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There is given a sharp existence, uniqueness, and continuity theorem for quasilinear
parabolic evolution equations, based on the concept of maximal Sobolev regularity.
Its power is illustrated by applications to some model problems which are nonlocal
in space and/or time.

Introduction

In this paper we consider quasilinear parabolic evolution equations of the
form

i+ Aw)u = f(u)in J, u(0) = u, (1)
where J := Jg, :=[0,7p) for some fixed positive Tp. We study (1) un-
der maximal regularity assumptions on the leading part d; + A(u) which,
roughly speaking, say that, given any v in a suitable function space W(J)
on J, the linear problem

dyw + A(v)w = f(v) in J, w(0) =0

has a unique solution w = w(v) € W(J). Clearly, a fixed point of the map
v +— w(v) is a solution of (1). Fixed point arguments of this type are, of
course, omnipresent in the study of evolution equations of type (1). The
new feature of our work, which distinguishes it from all previous investiga-
tions, is that we assume that W(J) is a maximal regularity space and that
A(+) is only defined on W(J). In all the works published so far, it is always
assumed that the domain of A(-) is a larger space than W(.J) on which the
problem is relatively easy to handle. Our approach gives great flexibility in



2 Herbert Amann

applications. In particular, we can deal with parabolic problems which are
nonlocal in time, for example, with retarded equations, where the time lag
occurs in the top order coefficients via nonlinear dependence on the solution
at an earlier instant.

In the following section we give precise definitions and formulate the
main abstract theorem. The rest of this paper is devoted to applications to
a variety of nonlinear local and nonlocal parabolic initial boundary value
problems, demonstrating the power of our abstract work.

1. Abstract theory

Let Ey and E; be Banach spaces such that Ej <, FEy and suppose that
1 <p<oo. Put

W2 (J) == W (J, (B, Eo)) := Ly(J, E1) N W, (J, Ey).
Then
B e Ly (J, ,C(Eh Eo))

possesses the property of maximal L, regularity on J with respect
to (F1, Ep) if the map

W, (J) = Lp(J, Eo) x B, u (i+ Bu,u(0))

is a bounded isomorphism, where the overdot denotes the distributional
derivative on J, and E is the real interpolation space (Eo, E1)1/, - Since
(e.g., Theorem I11.4.10.2 in [1])

W () < O(7. B), @)
u(0) is well defined. The set of all such maps B is denoted by
MRP(J) = MRP(J, (E17E0)) .

We also write MR := MR(FE1, Ey) for the set of all C € L(E, Ey) such
that the constant map ¢ — C belongs to MR, (J). Since the latter property
is independent of p and the (bounded) interval (e.g., [2]), this notation is
justified.

We are interested in the quasilinear evolution equation (1). By a solu-
(Jr) satisfying (1) in

tion on Jp, where 0 < T < T}, we mean a u € W; loc

the sense of distributions on Jp or, equivalently, a.e. on Jp.

Henceforth, we write C'~ for spaces of locally Lipschitz continuous maps,
and C!- if the Lipschitz continuity is uniform on bounded subsets of the
domain (which is always the case if the latter is finite dimensional).
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Due to (2) it is natural to assume that
(A, f) € CY(E,L(Ey, Ey) x E). (3)

Indeed, this type of assumption has been used in practically all investiga-
tions. In particular, Clément and Li [3] were the first to study (1) — in
a concrete setting — by imposing the maximal regularity hypothesis that
A(e) € MR for each e € E. Recently, Priiss [4] has extended this method
to a nonautonomous abstract setting.

An assumption like (3) uses only part of the information contained in
the statement: u € WI}(J ). Consequently, it imposes stronger restrictions
on (A, f) than the hypothesis that this map be defined on W} (.J), which,
after all, is the space in which solutions live.

Considering a map

(A, f) : W) (J) = Loo(J. L(E1, Ey)) x Ly(J, Eo)

we say that it possesses the Volterra property if, given u € W;(J ) and
0 < T < Ty, the restriction of (A4, f)(u) to Jr depends on u|Jr only. Now
we can formulate our main result, whose proof is found in [5].

Theorem 1.1. Suppose that

e Ac Cl'(WI}(J),MRp(J));

o f—f(0)eCH(Wi(J),Lr(J,Ep)) for some 1€ (p,o], and
7(0) € L(J, Ey);

o (A, f) possesses the Volterra property;

e’ cE.

Then:

e there exist a mazimal T* € (0,Ty] and a unique solution u of (1)
on J* = Jpx;

o the map (A, f,u®) — wu is locally Lipschitz continuous with respect
to the natural Fréchet topologies of the spaces occurring above;

o ifuc W (J*), then J* = J, that is, u is global.

The following proposition gives two important sufficient conditions for max-
imal regularity in the nonautonomous case.

Proposition 1.1.

(i) If Be C(J,MR), then B € MR,(J).
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(i) Let
VL H LV be real Hilbert spaces and let B € Loo(J,L(V, V"))
be such that there exist constants o > 0 and 3 > 0 with
(v, B(t)v) + B|vF > a3 aa.ted, veV,

where (-,-) : V. x V' —= R is the duality pairing. Then B belongs
to MRy (J,(V,V")).

Proof. (i) has been shown in [6] by constructing an evolution family.
A simple direct proof is given in [2].

(ii) is a consequence of the well known Galerkin approach to evolution
equations in a variational setting, essentially due to J.-L. Lions (see [5] for
details). O

2. Parabolic boundary value problems: weak settings
Throughout the rest of this paper we suppose (at least) that

e () is a bounded Lipschitz domain in R", where n > 2; ()
e TI'( is a measurable subset of its boundary IT".
We put T’y :=T'\Ty and denote by x : I' — {0,1} the characteristic func-
tion of I'y so that I'; = xy~'(j) for j =0,1. The pair (€, x) is said to be
regular if I' is a C? manifold and y is continuous. Note that then Ty
and I'; are open as well as closed in T'.
1

The trace operator for ' is denoted by v, and v = (v*,..., ") is the
outward unit normal. Moreover,

(u, ) ::/de:c, (6, ¥)r ::/Fgo'wdo

with do being the volume measure of I', whenever the right hand sides
are well defined. We also set @ :=Qx J and ¥ :=T1 x J, as well as
Ej Z:F]‘ XJfOI‘j:O,l.

For 1 < ¢ < oo we put

Hyp={ueHi(Q); 1-x)yu=0}={uecH(Q); ullo=0}
and

Hog:=(Hyp),

where the dual space is determined with respect to the duality pairing nat-
urally induced by (-, -). If T is a nontrivial interval and 1 < p, ¢ < oo, then

Hyig(D) i= Wy (1, (Hy g, H, )
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and Hyd = Hy4(J). Moreover, H'!(I) := H;%(I) and Hp = HJ 5.
If (Q, x) is regular and 1 < r < oo, then we put

{ueB; (Q); 1-x)yu=0}, /g<s<1,
B;,T7B = B;,T‘(Q)? —1+1/q<5<1/q’
(B,5, (), “1<s<-—1+1/q,

where By (€2) are the usual Besov spaces on (2 and the dual space is again
determined by (-, -). Interpolation theory implies

(Ho s H gy = B4 2/p+1/a¢ {1,2}, (5)

where = means: equal except for equivalent norms.
If only assumption (4) is imposed, then

(Hg', Hp)1/2,2 = La(Q) = B3() =: By o . (6)
Hence, by the trace theorem (e.g., Theorem II1.4.10.2 in [1]),
- 51-2
Hya(D) = Co(T, By, %") . 2/p+1/a¢{1,2}, (7)

provided (€2, x) is regular if (p, q) # (2,2), where Cy is the space of contin-
uous functions vanishing at infinity.
We shall apply Theorem 1.1 to quasilinear initial boundary value prob-
lems of the following prototypical form:
du+ Alwyu = f(u) i Q,
Bluju=g(u) on%, (8)
u(-,0) = u° on Q,
where, using the summation convention,
A(u)v = —0; (ajk(u)ﬁkv + aj(u)v) + c;j(u)d;v
and

B(u)v = x1” (@ (u) v + a;j(u)v) + (1 — x)v.

Here a;i, a;, ¢;, f, and g are real-valued functions whose regularity proper-
ties are specified below and the boundary operator B(u) is to be understood
in the sense of traces, of course.

We assume that

Cy (HYL o(T
. aijijG{ Volt( P.q ( ))

, if (2, x) is regular,
Cyor (HV', L ( (Q))) otherwise,
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and
o ayc; € Clig (HYL Lo, Lo (D)), (10)

P9’

where C{;,), means that we consider only those elements in C!~ which possess
the Volterra property. We also assume that

e there exists o € (0, 1] such that
alél? < aj(w)ee < [¢?/a (11)
for u € H;:}I, £eR" ae in Q.
For abbreviation, we define R(I") by
wYar if (€, x) is regular
R = {qu(l") Y otk(lel;vifi)se. ) |
Finally, we suppose that
e p<r<o0;
o (f.9) = (£,9)(0) € Cliye (Hprgs Lo (J, Hy s x R(T))) 5 (12)
o (£,9)(0) € Ly(J. Hyp x R(I)).

With boundary value problem (8) we associate its Dirichlet form a,
defined by

a(u)(v,w) = <8jw, a;,(u)opv + aj(u)v> + <w, cj(u)ajv>

for u € Hyp and (v,w) € Hy g x Hy, .
Suppose that

e 2/p+1/q¢{1,2};

e cither p = ¢ =2 or (£, ) is regular; (13)
o weB Y

By an L,(H}) solution of (8) on Jp, where 0 <T <T,, we mean a

1,1
U< Hp,q,loc

(J7) satisfying u(0) = u® and
(v,9) + a(u)(u,v) = (v, f(u)) + (X710, 9(u))y

for each v € H), 5 and a.e. in Jr. An Ly(H,) solution is simply said to
be a weak solution.

Theorem 2.1. Let assumptions (4) and (9)—-(12) be satisfied. Then prob-
lem (8) has a unique mazimal Ly(Hy) solution u*. The mazimal interval
of existence, J*, is open in J. If u* € H}g (J*), then u* is global, that is,

J*=J.

1
g
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Proof. Set (Ey, Ep) := (H(})B,H;é). Denote by A(u) € L(E1, Ep) the lin-
ear operator induced by the bilinear form a(u) for u € Wil Tt follows
from assumptions (9)—(11), Proposition 1.1, and known results concerning
maximal regularity for linear parabolic boundary value problems (cf. the
Appendix in [7]) that

A€ C(Hy o, MR, (J, (E1, Ep))) -

P,q°

Denote by 7/ € E(I/I/I]_l/q(I‘),H;é) the dual operator of the trace map
v € E(H;,’B,, VVql,/q(F)), if (Q,x) is regular, and the dual in £(L(T), Hgl)
of v € L(HE, Ly(T)) otherwise. Then f:= f +'xg is well defined, and
(12) implies f(0) € L,(J, Ep) and

f = f(0) € Cye (Hpig, Li(J, Eo)) -

Thus, thanks to (5) and (13), the hypotheses of Theorem 1.1 are satisfied.
Clearly, u is an L,(Hy) solution of (8) on Jr iff u € W), (Jr, (B, Eo))
and u solves (1). Thus the assertion follows from Theorem 1.1. |

Corollary 2.1. Suppose that
a;ji(u) € C(J*,C(Q) if (p.q) # (2,2)
and

(f.9)(u*) € L,(J*, H 5 x Ly(T)).

q,

Then u* is global.

Proof. Note that u* is a solution of the linear problem
i+ Al )u = f(u*) in J*, u(0) = u?,

where A(u*) € MR, (J*, (E1, Ep)). Hence maximal regularity implies that
u* € WI} (J*, (El,EO)). Thus the assertion is a consequence of the last
assertion of Theorem 1.1. O

We refrain from giving the precise formulation of the continuity assertion
in the present setting. Instead we refer to [7]. In that paper the case of
strongly coupled systems is treated as well.
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3. Model problems

Let M be a o-compact metric space endowed with a positive Radon mea-
sure. Then we denote by Car(M x RF Rf) the set of all Carathéodory
functions f: M x R¥ — Rf. We write f € Car'" (M x R¥ R if f is a
Carathéodory function such that f(m,-) € C*(R* R*) for a.a. m € M.
Moreover, given \ € [1,00), we denote by Carg (M x R¥ R?) the set of
all f € Car(M x R R?) such that f(-,0) = 0 and there exists a constant
with

|f(7£) - f(ﬂ?)| S K’(l + |§|>\_1 + |77|>\_1) |€ - 77| ) 5777 € Rk .

Finally, we write f¢& C%"(M xRF RY) if fe C(M xRF R’ and
f(m,-) € C*(R* RY), uniformly with respect to m € M.

To indicate the scope of Theorem 2.1 we consider now some model
problems. We restrict ourselves to rather simple settings and leave it to the
interested reader to deduce more general results from that theorem.

First we assume that

e assumption (4) holds;
e a=a' € Car' (QxR,R™™);
e there exists a € (0, 1] such that (14)
alg]® < € alz,m)E < |¢/a
for a.a. z € Q and all (¢,7) € R® x R.
We also assume that

e () is a measurable subset of Q;
o 1<A<1+4/nand fe Cargr(Q xR);

(15)

o geCarpq(XxR);

* (fo,90) € L2(Q) x L2(%).

Then we consider the nonlocal parabolic problem
atu_v' (a('an/ U(I‘,) dx)Vu) :f(au)+f0 iDQ,
u=0 on Y,

(16)

v-a(s [o ulz,-) de)Vu = g, u) + go on Xy,

u(-,0) = u° on 2.

Theorem 3.1. Problem (16) has for each u® € L2(Q) a unique mazimal
weak solution u*. If 0, g%, and u® are positive, then so is u*. If f and g
are decreasing in the last variable, then u* is global.
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Proof. Taking into account (7) and appropriate embedding theorems of
the form

HYNI) — L (J,Ls(Q)),

which are deduced from Theorem 3 in [8], we infer from (14) and (15) that
conditions (9), (11), and (12) are satisfied for p = ¢ = 2, where

a(u) = a(~,//u(x,~)dm)

and (f,g)(u) := (f(, ), g(e, ~7'yu)). Hence the first assertion is a conse-
quence of Theorem 2.1. The second one follows from a weak form of the
maximum principle. The weak maximum principle also allows us to show
that f(u*) € L,(J*,Hg") and g(u*) € L,(J*, Ly(T')), provided f and g
are decreasing in the last variable. Thus Corollary 2.1 implies the global
existence assertion. For details we refer to [7]. |

Of course, we can consider situations where f and g are nonlocal as well
and where different entries of the diffusion matrix contain different nonlo-
cal terms.

It should be noted that the model nonlinearities

fCn 8 =aléP1E, g(,, 8 =bl¢],  EER,

with ap € Loo(Q) and b € Lo (X), satisfy (15).

We mention that an application of the results in [4], based on hypothe-
sis (3), would require A = 1.

Problems of this type have been intensively studied by M. Chipot and
coworkers (cf. [9]-[20]). More precisely, in those papers the differential
equations in €2 are either of the form

Oyu — a((v,u>)Au + agu = fo,

where v € Ly(€2), and the boundary conditions are linear and homoge-
neous, or the problems are semilinear with nonlocal lower order terms.
(The Laplace operator can be replaced by a general second order elliptic
operator.) It is crucial that a((v,u(-,t))) is a pure function of ¢, that is,
independent of z € Q. The proofs, except the ones in [20], rely on Schau-
der’s fixed point theorem and are completely different from our approach.
(In all those papers the asymptotic behavior of solutions is investigated as
well, a problem we do not touch here.)
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Now we strengthen the regularity assumptions on 2 and a by assum-
ing that
o (Q,x) is regular;
e a=a' €CO(QxR,R™M); (17)
e the uniform ellipticity condition (14)s is satisfied.
In addition, we suppose that
e be Car(Q x R,R™™);
e ke L,(RT R) for some p>1;
e 1 is a bounded Radon measure on R* ; (18)
o feCar"(Q xR,R) with f(-,0) =0;
e gcCar" (2 x R,R) with g(-,0) =0.
Then we consider the quasilinear parabolic problem with memory:
Ou—V - (a(-, pxu)Vu)

u=0 on X, (19)
V'a('aH*U)VUZQ(‘vu)JFQO on Ela
u=1u on Q x (-RT),

where, given u € W;@;(JT), convolution * is understood in the following
sense:

Jult) = /]R+ At —rypldr),  teJn (20)
with ¥|Jr := v and @|(—R*) := u. Similarly,
kx (V-b(-,u)Vu) == /R+ k(T)V - (b(-,u(t — 7)) Va(t — 7)) dr.

In particular, we can choose for p the Dirac measure supported at {r} for
some 7 > 0. Then

o+ u(t)) = a-vult = )

so that we obtain a quasilinear retarded problem with memory (if k # 0).
If » = 0, then the leading second order term is local. Also note that we may
choose b := a. Moreover, it suffices if @ is prescribed on the interval (—S, 0]
only if supp(p) Usupp(k) C [0, .5).
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Theorem 3.2. Let assumptions (17) and (18) be satisfied and suppose that
2/p+n/q< 1. (21)
Then problem (19) has for each (fo,go) € Ly(J, H;é X VVq_l/q(F)) and
each
- -1
u € W; (_R+7 (qu,Bv Hq,B))
a unique mazimal LP(H;) solution u*, that is,
u* € W;z},loc((iooa T*)v (H(},Bv Hq_,zlg)) .
If suppp C [r,S) for some r € (0,5), then the unique mazimal LP(H;)
solution of
du—V - (al-, pxu)Vu) = fo in Q,
u =0 on g,
(22)
vea(,u*xu)Vu = go on X,
u="1 on Q x (=8,0],
is global.

Proof. Define % as in (20). Then, given u € W, (Jr) for 0 < T < Ty and
putting I := (—=R*) U Jp, one verifies that u € W)} (I7). It follows from
(7), (21), and a Sobolev type embedding theorem that

Thus, setting a(u) := a(-, p * u), well known properties of convolutions and
assumption (17) imply the validity of conditions (9) and (11). Similarly,
we deduce from (18) that, setting

fu):=—-kxV- (b(~,u)Vu) + f(,u) + fo

and g(u) := g(-,u) + go, that (f,g) satisfies (12). Thus the first assertion
follows from Theorem 2.1. If (f,g) = (fo,90), that is, in case of prob-
lem (22), it is an easy consequence of (23) that Corollary 2.1 is applicable
to give global existence. O

It should be remarked that problems like (19) cannot be treated at all by
theorems invoking hypotheses of type (3).

There is a large literature on parabolic equations involving delays and
memory terms. However, most of it concerns semilinear equations (e.g.,
[21], [22]). Very little seems to be known about an L, theory for quasi-
linear equations with memory terms in the top order part (see [23] and
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the references therein, and [24]). In fact, we do not know of any result for
quasilinear equations in which (nondistributed) delay terms occur within
the diffusion matrix.

4. Parabolic boundary value problems: strong settings

Throughout this section we suppose that

o (£,x) is regular. (24)
We set
Bu = x0,u+ (1 — x)yu
and
Hlp={ueH}(Q); Bu=0},

as well as

{uveB; (Q); Bu=0}, 1+1/g<s<2,

Bj 5= {UGB;,p(Q)§ (1*X)’YU:0}, 1/g<s<1+1/q,
4 0<s<1/qg

for 1 < p,q < co. It is known that

. 2.2 2 1
(Lo Hy )1/ p = Bq,p,B/p’ » + p #{1,2}, (25)
and B;,/22,B = H}.
We also put
My =Wy (I, (Hg s Ly)) - Hylg:="H,q(]).

Then we assume that
e 1<pg<oo, 2/p+1/q¢{l,2};

o ay=ay €Cly (HY2,C(1,C0)), 1<,k <n; (26)
e condition (11) is satisfied for u € ’Hzl,ﬁ ,
and put

A(u)v = —ai(u)0;0kv .
Lastly, we assume that

o f—f(0)€Chn(Hy2 Ly (J,Ly)) for some r € (p,00];

. FO) €L Ly (27)

2-2/p

° uOEquB .
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Then we consider the parabolic initial boundary value problem

Dot Alwu = flu) Q.
Bu =0 onT, (28)

u(-,0) = u° on .

By an Lp(Hg) solution of it on Jr, where 0 < T < Ty, we mean a function
u € W;:j,loc(JT> satisfying (28) pointwise a.e.

Theorem 4.1. Let assumptions (24), (26), and (27) be satisfied. Then
problem (28) has a unique mazimal Ly(HZ) solution u*. The mazimal
interval of existence, J*, is open in J. If u* € Hy2(J*), then u* is global,
that is, J = J*.

1,2
P.q

Proof. Set (Ei, Ey) := (H, 5, Ly) and define A(v) by A(v)u := A(v)u for
u,v € Hya. Tt follows from assumption (26), Theorem 8.2 in [25], and
Proposition 1.1(i) that

A € Ciyy W2, MR, (J, (B, E))) -

p,q?

Due to (25) and assumption (27) the assertion now follows from Theo-
rem 1.1. O

In order to illustrate the power of this theorem we consider two simple
model cases. For this we suppose that

e ajr=ap € CON(QxRR);
e the uniform ellipticity condition (14)3 is satisfied (29)

for a := [a;i] .

We consider a nonlocal problem where the diffusion matrix and the nonlin-
earity depend on the gradient of the solution.

Theorem 4.2. Let assumptions (24) and (29) be satisfied. Suppose that
Q' and Q' are measurable subsets of Q, that 1< <n/(n—2), and
that f1 € Carg A (Q X R,R) and f2 € Car’*(Q x R,R). Define the map
f:QxRxR—R by

f(xatvgvn) = fl(z7t’€)+f2(xat7n)a (I,t)EQ, §7UER' (30)
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Then, given fo € L2(Q) and u® € Hf, there exists a unique mazimal
Lo (H?) solution of

Ou — aji (-, o IVu? dz)8;00u = f(-, - u, [o. [Vul>dz) + fo in Q,

u =0 on g,
d,u=0 on Xy,
u(-,0) = u° on .

Proof. Define A(u) and f(u) by
Au) = —ajk(-, Vuf? dx)ajak
Q/
and
flu)y = (o [ |Vudo) + g
Q//

for uw € HY2. Tt follows from (2), (25), and Sobolev’s embedding theo-
rem that
HY2 — C(J,H') — C(J, L),

where 2* :=2n/(n — 2) if n > 2, and 2* € (2, 00) if n = 2. Using these facts,
it is easy to verify that A and f satisfy the assumptions specified in (26)
and (27), respectively. Hence Theorem 4.1 implies the assertion. O

In the following particularly simple case it is easy to prove global existence.

Theorem 4.3. Suppose that a € C1"(R,R) and there exists a € (0,1] such
that o < a(€) < 1/a for € € R. Also suppose that fi, f» € Car' (2 x R, R)
are uniformly bounded, and define f by (30). Then, given fo € L2(Q?) and
u® € Hj, there exists a unique global La(H?) solution of

Oyu — a(fQ, \Vu\zdx)Au = f(',u,fﬂ,, |Vu|2d:c) +fo inQ@,

u=20 on X,
(31)
d,u=0 on X1,
u(-,u’) = u° on Q.

Proof. Theorem 4.2 guarantees that this boundary value problem pos-
sesses a unique maximal solution u* € H.!(J*), where J* = [0,T*) with
T* € (0,T). Set

a*(t) == a(/ |Vu(x,t)|2dx)
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and
5’0 = (#(nu ot [ 900 do) + 1) a0

for t € J*. Also put

T ds .
06(7_)—/0 m, TGJ,

and 7* 1= t* if a(t*) < t*, whereas 7* := a~!(t*) otherwise. In addition,
set g(t) :=g*(t) for 0 <t < t*, and ¢(¢) := 0 if t* <t < 7*. Observe that
g€ LQ((O,T*)7L2). Hence, by maximal regularity, the linear boundary
value problem

ow—Aw=g in Q x (0,7%),
Bw =0 on T x (0,7"), (32)
w(-,0) = u on )

has a unique solution w € HY2([0,7*)). Put v(7) :=u(a(r)) for 7 € J;-.
Then one verifies that v is an Lo(H?) solution of (32) on [0,7*). Thus, by
uniqueness, w O v. Consequently, v € H*?([0,7*)). From this we deduce
that u =voa~t € HY(J*). Now J* = J follows from the last part of
Theorem 4.1. O

This theorem generalizes the existence and uniqueness result of [26], where
(32) is studied — again by different methods — in the case where f =0
and Fl = @

It should be clear from the considerations in the preceding section that,
by assuming that 2/p+n/q <1, we can treat differential equations of
the form

atu - ajk('auv,u * Vu)ajaku = f(a ',U,VU) )

for example, subject to homogeneous boundary conditions. We leave this
to the interested reader.
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