1997 IEEE Conference on Decision and Control. December 10-12, 1997. p. 1

On Output Feedback Invariants and Cascade Equivalence of Systems

M. S. Ravi

Department of Mathematics East Carolina University Greenville, NC 27858, USA

maravi@ecuvax.cis.ecu.edu

J. Rosenthal^1

Department of Mathematics University of Notre Dame Notre Dame, Indiana 46556, USA

Rosenthal.1@nd.edu

U. Helmke

Department of Mathematics, University of Würzburg 97074 Würzburg, Germany

helmke@mathematik.uni-wuerzburg.de

Abstract

The paper is concerned with the algebraic classification problem of linear systems up to static output feedback. Using tools from geometric invariant theory it is shown that there exists a quasi projective variety whose points parameterize the output feedback orbits in a unique way. If the McMillan degree n ≥ mp then the set of output feedback orbits of nondegenerate transfer functions of size p × m is a quasi projective variety.

1 Introduction

Consider a time invariant linear system ẋ = Ax + Bu, y = Cx (1) having m inputs, p outputs, and n states. The (full) feedback group is the group generated through the feedback action: u −→ u + F y (2) and through the change of basis in state space, input space and output space respectively, i.e.

1This author was supported in part by NSF grant DMS- 96-10389.

through the transformations: x −→ Sx, S ∈ Gl_n (3) u −→ T_1u, T_1 ∈ Gl_m (4) y −→ T_2y, T_2 ∈ Gl_p. (5) The orbits under the full feedback group are referred to as the output feedback orbits. In order to fully understand effect of output feedback on the structure of linear systems it is of fundamental interest to (i) classify the feedback orbits, (ii) to determine a complete set invariants for output feedback and (iii) to obtain a detailed description of the adherence order (orbit closure inclusion) of the different orbits.

These obviously important problems have already been studied by many authors (see e.g. [3, 4, 5, 6, 9, 10]) and despite many partial results the problem is still far from being solved.

The transformations induced by the actions (2), (3), (4), (5) describe a group action on the vector space of all matrix triples (A, B, C) which is a vector space of dimension n(m + n + p). There is an extensive mathematical literature on the classification of orbits arising from group actions on vector spaces and more general algebraic varieties and we refer to Section 3 for some more details. If the number of orbits is finite then this study generally seeks a discrete set of invariants classifying the finite number of orbits. There are some instances in the control literature where the set of orbits is finite and as example we refer to [2, 10, 11].

In the problem at hand the number of feedback orbits is in general infinite and this makes the problem difficult. In order to classify all orbits it will thus be necessary to derive a ‘continuous set of invariants’.

The application of tools from geometric invariant theory (see e.g. [15, 16]) often enables one to derive for a given group action a set of invariants in a systematic way. From a geometric point of view this amounts to describing an algebraic variety whose points parameterize uniquely the closed feedback orbits.

In this paper we construct, using tools from geometric invariant theory, such a quasi-projective algebraic variety, whose points parameterize output feedback orbits in a unique way. Since a quasiprojective variety can be embedded into affine space using e.g. semialgebraic functions our result implies the existence of a complete set of semialgebraic invariants for output feedback. It also helps to construct such a complete set of invariants; however this problem will not be addressed here.

In order to achieve the result it is crucial to first extend the output feedback action to an action that operates on a compactification of the space of proper transfer functions of McMillan degree n. This process is explained in the next section.

2 Cascade equivalence and the extended feedback group

The notion of cascade equivalence was introduced by Byrnes and Helton in [4] and it is closely related to the feedback classification problem. In our context this notion can be equivalently described in the following way:

Consider a time invariant linear proper system of the form ẋ = Ax + Bu, y = Cx + Du. (6) In addition to the feedback action (2) and the basis transformations (3), (4) and (5) we will also allow a feedforward transformation y −→ y + Gu. (7) The collection of all those transformations will be called the extended full feedback group. The actions in (2), (4), (5) and (7) describe invertible transformations on the space of external variables [ u^t y^t ]_t . In this way one can view these actions as elements of the general linear group T ∈ Gl_{m+p} and the collection of these transformations is compactly described through: [ u y ] −→ [ T_1 F G T_2 ] [ u y ] = T [ u y ] , (8)

where T ∈ Gl_{m+p}. This shows that (2), (4), (5) and (7) generate the whole general linear group T ∈ Gl_{m+p}. Note that the linear transformation T ∈ Gl_{m+p} induces the notion of cascade equivalence on the set of proper transfer functions. The following Lemma is easily established:

Lemma 2.1 There is a bijective correspondence between the set of equivalence classes of the form (6) under the extended full feedback group and the set of equivalence classes of the form (1) under the full feedback group.

This Lemma now enables us to concentrate on the linear transformation (8). Instead of working with a state space description we also can work with polynomial matrices. For this let D�1(s)N(s) := G(s) := C(sI − A)�1B + D be a left coprime factorization of the transfer function of system (6). Then the linear transformation (8) is equivalently described through: (D(s) N(s)) −→ (D(s) N(s)) T �^1, T ∈ Gl_{m+p}. (9)

3 Some basic notions from geometric invariant theory

In this section we explain an important result from geometric invariant theory which we will use later in the paper to derive a set of continuous feedback invariants. The interested reader will find details on geometric invariant theory in the book of Newstead [16].

Let X be a projective variety, i.e. X is the zero locus of a finite set of homogeneous polynomial equations. We will assume that X is embedded into the projective space P^N . Let G ⊂ Gl_{N+1} be a reductive group (e.g. a group isomorphic to a general linear group) which acts on the projective space P^N and induces an action on the variety X.

In this situation one has the following general result: (see [16, Theorem 3.14]).

Theorem 3.1 There exists a Zariski open set X^{ss} of so called semi-stable points, a projective variety Y and an algebraic morphism ϕ : X^{ss} → Y having the property that ϕ�^1(y) contains exactly one closed G–orbit for every y ∈ Y . Moreover there is a Zariski open set Y^s ⊂ Y such that ϕ�^1(y) contains one and only one orbit for every y ∈ Y^s.

The set X^s := ϕ�^1(Y^s) is the so called set of stable points and both X^s and X^{ss} are Zariski open sets of the variety X. It is possible that X^{ss} is the empty set in which case Theorem 3.1 does not give any insight.

Theorem 3.1 is significant in several ways. First the points of the variety Y may be viewed as a continuous family of invariants capable of distinguishing orbits inside X^s. In addition the variety Y is characterized through some universal properties. Because of this reason one sometimes also speaks about the categorical quotient Y .

The fact that this variety Y is projective is surprising. It is our goal in the next section to apply Theorem 3.1 to the feedback orbit classification problem.

4 The projective variety of homogeneous autoregressive systems

In order to apply Theorem 3.1 it will be necessary to compactify the space of all p × (m + p) autoregressive systems of the form P (s) = (D(s) N(s)). Such a compactification was provided in [17] and we shortly review the details.

Consider a p × (m + p) polynomial matrix

P (s, t) := f_{1,1}(s, t) . . . f_{1,(m+p)}(s, t) f_{2,1}(s, t) . . . f_{2,(m+p)}(s, t) . . . . f_{p,1}(s, t) . . . f_{p,(m+p)}(s, t) .

(10)

We say P (s, t) is homogeneous if each element f_{i,j}(s, t) is a homogeneous polynomial of degree ν_i. We say two homogeneous matrices P (s, t) and P̃ (s, t) are equivalent if they have the same rowdegrees and if there is a unimodular matrix U(s, t), whose entries u_{ij}(s, t) are homogeneous polynomials of degree ν_i−ν_j. Using this equivalence relation we define:

Definition 4.1 An equivalence class of full rank homogeneous polynomial matrices P (s, t) will be called a homogeneous autoregressive system. The McMillan degree of a homogeneous autoregressive system is defined as the sum of the row degrees, i.e. through n := ∑_p i=1 ν_i. The set of all homogeneous autoregressive systems of size p × (m + p) and McMillan degree n will be denoted by H^n_{p,m}.

The main result established in [17] is as follows:

Theorem 4.2 ([17]) H^n_{p,m} is a smooth projective variety containing the set of proper transfer functions as a Zariski dense subset.

The embedding of the set of proper transfer functions into the set of homogeneous autoregressive systems is established in the following way: Let

D�1(s)N(s) be a left coprime factorization of the

transfer function G(s). Consider the autoregressive system (D(s) N(s)). Without loss of generality we assume that (D(s) N(s)) is in row proper form having ordered observability indices ν_1 ≥ . . . ≥ ν_p. A row by row homogenization results in a homogeneous autoregressive system, i.e. a point inside the variety H^n_{p,m}.

Note that the group action (8) naturally extends to H^n_{p,m} and that H^n_{p,m} has a natural embedding into projective space. In order to apply Theorem 3.1 it is necessary to show that the Zariski open set X^{ss} ⊂ H^n_{p,m} of semistable orbits is not empty. For this recall the concept of nondegeneracy as first introduced in [1].

Definition 4.3 A p × (m + p) homogeneous autoregressive system P (s, t) is called nondegenerate if there is no full rank m × (m + p) matrix K with entries in the complex numbers C such that det ( P (s, t) K ) = 0.

One verifies that nondegenerate systems cannot exist if the McMillan degree is ‘small’. The following result shows when nondegenerate systems are open and dense inside the variety H^n_{p,m}.

Theorem 4.4 ([1]) If the McMillan degree n ≥ mp then the variety H^n_{p,m} contains a Zariski open set of nondegenerate systems.

Using [13, Lemma 7.2.2.], we can now show the following:

Theorem 4.5 The set of semistable orbits X^{ss} ⊂ H^n_{p,m} contains the set of nondegenerate systems. In particular if n ≥ mp then X^{ss} is nonempty and there exists a projective variety Y and a morphism ϕ : X^{ss} → Y having the property that ϕ�^1(y) contains exactly one closed Gl_{m+p} orbit for every y ∈ Y .

Corollary 4.6 Consider the set of m input, p output systems of McMillan degree n as introduced in (1). If n ≥ mp then the set of output feedback orbits of nondegenerate transfer functions is a quasi projective variety.

5 The feedback orbit classification problem in terms of generalized first order systems

The set of homogeneous autoregressive systems can be described through some generalized first order systems and we refer to [17, 19]. In this section we describe the extended feedback group in terms of those generalized first order system. In this way we make the connection to some work of Hinrichsen and O’Halloran [11].

Following the exposition in [12, 18] consider (n + p) × n matrices K, L and a (n + p) × (m + p) matrix M. Those matrices define a generalized state space system through Kẋ(t) + Lx(t) + Mw(t) = 0, x(t) ∈ R^n , w(t) ∈ R^{m+p} . (11)

The system (11) is called admissible if the homogeneous pencil [sK + tL] has generically full column rank. An admissible system is called controllable if the pencil [sK + tL M] has full row rank for all (s, t) ∈ C^2 \ {(0, 0)}.

There is a natural equivalence relation among generalized first order systems: If U ∈ Gl_{n+p} and S ∈ Gl_n then (K, L, M) ∼ (UKS�^1, ULS�^1, UM). (12) If the high order coefficient matrix [K M] has the property that the first (n+p)×(n+p) minor is invertible then the system (11) is equivalent to a system having K = [ −I 0 ] , L = [ A C ] , M = [ 0 B −I D ] , (13) i.e. the system is equivalent to a usual state space system of the form ẋ = Ax + Bu, y = Cx + Du.

The connection to the set of homogeneous autoregressive systems is established through:

Theorem 5.1 ([8, 18]) The categorical quotient of the set of controllable state space systems as introduced in (11) under the group action Gl_{n+p} × Gl_n is isomorphic to the smooth projective variety H^n_{m,p} of all m×(m+p) homogeneous autoregressive systems of McMillan degree n.

Next we define:

Definition 5.2 Two generalized first order systems are equivalent under the extended full feedback group if there are invertible matrices S ∈ Gl_n, T ∈ Gl_{m+p} and U ∈ Gl_{n+p} such that (K, L, M) ∼ (UKS�^1, ULS�^1, UMT �^1). (14) Note that the linear transformation T introduced in (8) corresponds to a change of basis in the set

of external variables w = [ u y ] and it is therefore

equal to the transformation T appearing in (14). Finally the group action described in (14) corresponds exactly to the transformations (i), (ii), (iii) considered by Hinrichsen and O’Halloran in [11, p. 2730].

As a consequence of Theorem 5.1 we have:

Theorem 5.3 The categorical quotient induced by the group action (14) is equal to the projective variety H^n_{m,p}/Gl_{m+p}. Moreover H^n_{m,p}/Gl_{m+p} represents a continuous parameterization of the feedback orbits under the full feedback group.

6 A concrete description of the moduli space in the MISO situation

In this section we explain our result in the multi input, single output (i.e. p = 1) situation. The variety H^n_{1,m} consists in this case of all 1 × (m + 1) polynomial vectors

P (s) = (f_1(s), . . . , f_{m+1}(s)) whose polynomial entries have degree at most n. In this way we can identify the space H^n_{1,m} with the projective space P^N , where N = mn + m + n.

By definition a systems is nondegenerate if the m+ 1 polynomial vectors {f_1(s), . . . , f_{m+1}(s)} ⊂ R[s] are linearly independent over R. Clearly this can only happen if the McMillan degree n ≥ m.

Identify the set of polynomial vectors of degree at most n with the vector space R^{n+1} . A system P (s) = (f_1(s), . . . , f_{m+1}(s)) defines then a linear subspace

spanR{f_1(s), . . . , f_{m+1}(s)} ⊂ R^{n+1} .

This subspace has dimension m + 1 if and only if P (s) describes a nondegenerate system. The semistable points under the extended full feedback group Gl_{m+1} describe therefore a well defined m+ 1 dimensional subspace of R^{n+1} . The categorical quotient H^n_{1,m}/Gl_{m+1} is in this case exactly the Grassmann variety Grass(m + 1, R^{n+1} ) of m + 1 dimensional subspaces in R^{n+1} .

7 Conclusion

In this paper we did show that the output feedback problem is closely related to the study of the moduli space H^n_{p,m}/Gl_{m+p}, where H^n_{p,m} denotes the set of p×(m+p) homogeneous autoregressive systems of McMillan degree n. In upcoming work [7] we will describe this moduli space in detail.

References [1] R. W. Brockett and C. I. Byrnes. Multivariable Nyquist criteria, root loci and pole placement: A geometric viewpoint. IEEE Trans. Automat. Control, AC-26:271–284, 1981.

[2] P. Brunovsky. A classification of linear controllable systems. Kybernetika, 3:137–187, 1970.

[3] C. I. Byrnes and P. Crouch. Geometric methods for the classification of linear feedback systems. Systems & Control Letters, 6:239–246, 1985.

[4] C. I. Byrnes and J. W. Helton. Cascade equivalence of linear systems. Internat. J. Control, 44(6):1507–1521, 1986.

[5] P. A. Fuhrmann and U. Helmke. Output feedback invariants and canonical forms for linear dynamical systems. In C. I. Byrnes, C. F. Martin, and R. E. Saeks, editors, Linear Circuits, Systems and Signal Processing: Theory and Application, pages 279–292. North–Holland, Amsterdam, 1988.

[6] U. Helmke and P.A. Fuhrmann. Bezoutians. Linear Algebra Appl., 122/123/124:1039–1097, 1989.

[7] U. Helmke, M. S. Ravi, and J. Rosenthal. A quotient scheme modulo a Gl(V ) action and linear systems under output feedback equivalence. In preparation, 1997.

[8] U. Helmke and M. A. Shayman. Topology of the orbit space of generalized linear systems. Mathematics of Control, Signals and Systems, 4(4):411–437, 1991.

[9] D. Hinrichsen and J. O’Halloran. A complete characterization of orbit closures of controllable singular systems under restricted system equivalence. SIAM J. Control Optim., 28(3):602–623, 1990.

[10] D. Hinrichsen and J. O’Halloran. Orbit closures of singular matrix pencils. J. Pure Appl. Algebra, 81(2):117–137, 1992.

[11] D. Hinrichsen and J. O’Halloran. Limits under high gain proportional (and derivative) feedback. In Proc. of the 34th IEEE Conference on Decision and Control, pages 2730–2734, New Orleans, Louisiana, 1995.

[12] M. Kuijper. First-Order Representations of Linear Systems. Birkhäuser, Boston, 1994.

[13] J. Le Potier. Lectures on vector bundles, volume 54 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1997. Translated by A. Maciocia.

[14] A. S. Morse. Structural invariants of linear multivariable systems. SIAM J. Control, 11:446– 465, 1973.

[15] D. Mumford and J. Fogarty. Geometric Invariant Theory. Number 34 in Ergebnisse. Springer Verlag, 2nd edition, 1982.

[16] P. E. Newstead. Introduction to Moduli Problems and Orbit Spaces. Tata Inst. of Fund. Research, Bombay, 1978.

[17] M. S. Ravi and J. Rosenthal. A smooth compactification of the space of transfer functions with fixed McMillan degree. Acta Appl. Math, 34:329– 352, 1994.

[18] M. S. Ravi and J. Rosenthal. A general realization theory for higher order linear differential equations. Systems & Control Letters, 25(5):351– 360, 1995.

[19] M. S. Ravi, J. Rosenthal, and J. M. Schumacher. Homogeneous behaviors. Report BS- R9607, CWI, Amsterdam, June 1996. To appear in Math. Contr., Sign., and Syst.

[20] W. A. Wolovich and P. L. Falb. Invariants and canonical forms under dynamic compensation. SIAM J. Control Optim., 14(6):996–1008, 1976.