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Cauchy Problem for EE

(M,g) Lorentzian, R curvature tensor of g

Einstein Vacuum equations: Ricαβ = 0

Wave coordinates: �gx
α = 1√

|g|
∂β(gβγ

√
|g|∂γ)xα = 0, α = 0, 1, 2, 3

�ggαβ = Nαβ(g, ∂g), α, β = 0, 1, 2, 3, with Nαβ quadratic w.r.t ∂g

Cauchy data: (Σ0, g0, k) where Σ0 = {t = 0}, g(0, .) = g0,
∂tg(0, .) = k

Question: Under which regularity do we have local existence for EE?
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Semilinear Wave Equations �φ = N (φ, ∂φ), (t, x) ∈ R1+3

φ(0, .) = φ0 ∈ Hs(R3), ∂tφ(0, .) = φ1 ∈ Hs−1(R3)

where N is quadratic w.r.t ∂φ

‖(φ(t), ∂tφ(t))‖Hs×Hs−1 . ‖(φ0, φ1)‖Hs×Hs−1 exp

(∫ t

0

‖∂φ(τ)‖L∞dτ
)

Sobolev embedding in R3: WP for s > 5/2

Strichartz for �φ = 0 ⇒ WP for s > 2 (Ponce-Sideris)

Ill-posed for s = 2 in general (Cex of Lindblad)

If N = Qij with Qij(φ, ψ) = ∂iφ∂jψ − ∂iψ∂jφ

Bilinear estimates for Qij ⇒WP for s > 3/2 (Klainerman-Machedon)
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Quasilinear Wave Equations �g(φ)φ = N (φ, ∂φ), (t, x) ∈ R1+3

φ(0, .) = φ0 ∈ Hs(R3), ∂tφ(0, .) = φ1 ∈ Hs−1(R3)

Using Sobolev embedding: WP for s > 5/2

Strichartz for �gφ = 0 requires g ∈ C1,1 (Smith)

Strichartz with loss enough: WP for s>2+1/4 (Bahouri-Chemin)

WP for s>2 (Klainerman-Rodnianski for EE, Smith-Tataru for
general quasilinear wave equations)

Interesting geometrical hyperbolic equations satisfy the null structure

Goal: prove that EE are WP in H2
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Bounded L2 curvature "conjecture"

Conjecture. Let (Σ0, g0, k) with R ∈ L2(Σ0), ∇k ∈ L2(Σ0). Then, EE
are WP

Motivations:

• First WP result for a quasilinear wave equation below H2+ε

• The assumptions R ∈ L2(Σ0), ∇k ∈ L2(Σ0) are natural from the
point of view of geometry

• Rather than a WP result, it can be viewed as a breakdown
criterion. In particular, R ∈ L2 is a fundamental quantity
controlling singularity formation

• Sharp result with respect to a "null scaling": the control of the
Eikonal equation gαβ∂αu∂βu = 0 requires R ∈ L2
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Strategy of the proof

A Recast the EE as a quasilinear Yang-Mills theory

B Prove appropriate bilinear estimates for solutions to �gφ = 0

C Construct a parametrix for �gφ = 0, and obtain the control of
the parametrix and of its error term

D Prove a sharp L4(M) Strichartz estimate for the parametrix

Goal: take inspiration from the proof of Klainerman-Machedon for
the WP of Yang-Mills in H1(R3)

Achieve Steps B, C and D only assuming L2 bounds on R
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WP of Yang-Mills in H1(R3) (Klainerman-Machedon)

�A +∇t,x(∇t,x ·A) = [A,∇t,xA] + A3, A = (A0, A1, A2, A3)

Gauge freedom. Choosing the Coulomb gauge ∂iAi = 0:

�A +∇t,x(∂0A0) = [A,∇t,xA] + A3

P = projector on divergence free vectofields:

∆(A0) = l.o.t

�(Ai) =
(
P
(
Qjl(∇−1A,A) +∇−1(Qjl(A,A))

))
i
+ l.o.t

‖∂A‖L∞t L2(R3) . ‖Qjl(∇−1A,A)‖L2
tL

2(R3)+‖∇−1(Qjl(A,A))‖L2
tL

2(R3)+l.o.t.

Prove two bilinear estimates to conclude
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Step A: EE as a quasilinear Yang-Mills theory

Let eα an orthonormal frame onM, i.e. g(eα, eβ) = mαβ

Let (Aµ)αβ := (A)αβ(∂µ) = g(Dµeβ , eα)

The definition of R yields:

R(eα, eβ , ∂µ, ∂ν) = ∂µ(Aν)αβ − ∂ν(Aµ)αβ+(Aν)α
λ(Aµ)λβ−(Aµ)α

λ(Aν)λβ

DµRαβµν = 0 yields the tensorial wave equation:

(�gA)ν −Dν(DµAµ) = Dµ([Aµ,Aν ]) + [Aµ,DµAν −DνAµ] + A3

In view of the Klainerman-Machedon proof, we need in particular a
procedure to scalarize the tensorial wave equation and to project on
divergence free vectorfields without destroying the null strucure
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Scalarization and projection procedure

Scalarization: compute [X,�g] for any vectorfield X and use it with
X = eα, α = 0, 1, 2, 3

Projection: compute [P,�g] where P = projector on divergence free
vectofields

These commutators generate numerous dangerous terms which need
to satisfy the null structure

We check this using the symmetries of R, the Bianchi identities, the
link between A and R, the fact that A0 is better than A1, A2, A3,
and the Coulomb gauge
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The energy estimate for the wave equation

The proof reduces to the control of a scalar function φ satisfying

�g(φ) = null forms + l.o.t

Let φ a scalar function and Qαβ its energy momentum tensor:

Qαβ = Qαβ [φ] = ∂αφ∂βφ−
1

2
gαβ (gµν∂µφ∂νφ)∫

Σt

QTT =

∫
Σ0

QTT +

∫
R
�gφT (φ) +

∫
R
QαβDαTβ

Last term in RHS is dangerous ⇒ needs to display the null structure
and requires to prove the corresponding trilinear estimate
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Step B: the bilinear estimates

We need to estimate the following null forms

‖Qij(φ,A)‖L2(M) and ‖(−∆g)
− 1

2 (Qij(∂φ,A))‖L2(M)

where φ is a scalar function φ satisfying

�g(φ) = null forms + l.o.t

To prove these bilinear estimates in a quasilinear setting:

• write φ by iterating the basic parametrix of step C (construction
and control of the parametrix)

• Rethink the proof of bilinear estimates in the quasilinear setting

• For the second type of bilinear estimate, rely on the structure of
Qij and a sharp L4(M) Strichartz estimate for the parametrix
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Step C: construction and control of the parametrix

S(t, x) =
∑
±

∫
S2

∫ +∞

0

eiλu±(t,x,ω)f±(λω)λ2dλdω

where gαβ∂αu±∂βu± = 0 onM such that u±(0, x, ω) ∼ x.ω when
|x| → +∞ on Σ0

Construction: for any (φ0, φ1) there exists f± such that

S(0, .) = φ0, DTS(0, .) = φ1 and ‖λf±‖L2(R3) . ‖∇φ0‖L2(Σ0) + ‖φ1‖L2(Σ0)

E(t, x) = �gS(t, x) = i
∑
±

∫
S2

∫ +∞

0

eiλu±(t,x,ω)�gu±(t, x, ω)f±(λω)λ3dλdω

Control of the error term: ‖Ef‖L2(M) . ‖λf+‖L2(R3) + ‖λf−‖L2(R3)
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Step C: construction and control of the parametrix

• Goal: Achieve Step C only assuming L2 bounds on R. This
requires to exploit the full structure of Einstein equations

• The regularity in ω of u obtained in Step C is limited

• A careful choice of u(0, x, ω) (related to the mean curvature flow)
allows us to "squeeze" as much regularity in x and ω as possible

• R ∈ L2 is minimal to obtain a lower bound on the radius of
injectivity of level surfaces of the phase u

• Step C requires L2 bounds for Fourier integral operators, and in
turn several integration by parts. Classical proofs (TT ∗ and T ∗T
arguments) would fail by far
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