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@ Discrete torus E = (Z/NZ)4, d > do, u > 0 (small).
@ (Xn)n>o: Simple random walk on (Z/NZ)¢
@ Study the vacant set E \ Xg ynaj (Xjo,und) = {Xo5 - -+ s Xpunap 1)

@ Logarithmic components of the vacant set

9 Local pictures converge to random interlacements
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9 Logarithmic components of the vacant set
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Theorem (Benjamini, Sznitman, 2008)

For any d > d sufficiently large, there is a constant co(d) > 0 such
that for any 3,~ € (0,1),

im P [Gs.ne 01110 > 9N}] =1, for smallu >0,

where

Gsune = { forall x € E, there is a segment
[x,x" + [cologN]ei] € B(x,N?)\ X[ e for some 1 <i <d,
AND all vacant segments of this length belong to a unique
component O of E \ Xg ynej-}

O: “giant component”
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For any d > dy, there is a constant ¢, (d) > 0 such that for any
sufficiently small u > 0, (Z/NZ)° \ Xjo,un0] CONtains a component
consisting only of a segment of length [c; log N] with probability
tendingto 1 as N — oo.

Proof:

E\ Xjo,une) O e Xjound] “cigar”
cilogN
Show that the following occurs with high probability for some v(d) > 0:
@ Until time N2-1/10 the random walk has produced at least N*(4)

cigars,
@ some of which remain unvisited up until time uN¢.
0 N2—l/lO uNd
create > NY cigars do not destroy all of them
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(E): N4/3+1/100 N2-1/10 N

create > NYcigars do not destroy all of them

Use

imp | X1 1Xs = 0 for all subintervals I, J of [0, N2-1/10] 4
N with mutual distance at Ieast N4/3. :

to/2

c1logN

> c(logN)N—Ad-2)  g—ce1logN » ¢ > cN—¢

P
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0 N27l/10 UNd

create > NY cigars do not destroy all of them
For x € (Z/NZ)4, show that
P |[x,x + [c1 log N]e1] N Xg yna) = @] > exp{—cucy logN} > N7,

for u > 0 small. Then apply technique for bounding the covariance
between such events.
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a Local pictures converge to random interlacements
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For x € (Z/NZ)%, define the vacant configuration w, o : Z9 — {0,1}
in the neighborhood of x by

wy una () = 1{Xm # 7(.) +x, forall 0 <m < uN®},

where 7 denotes the projection Z9 — (Z/NZ)H.
The law Q, on {0, 1}Zd of the vacant set of the random interlacement
at level u > 0 is characterized by

Qulw(x) =1, for all x € K] = exp{—u cap(K)},

for all finite subsets K ¢ Z9.
Theorem (u > 0,d > 3)

Consider M > 1 and for each N > 1, sites Xy, ..., Xy in (Z/NZ)% such
that limy [X; — Xj[cc = oo fori #j.

Then (wy, ynd;- - -, Wy, und) CONVerges in distribution to Q%M under P,

as N — oco.
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For finite subsets Ky, ..., Ky of Z4, set B = [J; i (X + Ki).

P[Hg > uN“] ~ exp { ~uN"/E[Hs] |
—exp{-u Y cap(K)} = ] Qulw(x)=1, forallx €Ki.
1<i<™Mm 1<i<™m
N9/E[Hg] = inf{&(f,f),f : (Z/NZ)® - R,f =10onB,> f(x) =0}

X
= sup{1/(1,1),1 unit flow on (Z/NZ)9 from B to the
uniform distribution}.

For a finite subset A of Z9:

cap(A) = inf{E(f,f),f € Cc,f =1onA}
= sup{1/(l,1),1 a unit flow from A to infinity}.
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