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Classical Mechanics

Free Particles in R?

[ 0

u e given region G, place N point

; in G without interaction

1 e given bigger region G’, repeat
with N/ points

v e is there a limit for G — RY,
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Classical Mechanics

Free Particles in R?

Answer: Yes, Poisson process on RY!
! (Nguyen, Zessin, 1976)

‘ e #particles in G ~ Ryg

i e #particles in disjoint regions is
0 independent
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Quantum Mechanics

Differences and the Bose Gas

Basic Objects: Loops
w e x:[0,8] = BY, x(0) = x(8)
" e Brownian bridge of length 3

a
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Quantum Mechanics

Differences and the Bose Gas

u Indistinguishable particles

¢ |loops may concatenate
Composite loops

o x: [0,j8] — R, x(0) = x(jB})

e Brownian bridge of length jj3
(Ginibre)
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Quantum Mechanics

Differences and the Bose Gas

u Indistinguishable particles

¢ |loops may concatenate
Composite loops

o x: [0,j8] — R, x(0) = x(jB})

e Brownian bridge of length jj3
(Ginibre)
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Quantum Mechanics

Differences and the Bose Gas

Ginibre Gas

e #j-loopsin G ~ Rj-a+da/2) g

e F#loops of different lengths and

i in disjoint regions is
independent

Consequence

e expected #loops
' c|G| ijlj_(Hd/z)
e expected F#particles
: C’G|ijlj_d/2

Limit as ‘—'g' — u>07
uU 0‘1 0?? 0?3 l]Li 0‘5 0‘5 0?7 OTH 0?9 1
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Quantum Mechanics

Differences and the Bose Gas

Theorem (Ginibre)

Partition function of a system of free particles obeying Bose
Statistics at inverse temperature 3 and fugacity z

Zc = exp Z /04@ )P (dw)dx

_]>1

[Ginibre J: Some Applications of functional Integration in Statistical Mechanics.
Statist. Mech. and Quantum Field Theory, Les Houches Summer School Theoret.
Phys, (Gordon and Breach), 1971, 327-427]
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Partition Problem

Extract from Bose Gas

Suppose for a > 1 fixed, j =1,2,...,
Xj ~ Bj—ra)

independent. Put

X = (X1, X, ...)
N(X) =X
j>1

Consider
Pene = Law(X|N(X) = N).

Partition problem: How does %t behave as t — oo,

Ne
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Partition Problem

Extract from Bose Gas

By construction,

1 1
—N(X) = — X;i =1 P;p,-as.
NN = 5 ZJ =1 Pun,

Let

by Fatou's lemma

N(Y)=> jYi<1.

Is equality preserved in the Limit?

Quantum Mechanics
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Partition Problem

Extract from Bose Gas

By construction,

1 1
—N(X) = — Xi=1 DP;p.-a.s.
Nt ( ) Nt ;J J t,N; a.s
Jj=>
Let X
Y= tlrgoﬁt’

by Fatou's lemma
N(Y)=) _jY;<1.

Sometimes.

Quantum Mechanics
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Partition Problem

Extract from Bose Gas

By construction,

1 1
—N(X) = — X;i =1 P;p,-as.
NN = 5 ZJ =1 Pun,

Let

by Fatou's lemma

N(Y)=> jYi<1.

But not always!

Quantum Mechanics
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Partition Problem

Extract from Bose Gas

Theorem
Subject to given conditions

9 .
. jffu<ut

ja
j% if u> u*

ujY =

where z = z(u) is the solution of

J

Z

uNu* = -
=1t
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Partition Problem
Extract from Bose Gas
Theorem

Subject to given conditions
u ifu<u*
u* ifu>u*
where z = z(u) is the solution of

2

uNut = —-
i1t

Quantum Mechanics
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Partition Problem

Extract from Bose Gas

Theorem
Subject to given conditions

N(Y) = 1 ifu<u*
B ”—u*<1 if u> u*

where z = z(u) is the solution of

2
uNut = —-
i1t

Quantum Mechanics
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Partition Problem

Extract from Bose Gas

Theorem
Subject to given conditions

Elements of proof

e show LDP for %t to get convergence and to obtain variational
problem;

e problems: poor continuity properties, small sets, minimisation
problem with constraints
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Interpretation

Competition: density vs. Brownian bridges

e Jow density. interparticle distance too large to build large
composite loops

e high density. interparticle distance small; even possibility to
build infinitely long loops (Bose-Einstein Condensation)
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