear that (7.11) with s replaced by s+ ε also holds in this setting.
We set s := s+ ε. The aim is thus to prove that

lim
n→∞

E

 dnte∑
j=dnse+1

(
E

[
F

(
S̃(n)

(
j

n

)) ∣∣∣∣ Fj−1

]
− F

(
S̃(n)

(
j − 1

n

)))
φn


= E

[(∫ t

s
La,bF

(
S̃(u)

)
du

)
φS

]
. (8.20)

Clearly, the Taylor expansion of F
(
S̃(n)

(
j
n

))
, j ∈ {1, . . . , n}, is the same as for

independent random variables (Xi)i≥1, so that (7.12) also holds in this setting.
To see that the expectation involving the remainder term is of order O(n−3/2) (i.e.
(7.13) holds), we need the corresponding moment bounds for Markov chains (Lemma
8.6 - 8.8).
For all the summands in (7.12) which do not have expectations of order o(1/n), we
will do another Taylor expansion and then we will apply the covariance bound (8.8)
to deal with the dependencies. For the application of this bound, we will use that the
conditional expectations given Fj−1 appearing in (7.12) are bounded, measurable
functions of Xj−1:
Let h ∈

{
π1;1, π1;2, π2;12, π

2
1;1, π

2
1;2, π1;1π1;2, π1;1π2;12, π1;2π2;12

}
. Then,

E[h(Xj)|Fj−1] =

∫
G2(R2)

h(y)p(Xj−1, y) µ(dy) = gh(Xj−1),

where gh : G2
(
R2
)
→ R is a bounded, measurable function. gh is bounded as we

have ∣∣∣∣∣
∫
G2(R2)

h(y)p(Xj−1, y) µ(dy)

∣∣∣∣∣ ≤M2 sup
x,y∈G2(R2)

p(x, y) ≤M2C.

In the sequel, we will illustrate how the dependencies can be handled in the sum-
mands involving ∂3F . We chose these summands as they require the most involved
argumentation. Similar, but simpler arguments also apply to the other summands.

First, we do Taylor expansion with expansion point S̃(n)
(
j−L(n)

n

)
:

∂3F

(
S̃(n)

(
j − 1

n

))
= ∂3F

(
S̃(n)

(
j − L(n)

n

))

+ ∂13F

(
S̃(n)

(
j − L(n)

n

)) 1√
n

j−1∑
k=j−L(n)+1

ξ1;1
k


+ ∂23F

(
S̃(n)

(
j − L(n)

n

)) 1√
n

j−1∑
k=j−L(n)+1

ξ1;2
k


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+ ∂33F

(
S̃(n)

(
j − L(n)

n

)) 1√
n

 1√
n

j−1∑
k=j−L(n)+1

ξ2;12
k

+
1

2

j−1∑
k=j−L(n)+1

ξ1;2
k Y

(n)
1

(
k − 1

n

)
− 1

2

j−1∑
k=j−L(n)+1

ξ1;1
k Y

(n)
2

(
k − 1

n

)
+ . . . .

Hence, we have to consider the following expectations9:

1√
n
E

[
∂3F

(
S̃(n)

(
j − 1

n

))(
1√
n
E
[
ξ2;12
j

∣∣∣ Fj−1

]
+

1

2
Y

(n)
1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
− 1

2
Y

(n)
2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

])
φn

]
=

1

n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
E
[
ξ2;12
j

∣∣∣ Fj−1

]
φn

]
+

1

2
√
n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]
(8.21)

− 1

2
√
n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]

+
1

2n
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k

Y
(n)

1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]
− 1

2n
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k

Y
(n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]
(8.22)

+
1

2n
E

∂23F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;2
k

Y
(n)

1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]
− 1

2n
E

∂23F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;2
k

Y
(n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]
9Note that we omit expressions including the factor n−3/2, since they can all be shown to be of
order o(1/n). For those expressions which also include Y

(n)
m

(
j−1
n

)
, m ∈ {1, 2}, as a factor, we have

to apply Lemma 8.7 to prove this fact.
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+
1

4n
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;2
k Y

(n)
1

(
k − 1

n

)
·Y (n)

1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]

− 1

4n
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;2
k Y

(n)
1

(
k − 1

n

)
·Y (n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]
(8.23)

− 1

4n
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k Y

(n)
2

(
k − 1

n

)
·Y (n)

1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]

+
1

4n
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k Y

(n)
2

(
k − 1

n

)
·Y (n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]
+ o

(
1

n

)
.

The next step is to apply the covariance estimate (8.8) to the above summands

such that the resulting error terms tend to 0 if we apply limn→∞
∑dnte

j=dnse+1 to
them. To achieve this, we will often have to split expectations of sums of random
variables into different summands and then apply (8.8) in different ways to them. We
will demonstrate this procedure for the three numbered summands above. Similar
arguments also apply to the other summands.

For the following three examples, we will assume that n ∈ N is so large that we
have10 L(n) ≤ dnse − dnse and thus φn only depends on the random variables
X1, . . . , Xdnse−L(n).

We start with the summand (8.21). In this case, we split Y
(n)

1

(
j−1
n

)
into two partial

sums. In the expectation involving the lower partial sum, we can isolate E[ξ1;2
j ],

whereas in the upper partial sum, E
[
∂3F

(
S̃(n)

(
j−L(n)

n

))
φn

]
can be isolated:

1

2
√
n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]
10Recall that we also relied on this assumption for the covariance bound applications in Chapter 6.
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=
1

2n
E

∂3F

(
S̃(n)

(
j − L(n)

n

))j−bL(n)/2c∑
k=1

ξ1;1
k

φn

E [ξ1;2
j

]
︸ ︷︷ ︸

=0

+ O

(
1√
n

exp

(
−λ
(⌊

L(n)

2

⌋
− 1

)))

+
1

2n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
φn

]
E

 j−1∑
k=j−bL(n)/2c+1

ξ1;1
k ξ1;2

j


+ O

(
1√
n

exp

(
−λ
(
L(n)−

⌊
L(n)

2

⌋
+ 1

)))
.

The fact that the constant GH in the above covariance bound applications is of
order O(1/

√
n) follows from the moment bound given in Lemma 8.7 and the fact

that the functions ∂3F and φ are bounded.
Since

√
n exp(−λ(bL(n)/2c − 1)) = o(1/n), we thus obtain

dnte∑
j=dnse+1

1

2
√
n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
1

(
j − 1

n

)
E
[
ξ1;2
j

∣∣∣ Fj−1

]
φn

]

=

dnte∑
j=dnse+1

1

2n
E

[
∂3F

(
S̃(n)

(
j − L(n)

n

))
φn

]
E

 j−1∑
k=j−bL(n)/2c+1

ξ1;1
k ξ1;2

j

+ o

(
1

n

)
.

To deal with expression (8.22), we have to consider four summands. First, we split
the sum over k into a lower and an upper part. For each of these parts, we then

split Y
(n)

2

(
j−1
n

)
into two suitable partial sums. We obtain

1

2n
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k

Y
(n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn


=

1

2n
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−bL(n)/2c∑
k=j−L(n)+1

ξ1;1
k


·Y (n)

2

(
j − bL(n)/2c

n

)
φn

]
E
[
ξ1;1
j

]
︸ ︷︷ ︸

=0

+O

(
L(n)

n
exp

(
−λ
(⌊

L(n)

2

⌋
− 1

)))

+
1

2n3/2
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−bL(n)/2c∑
k=j−L(n)+1

ξ1;1
k


·

 j−1∑
l=j−bL(n)/2c+1

ξ1;2
l

E[ξ1;1
j |Fj−1] φn


+

1

2n
E

[
∂13F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
2

(
j − L(n)

n

)
φn

]
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· E

 j−1∑
k=j−bL(n)/2c+1

ξ1;1
k ξ1;1

j

+O

(
L(n)

n
exp

(
−λ
(
L(n)−

⌊
L(n)

2

⌋
+ 1

)))

+
1

2n3/2
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−bL(n)/2c+1

ξ1;1
k


·

 j−1∑
l=j−L(n)+1

ξ1;2
l

E[ξ1;1
j |Fj−1] φn

 .
To see that the constant GH in the exponential covariance bound is of order
O(L(n)/n), we need Lemma 8.7 again.

As before, expressions including the factor n−3/2 are of order o (1/n). Observe that
L(n) exp(−λ(bL(n)/2c − 1)) = o(1/n), so that we obtain

dnte∑
j=dnse+1

1

2n
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k

Y
(n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]
=

dnte∑
j=dnse+1

1

2n
E

[
∂13F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
2

(
j − L(n)

n

)
φn

]

· E

 j−1∑
k=j−bL(n)/2c+1

ξ1;1
k ξ1;1

j

+ o

(
1

n

)
.

Expression (8.23) is an example for the most involved case we have to handle. We
have

1

4n
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;2
k Y

(n)
1

(
k − 1

n

)
·Y (n)

2

(
j − 1

n

)
E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]

=
1

4n
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−bL(n)/2c∑
k=j−L(n)+1

ξ1;2
k Y

(n)
1

(
k − 1

n

)
·Y (n)

2

(
j − bL(n)/2c

n

)
φn

]
E
[
ξ1;1
j

]
+O

(
L(n)

n
exp

(
−λ
(⌊

L(n)

2

⌋
− 1
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+
1

4n3/2
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−bL(n)/2c∑
k=j−L(n)+1

ξ1;2
k Y

(n)
1

(
k − 1

n

)
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·

 j−1∑
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E[ξ1;1
j |Fj−1] φn


+

1

4n
E

[
∂33F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
1

(
j − L(n)

n

)

·Y (n)
2

(
j − L(n)

n

)
φn

]
E

 j−1∑
k=j−bL(n)/2c+1

ξ1;2
k ξ1;1

j


+ O

(
L(n)

n
exp

(
−λ
(
L(n)−

⌊
L(n)
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⌋
+ 1
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+
1

4n3/2
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−bL(n)/2c+1

ξ1;2
k Y

(n)
1

(
j − L(n)

n

)
·

 j−1∑
l=j−L(n)+1

ξ1;2
l

E[ξ1;1
j |Fj−1] φn


+

1

4n3/2
E

∂33F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−bL(n)/2c+1

ξ1;2
k

 k−1∑
m=j−L(n)+1

ξ1;1
m


·Y (n)

2

(
j − 1

n

)
E[ξ1;1

j |Fj−1] φn

]
.

The fact that the constant GH is of order O(L(n)/n) in the two above covariance
bound applications follows from the moment bound given in Lemma 8.6.

The next step is to apply the auxiliary results given in Step 2 to the relevant sum-
mands obtained in the covariance bound applications. We will demonstrate this
procedure for the summands of the form (8.22). Note that Lemma 7.6 with s re-
placed by s = s+ ε also holds in this setting. The proof of this fact is analogous to
the proof of Lemma 7.6 – in place of Lemma 7.4, we have to apply Lemma 8.7.

We have

lim
n→∞

dnte∑
j=dnse+1

− 1

2n
E

∂13F

(
S̃(n)

(
j − L(n)

n

)) j−1∑
k=j−L(n)+1

ξ1;1
k

Y
(n)

2

(
j − 1

n

)
·E
[
ξ1;1
j

∣∣∣ Fj−1

]
φn

]
= − lim

n→∞

dnte∑
j=dnse+1

1

2n
E

[
∂13F

(
S̃(n)

(
j − L(n)

n

))
Y

(n)
2

(
j − L(n)

n

)
φn

]

· E

 j−1∑
k=j−bL(n)/2c+1

ξ1;1
k ξ1;1

j

 (8.24)
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= − 1

2

∞∑
j=2

E
[
ξ1;1

1 ξ1;1
j

]
︸ ︷︷ ︸

=s11

lim
n→∞

dnte∑
j=dnse+1

1

n
E

[
∂13F

(
S̃(n)

(
j − L(n)
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·Y (n)
2

(
j − L(n)
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)
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]
(8.25)

= − s11

2
lim
n→∞

dnte∑
j=dnse+1

(
1

n
E

[
∂13F

(
S̃(n)

(
j

n

))
Y

(n)
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(
j

n

)
φn

]
+O

(
L(n)√
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(8.26)

=− s11

2
lim
n→∞

(
E

[(∫ t

s
∂13F

(
S̃(n) (u)

)
Y

(n)
2 (u) du

)
φn

]
+O

(
n−1/2
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(8.27)

= − s11

2
E

[(∫ t

s
∂13F

(
S̃ (u)

)
Y2 (u) du

)
φS

]
. (8.28)

(8.24) follows from the above covariance bound applications. (8.25) is due to Lemma
8.11. In (8.26), we have applied Lemma 8.10, (ii). (8.27) is a consequence of Lemma
7.6 with s replaced by s. Finally, (8.28) follows from weak convergence of S̃(n) to S̃
and the continuous mapping theorem.
Using analogous arguments for all the other summands we have to consider, we
obtain (8.20):

lim
n→∞

E
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1

2
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= E
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s
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)
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]
,

100



which is what we wanted to prove.
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A Appendix

Two results related to weak convergence

Let (S, d) be a metric space. Note that if S is separable, then the product σ-algebra
on S × S coincides with the Borel σ-algebra induced by the product topology on
S × S (see [1], p. 225). In the sequel, we endow S × S with this σ-algebra.

If S is separable and X and Y are two S-valued random variables defined on the
same probability space, then d(X,Y ) is a (real-valued) random variable.

Proposition A.1 ([1], Th. 4.1). Let the metric space S be separable and let (Xn)n≥1

and (Yn)n≥1 be sequences of S-valued random variables defined on the same proba-
bility space (Ω,F , P ).

If Xn
D→ X and d(Xn, Yn)

P→ 0, then Yn
D→ X.

For two probability measures P and Q, we denote the product measure by P ⊗Q.

Theorem A.2 ([1], Th. 3.2). Let the metric space S be separable and let (Pn)n≥1

and (Qn)n≥1 be sequences of probability measures on S. Then, we have

w-limPn ⊗Qn = P ⊗Q⇔ w-limPn = P and w-limQn = Q.

Stationary sequences of random variables

Definition A.3. A sequence of random variables (Xi)i≥1 is called stationary if for
each k ∈ N, (Xk, Xk+1, . . . ) has the same distribution as (X1, X2, . . . ).

Some authors use the term ”strictly stationary” to refer to the above property.

Transformation theorem for image measures

Let (Ω,F , µ) be a measure space, (Ω′,F ′) a measurable space and φ : Ω → Ω′ a
F-F ′-measurable map.

Theorem A.4. Let f : Ω′ → R be measurable. f is integrable with respect to µφ−1

if and only if f ◦ φ : Ω→ R is integrable with respect to µ.

If these two equivalent conditions are satisfied, we have∫
f d

(
µφ−1

)
=

∫
f ◦ φ dµ.

103



Nilpotent groups

Let G be a group and U1, U2 two subgroups of G. Then, [U1, U2] denotes the sub-
group of G generated by the commutators [x, y] := xyx−1y−1, where x ∈ U1 and
y ∈ U2.

Definition A.5 ([8]). Let G1 := [G,G] and Gn := [G,Gn−1] for n ≥ 2. Then,
(Gn)n≥1 is called descending central series of G.
We say that G is nilpotent if there exists n ∈ N such that Gn = {e}, where e
denotes the identity element of G.
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