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Introduction

In this report we consider elliptic problems in heterogeneous media, whose accurate
numerical simulation is of fundamental importance in applications such as diffusion
in composite materials or porous media and turbulent transport. The abstract
mathematical formulation is as follows: Given a bounded Lipschitz domain 2 C
R? (d € {1,2,3}), a uniformly elliptic diffusion matrix A € L>(2,R%<?), and a
function f € L*(Q), we are seeking u € H}(Q) such that

a(u,v) := /(AVU, Vu)dr = /fvdm =: F(v) Vv € Hy ().
Q Q
If the coefficient A is highly oscilllatory on microscopic scales or even non-smooth,
the classical polynomial based finite element methods (FEM) become prohibitively
expensive, since the usual piecewise polynomial spaces cannot resolve the essential
features of the solution unless the mesh size h is chosen small enough (i.e. smaller
than the smallest scale in the coefficient). However, the computational work in-
volved becomes too costly — especially for three-dimensional problems.
To overcome this difficulty many types of generalized finite element methods (GFEM)
have been developed in the recent years. They are based on the partition of unity
method (PUM). This method is explained in detail e.g. in [6]. The PUM constructs
a global conforming finite element space using a set of local approximation spaces.
Therefore the key ingredient of a PUM is to find good local approximation spaces
for a given problem.
GFEM is introduced in [4] as a method for the numerical solution of elliptic PDEs
with rough or highly oscillating coefficients. The method is further elaborated
and extended to other applications e.g. in [3], [5], [28], and [29]. In the GFEM
approach the computational domain €2 is partitioned into a collection of subsets
w;, © = 1,...,n. Employing these subsets, local approximation spaces W; are
constructed over each subset w; using local information, e.g. in [5] these local ap-
proximation spaces are constructed via the solution of certain eigenvalue problems.
Then a finite dimensional subspace S of the solution space has to be constructed
employing these local approximation spaces. This finite dimensional space can then
be employed in a finite element method, e.g. in the Galerkin method.
The GFEM approach allows to significantly reduce the computational work in-
volved in the numerical modeling of large heterogeneous problems, since it is based
on general (non-polynomial) ansatz functions whose shape contains some infor-
mation about the characteristic physical behaviour of the solution. Therefore the
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scales of the coefficient A may not be resolved by the finite element mesh and thus
the full global solution can be obtained by solving a macro system which is an
order of magnitude smaller than the system corresponding to a direct application
of the finite element method to the full structure. Moreover, the basis functions to
construct the spaces ¥; can be computed independently and therefore their com-
putation allows parallelization.

If the heterogeneity in the material is distributed periodically over the domain,
the very efficient method presented in [24], [25], [22] can be applied. A further
approach is the heterogenous multiscale method (HMM), which is a framework for
linking models at different scales (see e.g. [1], [16]). An application of HMM are
multiscale finite element methods (cf. [2], [17]). These methods use a fine mesh
for computing locally and independently a finite element basis and a coarse mesh
for computing globally and at low cost the solution. The computation of the basis
functions can be done in parallel.

In [18] a semidiscrete method for elliptic problems with general L>-coefficient is
presented. It is shown that for this problem class there exists a local finite element

basis (AL basis) consisting of O (( log %)dH) basis functions per nodal point such

that the convergence rates of the classical FEM for Poisson-type problems are pre-
served. The method is based on PUM and is closely related to GFEM.

The goal of this report is to develop a fully discrete version of the AL basis such
that the linear convergence rate is preserved. The report is divided into six parts.
In Chapter 1 some elementary FEM-notations and basic definitions are introduced.
Afterwards the precise abstract mathematical formulation of the model problem
considered in this report is stated. Finally, the Galerkin discretization for this
problem is formulated and it is illustrated why for the problem class under consid-
eration linear finite elements are not appropriate.

Chapter 2 is devoted to the description of the semidiscrete method which has been
proposed in [18]. Before we explain the construction of the generalized basis func-
tions in detail, the main idea of it is pointed out. Since locally L-harmonic functions
are a key tool of this method, Subsection 2.2.2 presents some important properties
of this function class. At the end of Chapter 2 the definition of the AL basis is
given and the linear convergence property of it is stated.

A fully discrete algorithm for the construction of the AL basis is presented in
Chapter 3, whereas Chapter 4 is devoted to the error analysis of this fully discrete
method under some appropriate assumption, which will be further investigated in
Chapter 5. It is shown that the method converges linearly with respect to the
H*'-norm.

In comparison to the result presented in Chapter 4, Chapter 5 presents the results
of two papers which also examine a non-periodic setting. Whereas in [27] the co-
efficient is assumed to be smooth but highly varying, in [21] the case of a general
L>-coefficient without any smoothness assumptions is investigated.

The last chapter of this report consists of the Appendix. It contains some error
estimates which are used in the error analysis described in Chapter 4.



Chapter 1

Setting

1.1 FEM-Notations and Basic Definitions

In this section we introduce some basic FEM-notations, which will be often used
in this report.

Definition 1.1.1. Let 2 C R, n € N, be a domain. We define the Hilbert space
L?(Q) over the field of real numbers by

L*(Q) = {u: Q — R | u Lebesgue measurable and /|u|2dx < 0o}
Q

The scalar product on L?(2) is given by
(U, v) 2(q) := /u(m)v(w)dw
Q

and the associated norm is denoted by || - ||12(q). Furthermore, we introduce the
spaces of test functions as well as the usual Sobolev spaces:

Definition 1.1.2. Let Q@ C R, n € N, be a domain. Then the spaces of test
functions are given by

C=(Q) = {u: Q= R | u®ezists and is continuous for all k € Ny}
C(Q) :={ue C™(Q) | suppu CC Q},

where suppu = {x € Q|u(x) # 0} is the support of u and K CC Q <= K is a
compact subset of €2.

Definition 1.1.3. Let 2 C R", n € N, be a domain. For m € Ny the Sobolev
spaces are given by

H™Q) == {u € L}Q) | V]a| < m: D € L}(Q)},

3
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where D*u € L*(Q) satisfies

/uDo‘v = (—1)l /Dauv Yo € C5°(92).
Q

Q

Equipped with the norm

[l zme) = D222 (1.1)
()

laj<m

the space H™(f) is a Hilbert space. The seminorm on H™((2) is given by

Hm(Q) = \/Z ||Dau||%2(ﬂ)

|af=m

|u

Definition 1.1.4. Let Q@ C R", n € N, be a domain. For m € Ny the space
of functions denoted by HJ"(Y) is the closure of C§°(§2) with respect to the norm

I Nl

The dual space of H}(Q) is denoted by H~™(2) and its norm is defined by

(u, v)
lullzr-mgy = sup !
0£ve HI () [v][ 7 0)

where the functional

(u,): H"(2) - R
v (u,v)

is the duality mapping, i.e. u defines a linear functional on H[(2).

Definition 1.1.5. A domain Q2 C R, n € N, is bounded, if it is contained in a
ball of finite radius, i.e. 3z € R™ and r > 0 (r € R) such that Vw € Q we have
|z —wl|| <, where || - || denotes the Euclidean norm on R™.

Remark 1.1.6. If the domain §2 is bounded, there exists a constant Cq such that

The inequality (1.2) is known as the Poincaré-Friedrichs’ inequality and it states
that, when the domain § is bounded, the seminorm | - |gi(q) is a norm over the
space Hy(Q) which is equivalent to the norm || - || gy (cf. [18, p. 12]). Thus there
exist positive constants Cq 1, Ca.1 < 0o such that

Conllull o) < |ulpio) < Conllullm@) Vu € Hy(). (1.3)
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For the formulation of our problem, which is given in the subsequent chapter, the
following definition plays an important role:

Definition 1.1.7. We say a domain 2 C R", n € N, has a Lipschitz boundary
or € is a Lipschitz domain if there exist M € N and a collection of open sets
O1,...,0py CR™ with the following two properties:

(i) o0 c U, 0,

(ii) 02 N O; can be represented as graph of a Lipschitz continuous function for
alll << M.

1.2 Problem Formulation

Let Q@ Cc R4, d € {1,2,3}, be a bounded Lipschitz domain and let the diffusion
matrix A € L>®(Q, R4 be uniformly elliptic, i.e.

sym

0<a(A, Q) :=essinf inf
2€Q verRN\{0}  (V,V
(1.4)

0o > (A, Q) :==esssup sup ’
e veRN\{0} (v,v)

Here (-, -) denotes the Euclidean scalar product in R%. Its associated norm will be
denoted by || - ||

We consider the following problem: For a given function f € L*(2), we are seeking
u € H(Q) such that

a(u,v) = /(AVu, Vu)dx = /fvda: =: F(v) Vv € Hy(Q). (1.5)

Before we can state the Lax-Milgram-Theorem, which ensures that the solution
of (1.5) exists and is unique (cf. Remark 1.2.3), we need to characterize some
properties of bilinear forms.

Definition 1.2.1. Let V' be a normed linear space and a(-,-) : V. xV — R a
bilinear form.

(i) a is bounded (or continuous) if there exists C' < oo such that

|a(v, w)] < Cllvllv]wlly  Vo,we V. (1.6)

(ii) a is coercive on V' if there exists v > 0 such that

a(v,v) > v|v|l} Vv eV (1.7)
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Theorem 1.2.2 (Lax-Milgram). Let V' be a Hilbert space, a(-,-) : V xV — R
a continuous, coercive bilinear form, and let f : V — R be a continuous linear
functional. Then the abstract variational problem: Find an element u € V' such
that

a(u,v) = f(v) YveV (1.8)

has a unique solution.
The proof can be found e.g. in [11, Theorem 2.7.7], [13, Theorem 1.1.3.].

Remark 1.2.3. Assumption (1.4) on the diffusion matriz A implies
afw]? < (Aw,w) = A0 < Bllw|®  Vw e RY. (1.9)

Due to the Cauchy-Schwarz inequality and (1.9) we get the following upper bound
for all u, v € H'(Q):
(AVu, V) = (AYV2Vu, AY2Vv)
< A2V ul||| A2V
< Bl[Vul[[|Vo. (1.10)

By (1.10) and the definition of the Sobolev space H'(Q) equipped with the norm
| - (|1 (cf- Definition 1.1.8 and (1.1)) we obtain

la(u,v)| < Blulm@llvllm@ Yu,ve H(Q),

which means that the bilinear form a is bounded, i.e. continuous on Hy (). More-
over, due to (1.4) we also have

(AVu, Vu) > o Vul?.

Integrating the last inequality over Q) and using Poincaré-Friedrichs’ inequality (cf.
(1.3)) we get

a(u,u) > o Vullfaq) = oluling > aCoyllullip@ Yue Hy(Q),  (111)

where Cq ; is the constant from (1.3). Thus, besides being continuous, the bilinear
form a is also coercive and therefore the differential equation (1.5) has a unique
solution by Theorem 1.2.2.

Remark 1.2.4. Let L : Hy () — H () be the operator associated to the bilinear
form a(-,-) defined in (1.5). Since L is uniformly elliptic, L™' : H-1(Q) — H}(Q)
exists and the assumptions on A imply

1

—1
1L 5 @y er1) < KKQM,

with Cq ; as in (1.3) and o as in (1.4).
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1.3 Galerkin Discretization

We want to solve problem (1.5) numerically using a Galerkin finite element method.
For simplicity we assume that the domain €2 is either a one-dimensional interval, or
a two-dimensional polygonal domain, or a three-dimensional polyhedron. In order
to discretize () we need some definitions concerning finite element meshes.

Definition 1.3.1. Let Q C R?, d € {1,2,3}, be a bounded domain. A simplicial
finite element mesh T on Q is a partition of € into d-dimensional disjoint open
simplices satisfying the following properties:

(i) For any two elements 11,70 € T with Ty # Ty the intersection 7, N Ty is either
empty, a common vertezx (an interval endpoint if d = 1), a common edge (for

d>2), or a common face (for d=3).

(i) Q= | 7.

TET

Definition 1.3.2. Let T := {r; : 1 < i < n} be a finite element mesh on the
domain Q@ C R, d € {1,2,3}. The mesh width is given by

H := max{diam(r;) : 7; € T},

1<i<n
where diam(7;) denotes the diameter of an element 7, € T .

Definition 1.3.3. Let T := {7;: 1 <i < n} be a finite element mesh on  C R,
de{1,2,3).

(i) T is said to be reqular (or non-degenerate) if there exists a constant C' > 0

such that
diam(7)

pr
where p; is the diameter of the mazximal inscribed ball in T.

<C VreT,

(i1) T is called quasi-uniform (or shape regular) if it is reqular and there exists a
constant C' > 0 such that

max {diam(7;)} < Cdiam(r) VreT.

1<i<n

Remark 1.3.4. The shape-regularity of a finite element mesh T is described by

the constant "
K= max{m ITE T}. (1.12)
pr

The constant K is always bounded, since T consists of finitely many elements. Note
that k becomes large, if the simplices are degenerated (e.g. if they are flat or needle-
shaped).
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Let T := {7 : 1 <i < N} be a regular finite element mesh (cf. Definition 1.3.3)
with mesh width H. The space of continuous, piecewise linear finite elements is
given by

S:={ueHyQ)|VreT: u, P}, (1.13)

where P; is the space of polynomials with degree < 1. Furthermore, let (b;),
denote the usual local nodal basis of S and denote their support by

wj := supp b;. (1.14)

Then the abstract conforming Galerkin method to problem (1.5) can be formulated
as: Find ug € S such that

a(ug,v) = F(v) YveS (1.15)
with a(-,-) and F(-) as in (1.5).

Remark 1.3.5. S is a closed subspace of H}(Q2) and therefore S is a Hilbert space.
Moreover, the bilinear form a(-,-) defined in (1.5) is continuous and coercive on S.
Hence, the Lax-Milgram theorem (cf. Theorem 1.2.2) guarantees the existence and
uniqueness of the solution ug of problem (1.15).

The following theorem, called Céa’s lemma, shows that the error |[u — ug||g1(q) is
proportional to the best approximation of u in the space S.

Theorem 1.3.6 (Céa’s lemma). Let V be a Hilbert space and W C V' be a finite
dimensional subspace. Furthermore, let a(-,-) : VXV — R be a continuous, coercive
bilinear form and f :V — R a continuous linear functional. Assume u solves the
variational problem (1.8). Then the solution uw of the problem: Find uy € W
such that

a(uw,v) = f(v) YoeW

satisfies the following error estimate
I v < < ing I I
U —uwllv > ~ e u = vijv,

where C' is the continuity constant (cf. (1.6)) and v is the coercivity constant (cf.
(1.7)) of a(-,-) on V.

The proof can be found e.g. in [10, 4.2], [11, Theorem 2.8.1], [13, Theorem 2.4.1.].

By Céa’s lemma we know that for the solution ug of problem (1.15) the estimate

g
lu —us|lm @) < 7?2’104 1n£ lu —v|| ()

holds with «, 3 as in (1.4) and Cq; as in (1.3). If the diffusion coefficient A, the
right-hand side f as well as the domain 2 in problem (1.5) are sufficiently smooth
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such that the solution u is in H?(Q) N Hy (), then there exists an interpolant
II: H*(Q) — S such that

. OQ K
inf [lu—v|g@ < lu— 0| g@) < == Hlul g2, (1.16)
vesS CQ,l

where Cg ; is the constant from (1.3) and the constant Cgq ;. depends only on
Q and the shape-regularity constant x (cf. (1.12)). Furthermore, the regularity
estimate

[ulr2(0) < Cregll fll2(0)

holds. Therefore the unique Galerkin approximation ug satisfies the error estimate

|u —us|lm < CH| fllz20),

Cain . . . .
where C := g é’gl’ Creg- This estimate states linear convergence of the classical
=Q,1

finite element method as H tends to zero. However, the regularity assumption is
not realistic for the problem class under consideration. It is well known that as
long as the mesh 7 does not resolve the discontinuities and oscillations of A the
convergence rates of linear finite elements are substantially reduced.

Even if the coefficient is smooth, it might oscillate at a frequency e~ !, for some
small parameter e. The smooth, periodic case was investigated in [22] and for a
hp-finite element discretization in the finite element space of piecewise polynomials
of degree p > 1 on a quasiuniform mesh of mesh width H the error estimate

H
lu — up| g1 (@) < C'min {1, (—)p}
€

was presented, where C' is a constant independent of ¢ and H but dependent of
p, 2, f, and A. Also the non-smooth, periodic case has been analyzed in the
literature (see e.g. [15]).

Note that we did not impose any periodicity assumptions on the coefficient A. We
consider the more general case A € L>(Q,R%<). In [18] is proven that for the
problem class under consideration there exists a local generalized finite element
basis with the following property: For any shape regular finite element mesh of
step size H there exist O(log(%)d“) local basis functions per nodal point such

that the corresponding Galerkin solution w4y, satisfies

|lu —uarllm) < CHI flz2q)-

The construction of these basis functions is described in Chapter 2.

Also in [27] and [21] a non-periodic setting has been considered. In [27] a regu-
larity theory for smooth but highly varying diffusion matrices has been developed,
whereas in [21] a construction of local generalized basis functions without any
smoothness assumptions on the coefficient was presented. The main results of
these two papers are summarized in Chapter 5.
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Chapter 2

Semidiscrete Method

As we have already pointed out in Section 1.3, linear finite elements are not appro-
priate for the problem class under consideration. Therefore many types of GFEM
have been developed in the recent years. In [18] a semidiscrete method for the
construction of generalized local basis functions has been proposed. The approach
presented there is based on PUM and is closely related to GFEM. In this chapter
I will describe the semidiscrete method of [18] in order to present a fully discrete
version of it in Chapter 3.

The goal is to construct a finite dimensional subspace Vi, C H}(Q) such that the
error estimate ||u — wag|| gy < CH| f||r2) holds, where u denotes the solution
of (1.5), uay is the solution of the Galerkin discretization (1.15) using V4, instead
of S, H is the mesh width (cf. Definition 1.3.2), f € L*(2), and the constant C
depends only on a, 8 (cf. 1.4).

In [18] a set of basis functions b; ; € Hj(Q), 1 <j <p, 1 <i<n:=dim(S) with
S as in (1.13), called AL basis, is constructed such that

supp b; ; C wj,

where w; is defined in (1.14).
Moreover, it is shown that by choosing the number p in (2.1) proportionally to

O(log™™ =) the linear convergence property (cf. Definition 2.0.1) holds.

Definition 2.0.1 (Linear convergence property). Leta(-,-) be asin (1.5) and
S be as in (1.13) with supports w; of basis functions as in (1.14). Let S C H}(Q)
be the finite dimensional subspace given by the span of some linearly independent
functions b; ; € H}(S2)

S =span{b; ;|1 <j<p, 1<i<nandsuppb;; C w;}. (2.1)

S has the linear convergence property if, for any f € L*(Q), the solution to
the problem of finding ug € S such that

a(ug,v):/fv Yo € S
Q

11
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satisfies the error estimate
lu = gl < CH[[f| L2,
where C' only depends on o and 5 (cf. (1.4)).

Before the construction of the AL basis will be explained in detail, the main idea
of it will be briefly summarized.

2.1 Idea

The definition of the AL basis is patchwise. For a nodal patch w; the set of in-
dices Z := {1,2,...,n} is split into a nearfield and a farfield, denoted by Z**"
respectively sz “". The nearfield Z"**" contains those indices j which correspond to
basis functions with support close to w;, whereas the farfield Iif “" consists of the
remaining indices. The construction of the AL basis is divided into two steps.

step 1 For an index i € Z, one part of the AL basis is given by b,L~'b;, j €
Zrear where L : H}(Q) — H () denotes the operator associated to the
continuous bilinear form a(-,-) in (1.5) and b; is the usual nodal basis. We
set V;"eor .= span{b;L"'b; : j € I},
For the other part of the AL basis one needs to set up an auxiliary space
X/ .= span{L b wr i J € Z/*"} in a certain neighbourhood w? O w;. It
turns out that the space Xif “" can be approximated by a low dimensional
space, which is done in the second step.

step 2 Introduce intermediate neighbourhoods w; = D; y C D; -1 C --- C D; o C W},
where ¢ = O(log %) For any D; ;, a mesh G;; is constructed by intersecting
D, ; with a regular Cartesian mesh of width O(H/log ). Then the farfield
part of the AL basis for the patch w; is given by b;Px,, 7 € G;;, 0 < j <
¢, where P is the L?-orthogonal projection onto X/*" and y, denotes the
characteristic function for 7 € G, ;.

2.2 Construction in Detail

As mentioned in the previous Section 2.1, the construction of the AL basis consists
of two steps. In the first step one needs to set up the spaces V;"**" and Xif “. The
second step is dedicated to the approximation of Xif “" by a low dimensional space.

2.2.1 Construction of V™ and X/

Let G :={r; : 1 <i < N} be aregular finite element mesh (cf. Definition 1.3.3)
with mesh width H (cf. Definition 1.3.2) and set

B; := L™'b;, i€ :=1{1,2,...,n}, (2.2)
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where L : H}(Q) — H'(Q) denotes the operator associated to the continuous
bilinear form a(-, -) in (1.5), i.e. it holds a(u,v) = (Lu, v) g-1(q)x a1 (), and b; is the
standard finite element basis of S (cf. (1.13)).

We define recursively simplex layers around w; by

Wio = W

2.3
Ww‘+1ZZU{ﬂTGQandwi,jﬂf%@}, j=0,1,2,... (2:3)

Depending on the parameter n € (0,1) we define w} := w;,,, where m is chosen
such that the condition
0 < n diam(w;) < dist(w;, Owy) (2.4)

is satisfied.
Since the mesh is locally quasi-uniform (cf. Definition 1.3.3 and Remark 2.2.1), we
can choose 0 < 7 sufficiently small but independent of H such that m = m(n) =

O(1).
We split the set of indices Z := {1,2,...,n} into a nearfield and a farfield by setting
e = {j € T:0< |wNsuppb;|} I/ :=T\Tre, (2.5)

where for a measurable subset M C R%, we set [M|:= [, 1.
Finally, we define

X/ .= span {Bj

o i jeTy (2:6)
and

Ve . span {biBj e Igwm‘}. (2.7)

Remark 2.2.1. For all 1 < i < n and m € Ny, there exists a constant ¢,
depending only on m and k (cf. (1.12)) such that

Pr > Cm diam(t) VT, t € wim,

where p, denotes the diameter of the maximal inscribed ball in 7.

2.2.2 Locally L-Harmonic Functions

The key element for the approximation of X7 is the space of locally L-harmonic
functions. Therefore its definition as well as some important facts about locally
L-harmonic functions are introduced in this subsection, before the construction of
X/ can be given in the next subsection.

Definition 2.2.2 (Locally L-harmonic functions). Let D C R¢, d € {1,2,3},
be a domain (that may be unrelated to ) and a(-,-) as in (1.5). A function u €
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L*(D) is called locally L-harmonic on D if for all K C D with dist(K,0D) > 0
the following conditions hold:

ulg € HY(K), (2.8a)
a(v,ulg) =0 Vv € Hy(Q) with suppv C K, (2.8b)
U|D\Q = 0. (2.8C)

The space of all locally L-harmonic functions on D is denoted by X (D).

The following lemma shows that for any function v € X (D) and for any measurable
subset K C D with dist(K,9D) > 0 we can bound ||Vul|2(x) in terms of the L*-
norm over D (cf. [8, Lemma 2.4] and [9, Lemma 1]).

Lemma 2.2.3 (Caccioppoli inequality). Let v € X(D) and let K C D be a
domain with dist(K,0D) > 0. Then we have u|x € H'(K) and

54 4
<. JE_ =
IVl < \/;dist(K, oD I"llz2)
with a, B as in (1.4).
The proof can be found in [8, Lemma 2.4].

Using Lemma 2.2.3 the following important property of X (D) can be shown:
Lemma 2.2.4. The space X (D) is closed in L*(D).

For a proof see [8, Lemma 2.2].

Lemma 2.2.5 (Finite-dimensional approximation I). Let D C R?, d € {1,2,3},
be a convex domain and X a closed subspace of L*(D). Then for any k € N there
18 a subspace Vi, C X satisfying dim V,, < k such that

inf ||u —v||L2(p) < Cappr |Vullr2py Yu € X N HY (D),

veEVY - \d/E
where the constant .y, only depends on the spatial dimension d.

The proof can be found in [8, Lemma 2.1].

Remark 2.2.6. The closedness of X is important, since the proof of Lemma 2.2.5
uses orthogonal projections to map functions from L*(D) onto X. This construction
is only straightforward if X is closed in L*(D). By Lemma 2.2.4 X(D) is closed
in L?(D) and thus we can use Lemma 2.2.5 with X (D) instead of X.

The following lemma tells us a sufficient condition for the dimension of a finite
dimensional subspace to approximate a function from X (D) in a subdomain Dy of
D up to a certain error.
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Lemma 2.2.7 (Finite-dimensional approximation II). Let D C Q and X (D)
the space of locally L-harmonic functions on D. Furthermore, let Dy C D be a con-
vexr domain such that

dist(Ds,0D) > n diam(Dsy) > 0

for some constant n (cf. Remark 2.2.8). Then for any M > 1 there is a subspace
W C X(Ds) so that

. 1
u}ggv lu —wl|r2(py) < MHUHL?(D) Vu € X (D)
and

1+2
dim W < cﬁ [log M1 + [log M, ¢, = Zlecappr\/E i 77, (2.9)
@ N

where Coppr 0nly depends on the spatial dimension d and o, 5 as in (1.4).

The proof can be found in [8, Lemma 2.6].

Remark 2.2.8. The factor % in (2.9) shows that n should be of order O(1).

2.2.3 Approximation of Xif a

In the following we always assume that w; and w; are convex sets for all 1 <i < n.

Remark 2.2.9. Any function v € X!* satisfies

/(AVU,VU}) =0  Vwe Hj(w)),

Wi

i.e. the functions in Xif‘” are locally L-harmonic on w} (cf. Definition 2.2.2).
The space Xifar can be approrimated by a low dimensional space. More precisely,
applying Lemma 2.2.7 with X (D) < X!*, D « w* and Dy < w; we see that for
any M > 1 there is a subspace W C X/*"|,. such that the estimate

1
dnf flu—wllizw) < grllullee; Yee X/

holds and for the dimension of W we have

14 2n

dim W < Cl[log M| + [log M1, C, = 4ecd\/§

The constant Cy only depends on the spatial dimension d and «, B are defined in
(1.4).
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Our goal is to approximate the space Xif “" by a low dimensional space. For this
purpose we use the construction which has been suggested in [8, proofs of Lemma
2.1 and Lemma 2.6].

First, we introduce intermediate layers between w; and w;. Therefore we set 7; ; :=
dist(w;, Ow}) and

) — 1
rg= (1= ) 225 <e (2.10)

where ¢ will be fixed later. It holds r;; > 1,2 > .-+ > r;;, = 0. The intermediate
layers are given by

Lk
Di,O = wi

D;; = {z ew; | dist(z,w;) <}, 1<j<Y,

and satisty w; = D;y C D;y-1 C --- C D;; C D;p = w}. The domains D, ; are
convex for all j and by Lemma 2.2.4 X (D, ;) is closed in L*(D; ;). Therefore we
know by Lemma 2.2.5 that for any x; € N there exists a subspace Vi, C X(D;;)
such that dimV,, < ;. In order to construct these subspaces V,, =: ‘71.”;“7" for
0 < j < ¢—1 we use L>orthogonal projections onto X/ (cf. [8, proof of Lemma
2.1]).

We set k; =: k? where k € N will be fixed later. For p > 0 let G, denote a Cartesian
tensor mesh on RY, d € {1,2,3}, which consists of d-dimensional elements with side
length p. Then define

diam(D,; ;)

Gij = {Di,j N7 |7eg,with p:= ’

}, 0<j<l-1.  (2.11)
For t € G, j, we denote the characteristic function for ¢ by x; : 2 — R. We define

f/if;w := span{(Px;)

wi - t e Qi,j},
where P : L?(Q) — X/ is the L?-orthogonal projection. We set
f/ifar - ‘;;foa'f + f/ifl‘“" et ‘Z’ffajl (2.12)
and finally,
VI = (b v e VI (2.13)

Remark 2.2.10. We have by € HE (w;) for allv € VI, since b; € W)™ (w;) and
Xifm" C HY(w}). Thus, we can identify byv by its extension by zero to a function
(again denoted by byv) in Hy(Q). In this sense we have

/—1 /—1
VI CHY(Q),  dim VI <Y #G,; <) kT =0k

Jj=0 Jj=0
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2.3 Definition of the AL Basis and some Proper-
ties

Definition 2.3.1 (AL basis). For any support w; (cf. (1.14)) the set of AL basis
functions consists of the functions b;B;, j € 1", and of the functions

biPyx: W€G, 0<qg<(—1.

The general notation is b;j, 1 < j < p, 1 <i < n, where p := dim(v;far 4 Vjnear),
The corresponding generalized finite element space is given by

Vap == (Ve £ VIO) o (Vear 1 V) 4 - (Ve 4o pfan), (2.14)

The Galerkin method for the generalized finite element space V4 reads: Find
war, € Var such that
a(uap,v) = F(v) Vv e Var, (2.15)

where a(-,-) and F(-) are defined in (1.5).

Under the following three assumptions the Galerkin method (2.15) converges lin-
early as Theorem 2.3.2 shows.

(i) The domains w; and w; (cf. (1.14), (2.3) and (2.4)) are convex and satisfy
(2.4) for some n Z 1.

(ii) The constant
Cy = max #I!
depends only on the shape-regularity of the finite element mesh G and the
number m = O(1) in the definition of w} (cf. (2.4)).
(iii) There exists a constant C, such that

#I < C,H™“

Theorem 2.3.2. Let u denote the solution of (1.5). Let the parameters ¢ and k
i the definition of the farfield part of Vy, be chosen according to

{ := max {2, {2212;;; log %—‘ } and k= {éc_ogi)—‘ (2.16)

for some ¢y = O(1). Let uay, be the solution of (2.15). Then the error estimate
lu = warllm@) < CH[ fll2(@)

holds and ]
dim VAL S Cdnfdﬂ S édHid lOngrl E (217)
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The proof can be found in [18, Theorem 7).

Remark 2.3.3
(i) Estimate (2.17) for the dimension of Var, given in Theorem 2.3.2 can be seen
as follows: From the definition of Var, (cf. (2.14)) it is clear that

dim Vi, < n(dim V" + dim V/*")

holds. The choice k := Rﬁ’iﬂ yields

26052
k<
— -1
. 2C0€(€ - ].) QCo(f - 1) 200
S T
260
= 2col + 2 — 41
Co+Co+£_1+
§200£+4CO+1

1
S €(4CO+§>.

+1

+1

In the last inequality we used that ¢ > 2. Remark 2.2.10 and the above
computation show that

1
: 'fa"" < d < - d+1
dim V'™ < (E® < <4Co + 2>€ )

Moreover, since the index m in the definition of w} is independent of H (cf.
(2.3) and (2.4)), we have dim V;"**" = O(1). Hence,

- 1
dim Vay, < Cgnt®t < CyH 4 1ogtt? o

The last inequality follows by assumption (iii) and the choice of £.

(i) Inequality (2.17) shows that the number p in the definition of the AL basis
has to be chosen proportionally to O(log®*! %)



Chapter 3

Fully Discrete Method

The aim of this chapter is to develop a fully discrete version of the method presented
in Chapter 2.

Let L : H}(Q) — H'(Q) be the operator associated to the bilinear form a(,-)
defined in (1.5) (cf. also Remark 1.2.4). In the definition of the AL basis the inverse
of the continuous differential operator L is involved and thus the construction of
the basis functions b; ; (cf. Definition 2.3.1) which has been proposed in [18] is only
semidiscrete.

To get a fully discrete method one has to approximate the action of L=! to the
nodal basis (b;); in an appropriate way. One possible approach to obtain such an
approximation is to impose some scale assumptions on the diffusion matrix A and
to employ a Galerkin discretization with a conforming finite dimensional subspace
V C H}(Q) on a sufficiently fine mesh 7. In the following we assume that the
approximation of L~! is computed by this method. We denote it by L.

By replacing L~! by L' in the definition of the spaces V"o (cf. (2.7)) and X/
(cf. (2.6)) we obtain the spaces

X/* .= span {E‘lbj

o ieT) (3.1)

i

and

Vnear .— span {bilﬁflbj D J € Z?em}, (3.2)
where the nearfield and the farfield Z*" resp. Z/*" are defined in (2.5).

Remark 3.0.1
(i) The ellipticity of L, the assumptions (1.4) on the coefficient A, and the con-
formity of the finite element space V imply that the approzimation L™ is

elliptic and
~ 1
-1
| L ”Hé(Qy—Hﬂ(Q) < Oé_q%’l’ (3.3)

where o is defined in (1.4) and Cq , is the Friedrichs’ constant (cf. (1.3)).

19
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(it) Since ¥ o € X!* we have

/(AV@,V'LU>—O Vw e V(w!) ={weV : suppw C w;},

.
Wi

the functions in Xifar are locally L-harmonic on w; (cf. Definition 2.2.2) and
thus X/ can be approzimated by a low dimensional space VI using the
same construction as for the approrimation of Xz-f'".

In the next step we want to approximate the space X/* by a low dimensional

space. For t € G;; (cf. (2.11)), we denote the characteristic function for ¢ by
x: : € = R. We define

‘A/;fjar = span{(pxt)

wi 1 UE Gt
where P : L2(Q) — X/ is the L*orthogonal projection. We set

V;far P V;’];ar_'_‘/iﬁar_f_.”_f_‘/i{;(ﬁ’l (34)
and get the approximation

VI = {bw : ve VI (3.5)

Finally, we end up with a (computable) approximate AL basis and corresponding
generalized finite element space

Vg = (V7 + VI (Ve + V) o (Ve £ V). (3.6)

The Galerkin discretization for the generalized finite element space Vaz is given by
seeking w47, € V4 such that

a(tar,v) = F(v) Yo € Var, (3.7)

where a(-,-) and F(-) are defined in (1.5).

The above algorithm is fully discrete, since the inverse of the differential operator
L~ is replaced by some finite-dimensional approximation. However, at the current
stage of methodological development, the focus lies on the definition of a fully
discrete method. The efficient algorithmic realization will be the topic of our future
research. To get a fast algorithm one needs efficient methods for computing the
approximation L~ as well as for the evaluation of the L?-projections P onto the
spaces X/



Chapter 4

Error Analysis

This chapter is devoted to the error analysis of the method which has been de-
scribed in Chapter 3. It is shown that the accuracy of the arising Galerkin finite
element method with respect to the H'-norm is of order O(H) under the Assump-
tion 4.0.1.

Let L : H}(Q) — H () be the differential operator associated to the bilinear
form a(-,-) defined in (1.5). As in Chapter 3 we assume that the approximation of
L=, denoted by L™, is computed by a Galerkin discretization with a conforming
finite-dimensional subspace V' C H}(Q) on a sufficiently fine mesh 7;,. For the
error analysis L is supposed to satisfy the following condition, whose validity will
be further investigated in Chapter 5.

Assumption 4.0.1.

M = vl
sup  inf
recznforveV [ fllzae)

S Oapr; (41)

where H is the mesh width (cf. Definition 1.8.2) and the constant Cyyp, is indepen-
dent of H and f.

Corollary 4.0.2. Céa’s lemma (cf. Theorem 1.3.6) implies

- - 5
L7 f = L7 fllga) < WcaprHme(Q), (4.2)
Caa

where «, 3 are the constants from (1.4), Cyp, is defined in (4.1), and Cg, is the
Friedrichs’ constant (cf. (1.3)).

Proof. Applying Céa’s lemma (cf. Theorem 1.3.6) and due to Assumption 4.0.1 we

21
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get:

IL7f = L7 e <

B, -1
f||L —
2, inf L7 f = vl

sup inf [|[L7'f — vlma
aCo1 rer2@)\fo} vV *

B
——CopaH >
< ooz Comtilf 2o

l

Before the main result can be stated, we need to introduce some notations and
lemmas, which will be used in the proof of Theorem 4.0.8.

Let Ps : L*(Q2) — S denote the L?-orthogonal projection onto S, where S is defined
in (1.13). For f € L*(Q) and an index i € Z := {1,2,...,n} we define the nearfield
and the farfield parts of f in the following way:

finear = Z (PSf)jbj and fifar = Z (PSf)jbja (43)

JEL T jezlor

where the index sets Z**" resp. Z/*" are defined in (2.5), (Psf); := (Psf)(z;), and
x; is the nodal point corresponding to b;. Then,

L'P b L=t frear 4 N [ plar 4.4
sf = Z f Z ff (4.4)

[

Remark 4.0.3. Let w; be defined as in (2.3), (2.4). Since it holds f1*"|,: =
we have

17 N 2wry = 1 Psfllewsy Vf € LA(€).

Remark 4.0.4. By construction we have v**" € f/”e” (cf. (3 2)) and Uf“T|w €

Xf‘" (¢f. (3.1)). Therefore, to get an approzimation of v := L™'Pgf in the space
Var (cf. 8.6), we need to approzimate v/ by a function o/ € VI (cf. (3.5)).

The following lemma gives us an error bound for the approximation of vf o

Lemma 4.0.5. Let w; as in (1.14), w} as in (2.3), (2.4) and define the local mesh
width by H; := max{diam(7) | 7 € w/}. Furthermore, let of = LI gnd VIO
as defined in (3.5). There exists 5" € Vif “" such that the approzimation estimate

ol = 3 iy < CLHL TV (L ey m=01 (4.5)

holds.
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Proof. Set

¢ := max {2, [221;;;; log %—‘ } and k:= {(?C_Ogj)—‘ (4.6)

for some co = O(1). Choosing p <— £, { < k, i < {, ¢ < ¢y, and § < O(H;) in the
second estimate of [9, p. 172] yields

ar ~ far E ¢ T — ar
o = /" e < Coli(coz ) IV FI a2y (4.7)

Similarly, choosing p <— ¢, { < k, and ¢ < ¢ in the second last estimate of [9, p.
172] we get

ar ~far 2% T — ar
I/ = "Mz < (o) IVETH 2. (48)

According to the definition of ¢ we have to distinguish the following two cases:

e Case 1: {221:;2 log HLW <2

By definition of ¢ we know that ¢ = 2 and after some simple calculations we
2

see that H; > (i) m' Therefore we obtain

e Case 2: {221::;2 log HL-‘ > 2

Set o := 221;)ng2' Then ¢ = [—alog H;| > —alog H; and furthermore we have

l — 14 d
(C(]g) _ (E 1) < 2—€ _ e—élogQ _ e—[—alogHi] log 2 < H;}zlog2 _ HZ~1+§-
k 20 o)

The assertion follows by combining (4.7), (4.8), (4.9), and (4.10). O

Lemma 4.0.6. Let b; denote the usual nodal basis functions with support w; (cf.
(1.14)) and v/ as well as 6/* as in Lemma 4.0.5. Then the estimate

n
H Z bi<vzfar o ﬁl'faT)
=1

2 n
iy = G 2 [0 - e, @11

holds.
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Proof. Using the definition and the bilinearity of the scalar product and by Cauchy-
Schwarz inequality we get:

far _ ~fa7" far _ ~fa7” far o ~far
sz Vi H(Q) <Zb Zb )>H1(Q)
= Z; (bi(vf — 5, 2; bi(v!™ = ")) 1o

S Z (Hbi(vifar o ~fa7" ||H1 ) ij(vfm" . ,&]far)
=1 j

Hl(wi)>

7j=1
n n n 2
< Z ||bi(vifar N {){ar)Hzl(M) Z H ij(vjf‘lr _ f)far) H1(w-).

i=1 =1 j=1 Z

Set n
g:=>_ bw] — o)
j=1

and for 7 € G

V(r):={ie{l,...,n} | z; vertex of 7}.
Then we have:

ZHgHHl(M > Z 912y < Cs [ 9l = Csllgllin o,
TEG i€V (T TEG

where C3 := max #V (1) (this constant exists since G is assumed to be regular).
TE

Hence,

n n
H Z bi(U{ar—T)lfaT) Z bi(vlfar_ﬁifar)
=1 i=1

and the claim follows from the last inequality. 0

n

2
< C!
Hl(Q) - 3 Z

bi<U{ar . 1~}ifa7“) Hi{l(wz)

HY(Q)

Lemma 4.0.7. Let L' be an approzimation of LY computed by a Galerkin dis-
cretization with a conforming finite-dimensional subspace V- C H (), fI“*" as in
(4.3), Psf is the L*-orthogonal projection of f onto S, and w; as in (2.3), (2.4).
Then it holds that

7 —1 pneary\||2 KO
VL) 2wy < 2Om||PSf||L2 (4.12)

and _2
IV (L Ps ) 7200 < 20 —— 1 Ps f 11720 (4.13)

0,1

with o as in (1.4), Cq, and Coq as in (1.3), and K depending on the spatial
dimension (cf. Lemma 6.1.1, Lemma 6.1.2, and Lemma 6.1.3).
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Proof. Using Friedrichs’ inequality and the property (3.3) and because of the fact
that there exists a constant K such that || f“*"||12) < K|[Psf|r2) (cf. Lemma
6.1.1, Lemma 6.1.2, and Lemma 6.1.3) we get

IV (L M2y < IV LT 20
< C‘é,l\li‘lff”’”\lip(m

Cd.
B 0266,1

Caa
Oézgé,l
KCZ,

) P 2 .
i IPsili

£ 110

< 179 1220

<

The inequality (4.13) can be proven analogously. O

Theorem 4.0.8. Let u denote the solution of (1.5). Let the parameters { and k
in the definition of the farfield part of Var (cf. (3.6)) be chosen according to

¢ := max {2, {2211;; log %-‘ } and k= ((jc_ogi)w (4.14)

for some ¢y = O(1), where H; is as in Lemma 4.0.5. Let ta; be the solution of
(3.7) and assume that the condition

Hin 51 (4.15)
18 satisfied, where d is the spatial dimension and n = #Z. Then the error estimate
|u = @arllm@) < CH| fllz2@) (4.16)

holds. Moreover,

N . 1
dim Vyy, < Cqnt® < CyH 4 log™t! o (4.17)

Proof. For f € L?(Q) let u := L~'f. Then, using a triangle inequality, Corollary
4.0.2, and (3.3) we have

lu— L7 Psfllarey < lu— L7 fllmy + 1275 = Psf)ll e

B 1
< —5Cupa + — P ey (418
= acq, If 22 aQ?MHf sfllm-10).  (4.18)

According to [18, inequality 18] there exists a constant Cy such that

If = Psflla—1 < Cal || f]|2()- (4.19)
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Setting C5 := max{Cops, C1} and using (4.18) and (4.19) we get

aQQ

Hu—z_lPSme(Q) < CsH|| fl 2 (4.20)

Define v/ and v as in (4.4). By Lemma 4.0.5 we know that there exists
5/ € V/* such that

ar ~ far 2 d_ F— ar
[l — &L | prm ey < CLH; 2 "IV LT 2y m= 0,1, (4.21)

where V" is the space defined in (3.5). Finally, the approximation of u is given

by
U= ZU”W’ + Zb ol € Var.
Applying a triangle inequality, (4.20), and due to (4.4) we get
lu—llm0) < llu—= L7 Psfllay + |1 L7 Psf — llaioy

< CaHl i + || 32 blod ™ — 587 (4.22)
i=1

HY(Q)

Due to Lemma 4.0.6 the square of the second term can be estimated as following:

n
H Z bi(vlfar . ,@fm’)
=1

Applying Friedrichs’ inequality, the Leibniz rule for products, a triangle inequality,
a Holder’s inequality, the fact that ||b;]|zee@w,) = 1, ||Vl oo < %’ and (4.21)
yields

2 n
iy S 6 ; ool = o) oy (423)

ar ~Jjar 1 ar ~Jjar
(o = By < = IV 0] = 507y

C.
2 ar ~Jjar ar ~Jjar

< o (M7 = L) By + 107 (0] = 522, )
C.

S (N L T

- Z

101 o 19 07 = B 3)

2 ar ~Jjar ar ~Jar
< 1(H2H o = L gy + IV = 5 )

< CRHFV (L) )
< CrH V(L) ey (4.24)
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Due to the splitting Psf = fif "+ frear and a triangle inequality we have
IV M ey = IV LT Psf = F)) 2
<2(IV (L Ps )12y + ||V(L P awn) . (425)
Because of (4.24), (4.25), and Lemma 4.0.7 we have:

S I = 5y € CHE Y V(L ) e
i=1

=1

<20 H2+dz IV (LT Psf)[ sy + IV (L7172

=1

", C3, KO
<20 Y (S IPst i + g IPsS )
=1
4in
< ECSH%—dHfH%Q(Q)
By (4.15) we get
Y b (0] — ol LNeN LIt 4.26
ZH (0 = 5wy < OB N fll22@) (4.26)

and the assertion (4.16) follows combining (4.22), (4.23), and (4.26).
For a proof of (4.17) see Remark 2.3.3(i). O

@)
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Chapter 5

On Assumption 4.0.1

To prove the linear approximation property of the Galerkin approximation in the
space V4 we had to assume that the differential operator L satisfies the condition

LT =l
sup  inf
rez@\o3 e’ Il

S Capw H

(cf. Assumption 4.0.1). We recall that no periodicity assumption was imposed on
the diffusion matrix A. Also in [27] and [21] a non-periodic setting is considered.
Whereas in [27] the coefficient is assumed to be smooth but highly varying, in
[21] the case of a general L*>°-coefficient without any smoothness assumptions is
investigated.

In this chapter I will summarize the theory and results presented in [27] and [21] in
order to give a comparison to the result stated in Theorem 4.0.8. In both papers
problem (1.5) is considered and the diffusion matrix A is assumed to be uniformly
elliptic, i.e. A satisfies (1.4).

5.1 Theory and Results of [27]

In [27] a regularity theory for elliptic problems has been developed for smooth
but highly varying diffusion matrices. The coefficient is allowed to oscillate on
very different scales and the distribution of these oscillations is not assumed to be
periodic. Using weighted Sobolev norms (cf. Definition 5.1.13) all the constants in
those regularity estimates are independent of derivatives of A, i.e. the constants
are independent of the scales of the oscillations. They only depend on global lower
and upper bounds of the diffusion matrix, more precisely on the constants «, S
defined in (1.4).

In this section I will only point out the main results presented in [27].

5.1.1 Oscillation Adapted Sobolev Norms

In order to give the main regularity result, we need to define some properly weighted
Sobolev norms. For this purpose an oscillation adapted partition of 2 has to

29
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be constructed. Besides fulfilling condition (1.4), A is assumed to satisfy A €
CP(Q, RExT) for some smoothness parameter p € N.
In the following definition the smoothness of the coefficient is quantified relative to

subdomains of €.

Definition 5.1.1 (Oscillation condition). Let A € CP(Q,R¥?) for some p €

sym

N. A subset w C Q fulfills the oscillation condition of order p if

osc(A,w, p) := max L diam w)?||V2A|| poo(w) ¢ < 1. 5.1
(A,w,p) { )

1<q<p L ¢!

The above definition can be extended to the case p = oo by replacing ax by sup.
q=p qeN

Remark 5.1.2. The oscillation condition is fulfilled if and only if

1 1/
diamw max {(—HV‘]AHLoo(w)) q} <1 (5.2)
1<g< q'

>p

Moreover, (5.2) implies that w resolves the scales of VA in the sense that diamw <
HVAHZ&O(M) holds.

In the next step a density function H, 4 : € — (0, 00) is constructed. This function
measures the ”variation” of the regularity for problem (1.5) from a standard Poisson
problem and will depend on the smoothness parameter p. The constuction is as
follows. We subdivide some bounding box @ D 2 into hypercubes such that the
oscillation condition is satisfied for every such cube. A cube Q = {z € R? :
|z — cgllee < Rg} is represented by its center c¢g and its radius Rg (its halved
width). For any parameter p > 0,

B,(Q) = {a € RY: 2 — cqll < pRQ}
defines a p-scaled version of the cube (). Clearly, B;(Q) = Q.

Algorithm 5.1.3 (Oscillation adapted covering). Let Qo D Q be some closed
bounding box of Q). For p € N, a subdivision Q = Q,(A) of Qo into closed cubes is
defined by:
Q= {Qo}, Q*:=10
while Q* # Q do
Q" :=Q
for Q € Q" do
if osc(A, B2(Q) N, p) > 1 then
Q is subdivided into 2% disjoint, congruent cubes qi, ..., Qs and
Q= (\Q)U{aq, ..., qa}
end if
end for
end while
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Concerning the local quasi-uniformity of the subdivisions Q,(A) the following ob-
servation is important.

Proposition 5.1.4. There exists Cy; € N depending only on d such that for all
Q € Q,(A) and for alln € [0,1] it holds

#{P € Qp(A) : |PN B1y(Q)] > 0} < CorMa(n),
where My (n) = log(1 —n) and My(n) = (1 —n)=4 if d > 2.

The proof can be found in [27, Proposition 3.6.].
A density function can now be defined by the local element size in Q,(A).

Definition 5.1.5 (Oscillation adapted density). Let Q,(A), p € N, be some
covering of €2 generated by Algorithm 5.1.3. Then Q,(A)-piecewise constant func-
tions Hy 4 : UQ,(A) — (0,00) are defined by

H, a(x) := min{diam(Q) : Q € Q,(A) withz € Q} forxz € UQ,(A).
The function H, 4 contains important information of the diffusion matrix A for
higher order regularity estimates. Since the construction of Hy, 4 via subdivisions
into (overlapping) cubes is not appropriate for the representation of the geometry
of 2, a regular finite element mesh is constructed. The distribution of the simplices
in this mesh is controlled by the oscillation adapted density Hy, 4.
First an initial coarse mesh that resolves the geometry is introduced. This mesh is
then refined according to the oscillations of the coefficient.

Definition 5.1.6 (Macro triangulation, refinement, parametrization)

a) We assume that there exists a polyhedral (polygonal in two dimensions) do-
main Q0 along with a bi-Lipschitz mapping x : Q@ — Q. Let T™oeo = {[E’i’”“”o :
1 < i < q} denote some conforming finite element mesh for Q consisting of
simplices which are reqular in the sense of [13]. T™*° is considered as a
coarse partition of S, i.e., the diameters of the elements in T™<° are of
order 1. We assume that the restrictions x; := X|jgmacro are analytic for all
1 <i<gq. The macromesh for Q is then given by

Jmacro . _ {K — X(Rmacro) : [’{'macro c 7-macro}.

b) Using the macromesh as the initial mesh we introduce a recursive refinement
procedure REFINE. The input of REFINFE is a finite element mesh T, where
some elements are marked for refinement, and the output is a new conform-
ing finite element mesh T/ in the sense of [13]. The output is derived by
refining the corresponding simplicial mesh T in a standard way (e.g., in two
dimensions, by first connecting the midpoints of the marked triangle edges
and then eliminating hanging nodes by some suitable closure algorithm). The
resulting mesh is denoted by Trefine = {R’i : 1 <i < N}. The corresponding
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finite element mesh for Q is denoted by T/ = {K = x(K) : K € Trefine}.
As a simplifying assumption on the refinement strategy we assume that the
elimination of hanging nodes causes refinement of nonmarked triangles only
in the first layer around marked triangles. In certain cases this strategy gen-
erates meshes with some “flat” triangles, i.e., the constant measuring the
shape-reqularity of the mesh increases.

c) There ezists an affine bijection Jg : K — K which maps the reference element
K = {z € ([0,00)%: % 2, < 1} to the simplex K for any K = x(K) €
T, where T s derived from T™*° by repeated application of REFINE. A
parametrization Fy : K — K can be written as Fyx = Rk o Ji, where Jg is
an affine map and the maps Rx and Ji satisfy for constants Cyffine, Cmetrics
v > 0:

"J}("Lm(k) < Cajfine diam(K),
1(T5) ™l poe (i) < Cag pine diam(K) ™,
”(R}()_IHLOO(}%) < Chetric;

”VnRKHLoo(K) < Chetricy™n!  forn € Ny.

(5.3)

Using the density function H, 4, the oscillation adapted finite element meshes can
be constructed by successively refining the macromesh as follows.

Algorithm 5.1.7 (Oscillation adapted finite element mesh). Let 7™ be
a subdivision of Q in the sense of Definition 5.1.6 and let p € N. A subdivision
T,(A) of Q that reflects the regularity of the coefficient is defined by the following:
T = Tmacro
forq=1,2,...,p do
M =T
while M # ) do
M :={K e T :diam(K) > gél}f(l Hya(z)}
T =REFINE(T, M)
end while
end for

Notation 5.1.8. If an element K € T 1is refined during Algorithm 5.1.7, the
resulting new elements Ki,..., K/, (m € N) are called sons of K, denoted by
sons(K). Correspondingly, K is said to be the father of Ki,..., K, .

Remark 5.1.9. 7,(A) has analog properties as the mesh Q,(A) - it also satisfies

Proposition 5.1.4. Moreover, it is a simplicial finite element mesh (cf. Definition
1.3.1).

Definition 5.1.10. For K € T and p > 1, some scaled neighbourhood of K is
defined by

K= {zeR':Gye K : |y—a| < gdiam(K)}.
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Remark 5.1.11. Let K € T,(A) and Q € Q,(A), for some p € N, be given
such that K N Q # 0. Then, depending on the actual realization of the procedure
REFINE, there exists a constant 0 > 0 such that

0 diam(Q) < diam(K) < diam(Q). (5.4)
Lemma 5.1.12. For all K € T,(A) with diameter hx the lower bound

qu oo * 1/ -1
i > emin {7, max {(—“ = )N
1<q<p q!

holds with a constant T that represents the minimal mesh size in the initial macromesh
Tmacre (cf. Definition 5.1.6) and with a constant ¢ > 0 that depends only on the
shape parameters in T™*"° and, through (5.4), the procedure REFINE; K* := K¢
denotes the C-scaled version of K (cf. Definition 5.1.10), where the constant C
depends only on the shape parameters in T™*"° and the procedure REFINE.

The proof can be found in [27, Lemma 3.12].

Finally, we introduce some properly weighted (mesh-dependent) Sobolev norms.

Definition 5.1.13 (Oscillation adapted Sobolev norms). Let 7,(A), p € N,
be the subdivision of Q0 generated by Algorithm 5.1.7. A weighted seminorm |- |,+1.4
in HPTY(Q) is defined by

1 )
lpera =5 [ D2 diam (K2 Tl
KeTp(A)

while corresponding full norms are given by

p+1
lullpsr,a = | lelZ gy + D lul? 4.
(=2

5.1.2 Main Regularity Result

The following theorem states the main result concerning the regularity estimates
in weighted Sobolev norms:

Theorem 5.1.14. Let A € CP(Q,R%<4) satisfy (1.4) for some p € N, and assume
f € HP7Y(Q). The corresponding solution of (1.5) is denoted by u. Further assume
that the mesh T,(A) is generated by Algorithm 5.1.7. Let the boundary OS2 be of

class CP. Then the solution satisfies u € HP*H(Q) and the estimate
[ellps1,a < CroCLyl| f 1] mo-1(0), (5.5)

where || - ||p+1,4 1s the oscillation adapted Sobolev norm as in Definition 5.1.13. The
constants Ciy and Cyy are independent of p and the variation of A but depend on «,
B as in (1.4), on Cy (cf. Proposition 5.1.4), on the constants in Definition 5.1.6
(c), on the spatial dimension d, and on the geometry of the domain Q) through its
diameter and the constants describing the reqularity of the boundary Of).
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The proof is based on local interior regularity estimates and can be found in [27,
Theorem 4.1].

5.1.3 Oscillation Adapted Finite Elements

As an application of the above regularity estimates, problem-adapted hp-finite
elements have been developed and error estimates for Galerkin hp-finite element
discretizations of (1.5) have been derived in [27].

Let 7,(A) be generated by Algorithm 5.1.7 and assume that the mesh 7, is a
refinement of 7,(A) according to Definition 5.1.6 and satisfies (5.3) with moderate
constants.

The hp-finite element space for the mesh 7, with polynomial degree p is given by

SPi={ue Hy(Q) |YT €Ty, : u,oF, €P},

where F} is as in Definition 5.1.6 (¢). Furthermore, the Galerkin discretization of
(1.5) reads: Find u} € S} such that

a(uh,v) = F(v) YveSy. (5.6)

According to the Lax-Milgram Theorem (cf. Theorem 1.2.2) the Galerkin solution
exists and is unique. Moreover, Céa’s lemma (cf. Lemma 1.3.6) implies the quasi-
optimal error estimate

1
u— u? < Zinf |lu — v )
o= ey < 3 inf lu = ol

In order to get explicit convergence estimates in terms of h and p the construction
of an hp-interpolation operator plays an essential role.

Theorem 5.1.15. There exists an interpolation operator 11, : HP™(Q) — SY

such that "
K\P
Ju = Mgl < Cape (=) llullioesag

holds for all K € Ty. The constant Cqp, depends only on the constants in (5.3)
and is independent of p, u, K, and the diameter hy := diam(K).

A construction for the interpolation operator 1I;, and the proof of the theorem
can be found e.g. in [7, Lemma 4.5], [26, Lemma 17].

The error estimate for the Galerkin solution can be obtained by the combination
of Theorem 5.1.15, Theorem 5.1.14, and Céa’s Lemma (cf. Theorem 1.3.6).

Theorem 5.1.16. Let the assumption of Theorem 5.1.14 be satisfied. Let the hp-
finite element discretization be as in (5.6). Then the Galerkin solution uy exists,
18 unique, and satisfies the error estimate

< CIO Capx
(e/6%

v — unl 1) < (Crahers) 1 f | mo-1(02) (5.7a)
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where

(“qu“Loo(K*))l/(I)

hefs := max {(1 + max J

KeTy(A) 1<q<p

max hK/} (5.7b)

K’esons(

with K* and ¢ as in Lemma 5.1.12.

The proof of the theorem can be found in [27, Theorem 5.2].

Corollary 5.1.17. Let the assumption of Theorem 5.1.16 be satisfied. Assume
that the coefficient A satisfies

1 C
aHVqAHLOO(Q) < = (5.8)

for some (small) € > 0 and for all 1 < q < p. Let p and h be chosen such that

log h

P = ’VW-‘ and Clgh <€

holds. Then the Galerkin discretization with the corresponding hp-finite element
space Sy has a unique solution wy, which converges linearly:

o = wnllin oy < CAILf e, (5.9)
where C' is independent of €, h, and f.

The assertion follows using (5.7) and (5.8) (cf. [27, Corollary 5.3]).

Remark 5.1.18. If the assumptions of Corollary 5.1.17 are satisfied and we set
V = SV, then Assumption 4.0.1 is satisfied.

5.2 Method and Results Presented in [21]

Another approach which is quite similar to the method described in Chapter 3
has been presented in [21]. As in the present report, this article considers elliptic
problems with a general L* diffusion matrix without any periodicity assumptions.
For this problem class, local generalized basis functions have been constructed via
solutions of local problems on vertex patches.

In the following I will briefly summarize the method which has been developed in
[21] and sum up the main error estimates presented there.

5.2.1 Construction of the Local Basis Functions

The goal is to construct a set of local basis functions for the multiscale problem
(1.5). The construction is based on a regular finite element mesh 7 of € into closed
triangles (d = 2) or tetrahedra (d = 3). After the presentation of some properties
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of quasi interpolation, a modified (coefficient dependent) nodal basis is introduced
which is then localized.

Let T ={r : 1 <i< N} be a regular finite element mesh (cf. Definition 1.3.3)
and the space S as defined in (1.13). Moreover let N be the index set of interior
vertices of T. For every index i € N let b; € S denote the usual nodal basis func-
tion with support w; (cf. (1.14)). Further let H : Q — R denote the T-piecewise
constant mesh size function with H|, = diam(r) := H, for all 7 € T.

The key tool in the construction of the local basis functions is some bounded linear
(quasi-)interpolation operator Jy : H}(Q2) — S. Its choice is not unique and a
different choice leads to a different multiscale method. We will use the following
modification of Clément’s interpolation [14] which is presented and analyzed in [12,
Section 6]. Given v € H}(Q), we define a modified Clément operator Hi(Q) — S
by

Jnv =Y (Inv)(z:)bi, (5.10)

T

ieN

where the nodal values are given by

(Tpv)(z;) == (/vbﬂx)/(/bidx) fori e NV.

Note that the summation is taken only with respect to the interior vertices. There-
fore this operator matches homogeneous Dirichlet boundary conditions.

The following lemma characterizes the local approximation and stability properties
of the interpolation operator Jy.

Lemma 5.2.1. There ezists a constant Cs,, such that for all v € H}(QY) and for
all 7 € T it holds

H M o = 3l eai) + V(0 = Igv)llee) < Coy IV 22wy (5.11)

with wy, == U{T € T | 7NT # 0}. The constant C5,, depends only on k (cf.
(1.12)), but not on diam(7).

The proof can be found in [12, Lemma 6.2]. In [21, Lemma 1] the following lemma
is shown:

Lemma 5.2.2. There exists a generic constant C5 = which only depends on k (cf.
(1.12)) but not on the local mesh size H, such that for all w € S there exists
v € H}(Q) such that

Ju(w)=u and ||AY*Vv| 129 < C§H||A1/2Vu||L2(Q) and suppv C supp u.
(5.12)
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Remark 5.2.3. In what follows the interpolation operator (5.10) can be replaced
by any linear bounded surjective operator that satisfies (5.11) and (5.12).

Let Jy : HY(Q) — S be as in (5.10) and define the space
ST={ve H}(Q) | Igv =0}

The space S/ represents the microscopic features of HZ () that are not captured
by S. Furthermore, for v € S we define a fine-scale projection operator § : S — S/
by

a(Fv,w) = a(v,w) Yw e 7, (5.13)

where a(-,-) is as in (1.5).
We set S™* := (S — FS). The operator § leads to an orthogonal splitting with
respect to the scalar product a

HY(Q) = S™ @ S,

i.e. every function u € H}(Q) can be written as u = u™ + u/, where u™ € S™,
u/ € S7, and a(u™,u’) = 0. The space S™* can be regarded as a modified coarse
space, since dim S™° = dim S. The corresponding Galerkin method for problem
(1.5) reads: Find u™* € 8™ such that

ms

a(u™ v) = F(v) YveS™. (5.14)
A basis of S™* is given by the set of modified nodal basis functions
{bi— i |1 € N}, (5.15)
where ¢; := §b; € S7, i.e. by (5.13) ¢; satisfies
al¢s, w) = a(b;,w) Yw e S7. (5.16)

The functions ¢; usually have global support and therefore the basis functions
defined in (5.15) also have global support and thus are of limited use in practice.
In the next step, these basis functions will be localized. This can be done by
a simple truncation, since ¢; decays exponentially away from the vertex z; (cf.
Lemma 5.2.7).

Remark 5.2.4. The construction of basis functions as in (5.15) and (5.16) is first
introduced in [19] and [20] in a variational multiscale framewortk.

Let £ € N and define patches of k-th order around w; by
Wik = Wi k-1
with w; . as in (2.3). For an index i € N we define the localized fine-scale spaces

Sf((:.]i,k> = {U € Sf : U|Q\U~Ji’k = O}
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by intersecting S/ with those functions that vanish outside @;;. The solutions
¢,‘7k € Sf(@i7k) of
a(pip, w) = alby,w) Yw € ST (@)

are approximations of ¢; from (5.16) with local support. The localized multiscale
finite element spaces are defined by

S = span{b; — ¢ix | i € N} C Hy ().

The corresponding multiscale approximation of (1.5) is given by seeking u** € S;**
such that
a(upy®v) = F(v) Yve SP. (5.17)

Remark 5.2.5. Note that for the dimension it holds dim S = |N| = dim S.
Hence, the number of degrees of freedom of the method (5.17) is the same as for
the classical method (1.15). The basis functions spanning the space Si** have local
support. Their overlap is proportional to the parameter k. The error estimates of
Subsection 5.2.2 show that k should be chosen proportionally to O(log %)

5.2.2 Error Estimates

This subsection is devoted to the error analysis of the multiscale method which has
been described in the previous subsection. In a first step an error bound for the
idealized method (5.14) is presented. Then the error of truncation to local patches
is analyzed and finally, the main result, i.e. an error bound for (5.17), is stated.
The error analysis below depends as usual on the shape-regularity constant  (cf.
(1.12)).

The following lemma shows that the idealized method (5.14) converges linearly.
Lemma 5.2.6. Let u € H}(Q) solve (1.5) and u™ € S™* solve (5.14). Then it
holds
1/2 ms 1/2 C’jH
429 (=) lzzy < CHE 22 flle (5.18)

with constants Cy and Cs,, that only depend on k.

For a proof see [21, Lemma 3].

In order to bound the error of the localized multiscale FEM we need the following
lemma which measures the error between ¢; and its approximation ¢; ¢, € St (Wiox)
in the energy norm. It illustrates that the functions ¢; decay exponentially away
from the vertex x; and therefore the approximation obtained by a simple truncation
makes sense.

Lemma 5.2.7. Foralli € N, k, { > 2 € N the estimate

O ka2
|AY2V (65 — biok) || 220 < Cis (%) CAYAV | 2@

holds with constants C14, Ci5 that only depend on k but not on i, k, £, or H.
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The proof can be found in [21, Lemma 6].
Furthermore, the following lemma plays an essential role for the error bound of the
localized multiscale FEM.

Lemma 5.2.8. There is a constant Cyg that depends only on k and B/, but not
on |N|, k, or £ such that

429 (3 oo = ua)| , < Crstth) "3 AV (6 - il

x;
ieN ze/\/

For a proof see [21, Lemma 7].
The following theorem gives an error estimate for the localized multiscale FEM.

Theorem 5.2.9. Letu € H}(Q) solve (1.5) and, givent, k > 2 € N, let uji* € Sp
solve (5.17). Then

ms C
HAI/QV(U_UL% )||L2( T

C
O 082 (S2) = Py + 2N e
holds with Cy4 from Lemma 5.2.7 and a constant C7 that depends on 5/c, and k
but not on H, k, ¢, f, or u.

The proof can be found in [21, Theorem §].

5.2.3 Computation of the Localized Basis Functions

In this subsection it is shown how the numerical approximations of the local basis
functions b; — ¢; ¢ and thereby also of the multiscale solution wuj;’ can be com-
puted. In order to approximate these local basis functions, the error analysis of the
previous subsection needs to be extended to a fully discrete setting. The compu-
tation of the approximations is assumed to be done using subgrids of a fine-scale

reference mesh which is a (possibly space adaptive) refinement of the coarse grid 7.

Let 7;, be the result of one uniform refinement and several conforming but possibly
non-uniform refinements of the coarse mesh 7. Let h : @ — Ry be the 7p-
piecewise constant mesh size function with h, := h|, = diam(7) for all 7 € Tj,.
Define the finite element space

Sy = {u € H}Q) | VT € Th, ul, € P}

and let u;, € S, solve
a(up,v) = F(v) YveS, (5.19)

with a(-,-) and F(-) as in (1.5). Locally on each patch we let

S (@ix) == {v € S | Tyv =0 and vlovg,, = 0}
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Then the numerical approximation gb? L €S ;:(szk) of the corrector ¢! is defined by
a(¢), w) = a(bj,w) Vw € ST (@ir).
The discrete multiscale finite element space is given by
Syl .= span{b; — ol | i€ N

The corresponding discrete multiscale approximation u?s’h € S,Ts’h is determined
by
a(u]*" v) = Fv) Yve S (5.20)

The error between the exact solution and the discrete multiscale approximation
can be bounded as follows:

Theorem 5.2.10. Let u € H}(Q) solve (1.5) and let u)™" € S™" solve (5.20).
Then

ms, A — C
47290 — iy <Coll i @252 7 il
e
| ey + 1429 )

Proof. By the triangle inequality it holds that

1AY2V (u = ™) 120y NAY2V (u = un) | r2g) + [AY2V (= ui™") |20
4 HA1/2v(uz’LS,h . ms h)HLQ
The same arguments as in the proof of Theorem 5.2.9 can be applied replacing

H}(Q) by Si. In order to bound the last two terms one can use Lemmas 5.2.11,
5.2.12; and 5.2.13 below (cf. [21, Theorem 10]). O

Lemma 5.2.11 (Discrete version of Lemma 5.2.6). Let u;, € Sy, solve (5.19)
and u]"*" € S solve (5.20) with k large enough so that &y, = Q for all i € N.
Then

C!
AV = )2y < Cof* =N H f L2
holds with constants C,; and Cy,, that only depend on K.

The proof can be found in [21, Lemma 15].

Lemma 5.2.12 (Discrete version of Lemma 5.2.7). Foralli e N, k,{>2 €
N the estimate

e
142906t — df) ey < Cus( ) 7 14206t s

holds with constants Cis, Cha that only depend on Kk but not on 1, k, ¢, h, or H.
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The proof can be found in [21, Lemma 17].

Lemma 5.2.13 (Discrete version of Lemma 5.2.8). There is a constant Cyg
depending only on k and 3/, but not on |N|, k, or £ such that

4729 (3 otweh — o)), < oot SR @IA T (6!~ )y

2
- L2(Q
Z; Zq
ieN iEN
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Chapter 6

Appendix

6.1 Estimates of || f/“""[| 2 in Terms of || Ps f|| ;2o

Let G := {7, : 1 < i < N} be a regular finite element mesh (cf. Definition 1.3.3)
and S :={u € Hy(Q) : VT € G : u|, € P1} be the space of continuous, piecewise
linear finite elements. Moreover, let Psf : L*(©) — S denote the L*-orthogonal
projection onto S. We define

=" (Psf)sby, (6.1)

jel'inear‘

where (b;)}_; denotes the usual local nodal basis of S, (Psf); := (Psf)(x;) with
nodal point x; corresponding to b;, and Z7**" is the nearfield defined in (2.5).

Lemma 6.1.1 (1d). Let Q C R be a bounded Lipschitz domain, f € L*(Q), and
frear be defined as in (6.1). Then the estimate

1 2y < VB3I Psflr2
holds.

Proof. Let G := {r; : 1 < i < N} be a regular finite element mesh. Since G is a
N

partition of , i.e. @ = |J 7, we have!

j=1
N
H near” 2 Z near”LQ(Tj)‘ (62)
Let 7 := [0,1] be the unit interval and 7 := [a,b] € G such that diam(7r) =
max {diam(7;) : 7; € G}. Define a linear map F, : 7 — 7 by

1<j<N

F.(z):=(b—a)x + a.

!Note that only O(1) summands on the right-hand side of (6.2) are non-zero.

43
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F, transforms 7 into 7 and its inverse F.-1 : 7 — 7 is given by

b—a’

Let by, b; denote the usual nodal basis functions on 7. Then the hat functions on
T are given by

By definition of Psf we have
Psfl, = Kopo(y) + Ki¢1(y) with Ko = Psf(a) and K; = Psf(b).

Let M, be the matrix such that (m;);; = (¢s, ¢;)r2(r). If we denote the length of
7 by ¢, then M, is given by
¢ [(2 1
My =5 <1 2>

and the eigenvalues of M, are Apee = £ and A\pin =

2
Furthermore, it holds that

L
G

1Ps fll72() = (I, M:K)2(r), where K = (Ko, K1)"
and
Hfl-”e”H%z(T) = (K, MTK'>L2(T), where K = (Ko, K1)" and K,, € {0, K,,,} for m = 0, 1.
Hence,

L ey = (K K M) 2y < Al Kl G2y < Amas | K12 r)

>

< K, MK ) 120y = 3] Ps fl[72(r) -

Thus from the last inequality we obtain
£ 12ty < V31 Ps Sl 2r)- (6.3)
Combining (6.2) and (6.3) yields the assertion. O

Lemma 6.1.2 (2d). Let Q C R? be a bounded Lipschitz domain, f € L*(Q), and
frear be defined as in (6.1). Then the estimate

17 N 2 < 2||Psfllz20)-

holds.
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Proof. Let G := {7, : 1 <i < N} be a regular finite element mesh. Furthermore,
let 7 := {(x,y) € [0,1]* |z + y < 1} be the unit triangle and 7 € G a triangle with
vertices 21, 29, 23 € R? such that diam(7) = 1r<n§i>]<v{diam(7j) : 7; € G}. We define

<j<

an affine map F, : 7 — 7 by
Fo(z,y) =21+ (2 — 207 + (23 — 21)y = 21 + Jo(2,9)",

where J, = (22 — 21|23 — 21) € R?*2. We set (£,1)" = F.(x,y). The usual nodal
basis functions on 7 are given by

¢1(§7 T]) - bl(F_1(€77]>>
¢2(f>77) = bZ(Fil(Evn»
¢3(§777) = bS(F_1(€777))7

where by, by, bg denote the hat functions on 7, i.e. by(z,y) =1 —x —y, ba(x,y) =

z, by(z,y) = y.
Assume that Psf(z1) = K1, Psf(22) = Ky and Psf(z3) = K3. Then by definition
of Psf it holds that

Psflr = Psf(z1)01(§,m) + Psf(22)02(&,m) + Psf(23)03(&,m)
= Kiby (F7H(€,m)) + Kabo(F7 (€ m)) + Ksbs(F1(E, ).

Let M. denote the Gram matrix of the scalar product (-,-)r2(n), i.e. (m;)y; =
J{Di(&,m), 6;(€,m)) r2(rydEdn. Due to the formula for the change of variables we
obtain

/<¢¢(€,n),¢j(£,?7)>L2<T>d£dn = /(@(Ff(x,y)),d)j(Ff(l’,y))>L2<+>d€tde:vdy

= /(bi(a:, Y), b;(x,y)) L2(s)det S dxdy

= detJT/<bz-(ac,y),bj(x,y))Lz(f)d:z:dy

== detJT(ﬁ’L;—)i’j.

Here M; is the mass matrix for the unit triangle. We denote the area of 7 by |7].
Since |7| = idetJ,, M, is given by

7| 2 11
M, = D) 1 21
11 2
The eigenvalues of M, are A\ = Ay = % = Amin and A3 = % =: Maz-
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Moreover,
1Psfll72¢ry = (K, My K) 2y,  where K = (Ky, Ky, Ks)"
and
Hf;waTH%?(T) = <[~(7 MTK>7 where f( = (f(la K?a RS)T and f(l < {07 Kl}a 1=1,2,3.

Thus we have

HfineaTH%%T) = < ~,M7f(> < >‘maw||f(||2 < )‘ma:c”KHQ
)\ma:v
S (K, M. K) = 4| Ps f|[72(r)-

And therefore
1 N2y < 2| Psfll2(r)- (6.4)

Since the estimate

N
1A 2@y < DI z2ry)
j=1
holds (see also footnote 1 on p. 43) the claim follows from (6.4). O

Lemma 6.1.3 (3d). Let Q C R? be a bounded Lipschitz domain, f € L*(Q), and
frear be defined as in (6.1). Then there ezists a constant © such that the estimate

1“2y < Ol Psfllr2 @)

holds.

Proof. Let 7 be the unit tetrahedron, i.e. the tetrahedron with vertices (0,0, 0),
(1,0,0), (0,1,0) and (0,0,1). For a tetrahedron 7 € G with vertices z1, 29, 23, 24 €
R? the affine map F, : 7 — 7 defined by

FT(:C7 Y, Z) =2+ (ZZ - Zl)x + (Z3 - Zl)y + (24 - 21)2 =21+ J.,-(LC, Y, Z>T7
where J, 1= (29 — 21|23 — 21|24 — 21) € R**3) is a transformation from the unit
tetrahedron into an arbitrary tetrahedron 7 € G. Using the fact that the nodal basis
functions on 7 are given by by (z,y,2) =1 —x —y — 2, bo(x,y,2) =z, bs(z,y,2) =
Y, by(z,y,2z) = z and applying the same arguments as in the proof of Lemma 6.1.2
the assertion follows. O

Remark 6.1.4. The condition number of the local mass matrix M, for general
simplicial finite elements of degree p depends on the choice of basis functions as
well as of the choice of the nodal points. For further details we refer the reader to

[23].
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