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PDO

Recall: Sufficient for awgm to have opt. comput. compl. is that
∃s∗ > smax, ∀M , ∃AM with M nonzeros per column, that can be
computed in O(M) ops, and ‖A−AM‖ . M−s∗.

Let’s refer to property of having M nonzeros per column, and error . M−s∗,
as s∗-compressibility. If, additionally, these columns can be computed in
O(M) operations, we speak about s∗-computability.

Consider repr. of A : Hm
0 (Ω) → H−m(Ω) defined by

(Au)(v) =
∑

|α|,|β|≤m

∫
Ω

aαβ∂
αu∂βv (u, v ∈ Hm

0 (Ω)),

with aαβ’s sufficiently smooth, w.r.t.

Ψ = {ψλ : λ ∈ ∇} ⊂ Hm
0 (Ω),

normalized w.r.t. L2(Ω), i.e.,

A :=
[
2−(|µ|+|λ|)m(Aψµ)(ψλ)

]
λ,µ∈∇.

Suff. to consider one non-zero aαβ for |α| = |β| = m.
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Wavelet assumptions

Wavelets are local, and piecewise smooth w.r.t. nested, uniformly

shape regular partitions. I.e., ∃({Ω(ν)
j : ν ∈ Oj})j, Ω = ∪ν∈OjΩ

(ν)

j ,

diam(Ω(ν)
j ) h 2−j, s.t. suppψλ included in the the union of a unif.

bounded number of Ω̄(ν)
|λ| , and

sup
x∈Ω

(ν)
|λ|

|∂γψλ(x)| . 2|λ|(
n
2+|γ|) (γ ∈ INn

0 ).

Global smoothness: For some IN0 ∪ {−1} 3 r ≥ m− 1,

‖ψλ‖W t
∞(Ω) . 2|λ|(

n
2+t) (t ∈ [0, r + 1]).

Cancellation properties of order d̃ ∈ IN0,∣∣ ∫
Ω

uψλ
∣∣ . 2−|λ|d̃‖u‖

W d̃
∞(suppψλ)

‖ψλ‖L1(Ω).
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Regular and singular entries

We split
A = A(r) + A(s),

where A(r)
λ,µ = Aλ,µ when either |λ| > |µ| and suppψλ ⊂ Ω̄(ν)

|µ| for some

ν ∈ O|µ| or |λ| < |µ| and suppψµ ⊂ Ω̄(ν)
|λ| for some ν ∈ O|λ|, and A(r)

λ,µ is
zero otherwise.

We write A(r) = (A(r)
j,` )j,`∈IN0, where A(r)

j,` = (A(r)
λ,µ)|λ|=j,|µ|=` and similarly

A(s) = (A(s)
j,` )j,`∈IN0.

# non-zeros in each row of A(r)
j,` or A(s)

j,` ,

or column of A(r)
`,j or A(s)

`,j , is bounded

by an absolute multiple of 2max(`−j,0)n

or 2max(`−j,0)(n−1).
So one can effort to keep more blocks of
A(s), which is needed since the singular
entries are larger.
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Construction of sparse approximations
Prop 1. Let C = (Cj,`)j,`∈IN0 with Cj,` = (Cλ,µ)|λ|=j,|µ|=` s.t. for some
q ∈ IN , #non-zeros per row of Cj,`, or column of C`,j, is O(2max(`−j,0)q),
and for some ρ > 0,

|Cλ,µ| . 2−
∣∣|λ|−|µ|∣∣(q2+ρ).

Construct C(k) by dropping Cj,` when |j − `| > k/ρ. Then

‖C−C(k)‖ . 2−k,

and #non-zeros per row and column of C(k) is O(2qk/ρ). (ρ/q-compressible)

Let, for some ξ > ρ/q, ∀λ, µ ∈ ∇, ∃C(N)
λ,µ , computable in O(N), with

|Cλ,µ −C(N)
λ,µ | . N−ρ/q2−

∣∣|λ|−|µ|∣∣(q2+ξq).
For some σ ∈ (1, ξq/ρ), construct C̃(k) by approximating each non-zero
entry Cλ,µ of C(k) by taking

Nk,λ,µ h max
(
1, 2qk/ρ−

∣∣|λ|−|µ|∣∣σq).
Then each row or column of C̃(k) is computed in O(2qk/ρ), and

‖C(k) − C̃(k)‖ . 2−k. (ρ/q-computable)
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Construction of sparse approximations

Proof. First statement:

‖Cj,`‖2 ≤ max
|λ|=j

∑
|µ|=`

|Cλ,µ| ·max
|µ|=`

∑
|λ|=j

|Cλ,µ| . 4−(j−m)ρ,

‖C−C(k)‖2 ≤ max
j

∑
{`:|j−`|>k/ρ}

‖Cj,`‖ ·max
`

∑
{j:|j−`|>k/ρ}

‖Cj,`‖ . 4−k.

Proof second statement similar.

5/13



Verification of the decay and quadrature assumptions

Prop 2. With ρr := d̃+m, ρs := 1
2 + min(d̃+m, r + 1−m),

|A(r)
λ,µ| . 2−(

∣∣|λ|−|µ|∣∣)(n2+ρr), |A(s)
λ,µ| . 2−(

∣∣|λ|−|µ|∣∣)(n−1
2 +ρs).

Quadrature assumption can be verified by the application of composite
quadrature of fixed rank, assuming the wavelets are piecewise polynomials.

Corol 1. A(r) is ρr/n-computable, and A(r) is ρs/(n− 1)-computable.

Now let d be the order of the wavelets. Then smax = d−m
n .

So s∗ > smax when d̃ > d− 2m and
r+3

2−m
n−1 > d−m

n .

For r = d− 2 (spline wavelets), valid when d̃ > d− 2m and d−m
n > 1

2.
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Proof proposition
When r + 1 ≤ 2m, select a γ ≤ β with |α + γ| = r + 1 and so |β − γ| =
2m − (r + 1). Using integration by parts, vol(suppψλ) . 2−|λ|n and
smoothness wavelets show that for |µ| ≤ |λ|,

|Aλ,µ| = 2−(|µ|+|λ|)m|
∫

suppψλ

(−1)|γ|∂γ(aαβ∂αψµ)∂β−γψλ|

. 2−(|µ|+|λ|)m‖aαβ‖W r+1−|α|
∞ (Ω)

2−|λ|n2|µ|(
n
2+r+1)2|λ|(

n
2+2m−(r+1))

. 2−(|λ|−|µ|)(n2+r+1−m).

For r+1 > 2m by additionally using that the ψλ have d̃ vanishing moments,

|Aλ,µ| = 2−(|µ|+|λ|)m|
∫

suppψλ

(−1)m∂β(aαβ∂αψµ)ψλ|

. 2−(|µ|+|λ|)m2−|λ|min(d̃,r+1−2m)

× ‖∂β(aαβ∂αψµ)‖
W

min(d̃,r+1−2m)
∞ (suppψλ)

‖ψλ‖L1(Ω)

. 2−(|λ|−|µ|)(n2+min(d̃+m,r+1−m)),

which completes the proof for the singular entries.
Second estimate can always be used for the regular entries.
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Singular integral operators

s∗-computability with s∗ > smax = d−m
n , and so opt. comput. compl. of

awgm, has also been demonstrated for classes of singular integral operators.

d̃ > d− 2m needed, so orthogonal wavelets aren’t suited for m < 0.
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Trees

Let A ∈ B(H,K ′) b.i., say with H = K.
Let Ψ be a wavelet Riesz basis for H. Then

A = (AΨ)(Ψ) = a(Ψ,Ψ) (a(u, v) := (Au)(v)).

For Λ ⊂ ∇, AΛ = PΛAIΛ generally not sparse, even when A is local.

If Λ = {ψλ : |λ| ≤ j}, then ∃Tj, with Ψ|>Λ = Φ>j Tj, and so

AΛ = a(Ψ|Λ,Ψ|Λ) = a(T>
j Φj,T>

j Φj) = T>
j a(Φj,Φj)Tj.

All three matrices can be applied exactly in O(#Λ) operations.

Doesn’t work for general Λ ⊂ ∇, but it does for trees:

Def 1. Λ ⊂ ∇ is called a tree when for λ ∈ Λ with |λ| > 0, suppψλ is
covered by suppψµ for some µ ∈ Λ with |µ| = |λ| − 1.
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trees

For Λ a tree, ∃Φ = Φ(Λ) ⊂ ∪jΦj which is unif. locally finite (i.e. the
support of any atom intersects the supports of at most a unif. bounded
number of others), s.t. spanΨ|Λ ⊂ spanΦ and #Φ . #Λ.

T = T(Λ) (generally non-square) with Ψ|>Λ = Φ>T can be applied in
O(#Λ) ops, and so can

AΛ = a(T>Φ,T>Φ) = T>a(Φ,Φ)T.

Immediate consequence for solving the Galerkin systems inside awgm when
the subsets Λ are restricted to trees.
The classes As become smaller than with unconstrained approximation, but
only “slightly”.

Now the approximate computation of the infinite residuals (apply-routine):
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trees

For w ∈ `0(∇), recall approx zj of Aw defined by

zj := Ajw[0] + Aj−1(w[1] −w[0]) + · · ·+ A0(w[j] −w[j−1]),

where w[j] is a (near) best 2j approx. Replace it by a (near) best 2j-tree
approx. Then for s < s∗, ‖Aw − zj‖ . 2−sj‖w‖Astree and supp zj . 2j.

Moreover, Λ := supp zj is a tree, and one deduces that also

‖Aw − (Aw)|Λ‖ . 2−sj‖w‖Astree.

So, alternatively, apply A|Λ×Λ using multiscale transforms, and the
application of the stiffness w.r.t. locally single-scale coordinates.
Advantages: more efficient, and easier quadrature.

[ Under some conditions, it is sufficient to approximate f − Aw by (f − Aw)|Λ, where

Λ is constructed from the tree supp w by adding a fixed number of “layers” (in practice

one layer suffices). W.I.P. ]
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Summary

With a suitable wavelet Riesz basis, PDO in wavelet coordinates is
sufficiently close to computable sparse matrices so that the awgm has
opt. comput. compl.

Same is true for classes of singular integral operators.

The restriction to tree approximation often results in quantitatively more
efficient implementations (for nonlinear operators it seems indispensable).
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