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Cauchy Problem for EE

(M, g) Lorentzian, R curvature tensor of g

Einstein Vacuum equations: Ric,g = 0

Wave coordinates: [gax® = ﬁ@g(gﬁﬂ/ g|0,)z* =0, =0,1,2,3
g

Oegap = Nap(g, 0g),a, 8 =0,1,2,3, with NV,5 quadratic w.r.t 0g

Cauchy data: (2o, go, k) where ¥ = {t =0}, g(0,.) = go,
atg(o7 ) — k

Question: Under which regularity do we have local existence for EE?



Semilinear Wave Equations

O¢ = N(¢,09), (t,z) € RIF
¢(0,.) = ¢o € H*(R?),0:¢(0,.) = ¢1 € H*"H(R?)

where N is quadratic w.r.t 0¢
!
s x [s—1 €XP (/ H8¢(7)]|Lood7>
0

Sobolev embedding in R?: WP for s > 5/2

HsxHs—1 5 H((bOa ¢1)|

1(e(2), D¢ (2)))

Strichartz for ¢ = 0 = WP for s > 2 (Ponce-Sideris)

[l-posed for s = 2 in general (Cex of Lindblad)

If N = Qi with Qi;(¢,v) = 0;60;¢ — 9;10;¢
Bilinear estimates for Q);; = WP for s > 3/2 (Klainerman-Machedon)



Quasilinear Wave Equations

Dg(¢)¢ — N(¢7 0¢)7 (ta ZE) S R1+3
¢(Oa ) = o € HS(R3)7 at¢(07 ) = ¢1 € Hs_l(RS)

Using Sobolev embedding: WP for s > 5/2

Strichartz for Og¢ = 0 requires g € C*! (Smith)
Strichartz with loss enough: WP for s>2+1/4 (Bahouri-Chemin)
WP for s>2 (Klainerman-Rodnianski for EE, Smith-Tataru for

general quasilinear wave equations)

Interesting geometrical hyperbolic equations satistfy the null structure

Goal: prove that EE are WP in H?



Bounded L? curvature "conjecture"

Conjecture. Let (Xo,go, k) with R € L*(3), Vk € L*(Xy). Then, EE
are WP

Motivations:
e First WP result for a quasilinear wave equation below H?T¢

e The assumptions R € L*(X), Vk € L*(Xg) are natural from the
point of view of geometry

e Rather than a WP result, it can be viewed as a breakdown
criterion. In particular, R € L? is a fundamental quantity
controlling singularity formation

e Sharp result with respect to a "null scaling": the control of the
Eikonal equation g®” Dqudpu = 0 requires R € L?



Strategy of the proof

A Recast the EE as a quasilinear Yang-Mills theory
B Prove appropriate bilinear estimates for solutions to Ugp = 0

C Construct a parametriz for Ug¢ = 0, and obtain the control of
the parametriz and of its error term

D Prove a sharp L*(M) Strichartz estimate for the parametriz

Goal: take inspiration from the proof of Klainerman-Machedon for
the WP of Yang-Mills in H!(R?)

Achieve Steps B, C and D only assuming L? bounds on R



WP of Yang-Mills in H'(R®) (Klainerman-Machedon)

OA +Vio(Vie-A) =[A, Vi Al + A°, A = (Ag, Ay, Az, A3)

Gauge freedom. Choosing the Coulomb gauge 0;4; = 0:
OA + Vi . (00Ag) = [A, Vi . A] + A3

P = projector on divergence free vectofields:

A(Ag) = lot
(P (Qu(VTTA,A) + VHQju(4, A)))), + Lot

U
=
[

[OAN oo 2y S Q51 (V1AL A 2 1oy 4| V(@ (A, A))| 2 gy Hoo

Prove two bilinear estimates to conclude



Step A: EE as a quasilinear Yang-Mills theory

Let e, an orthonormal frame on M, i.e. g(ey,e3) = mqyp

Let (Ap)ap = (A)ap(0u) = g(Dpeg, €a)
The definition of R yields:
R(eq, eg, Oy, Oy) = au(Al/)ozB - aV(AM)aB+(AV)a A(AM)Aﬂ_(Au)a A(AV)AB

D*R s, = 0 yields the tensorial wave equation:

(OgA), — D, (D*A,) = D([A,, A,)) + [A* D A, - D,A,] + A’

In view of the Klainerman-Machedon proof, we need in particular a
procedure to scalarize the tensorial wave equation and to project on
divergence free vectorfields without destroying the null strucure



Scalarization and projection procedure

Scalarization: compute | X, ;] for any vectorfield X and use it with
X =en,a=0,1,2,3

Projection: compute [P,[Jg| where P = projector on divergence free
vectofields

These commutators generate numerous dangerous terms which need

to satisfy the null structure

We check this using the symmetries of R, the Bianchi identities, the
link between A and R, the fact that Ag is better than A, Ay, A3,
and the Coulomb gauge



The energy estimate for the wave equation

The proof reduces to the control of a scalar function ¢ satisfying

Og(¢) = null forms +1l.0.t

Let ¢ a scalar function and @), its energy momentum tensor:

Qus = Qusld] = ab036 — - gas (& 0,00,0)

Qrr = QTT+/ OgoT(¢) +/ Q*"D,Ts
2t >0 R R

Last term in RHS is dangerous = needs to display the null structure

and requires to prove the corresponding trilinear estimate
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Step B: the bilinear estimates

We need to estimate the following null forms

1Qi; (0, A)l[L2(m) and [[(=Ag) 77 (Q4; (9, A)) |2 (m)
where ¢ is a scalar function ¢ satistying

Ug(¢) = null forms +l.o.t

To prove these bilinear estimates in a quasilinear setting:

e write ¢ by iterating the basic parametrix of step C (construction
and control of the parametrix)

e Rethink the proof of bilinear estimates in the quasilinear setting

e For the second type of bilinear estimate, rely on the structure of
Q; and a sharp L*(M) Strichartz estimate for the parametrix
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Step C: construction and control of the parametrix

+oo
S(t,x) =) /S 2 /O e (b2w) £ () A2 dAdw
+

where gaﬁﬁauic‘?@ui = 0 on M such that u4 (0, z,w) ~ z.w when
x| — 400 on X

Construction: for any (¢g, ¢1) there exists fi such that

S(0,.) = ¢o, D75(0,.) = ¢1 and || A f1|r2ms) S IVollrzisy) + 1911 22(20)

+0o0
E(t,z) =0gS(t,x) = ZZ/ / e (2, w) fo (Aw) A3 dAdw
+ S2 JO
Control of the error term: ||[Ef{[r2 ) S [IN 4] n2ms) + [[A =] 2@
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Step C: construction and control of the parametrix

o Goal: Achieve Step C only assuming L? bounds on R. This

requires to exploit the full structure of Einstein equations
e The reqularity in w of u obtained in Step C s limited

o A careful choice of u(0,z,w) (related to the mean curvature flow)

allows us to "squeeze” as much reqularity in x and w as possible

e R € L? is minimal to obtain a lower bound on the radius of

ingectivity of level surfaces of the phase u

o Step C requires L? bounds for Fourier integral operators, and in
turn several integration by parts. Classical proofs (I'T* and T*T

arguments) would fail by far
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