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A Generalized Popov-Belevitch-Hautus
Test of Observability

Bijoy K. Ghosh and Joachim Rosenthal

Abstract—In this paper, an earlier result on the problem of observabil-
ity of a linear dynamical system due to Popov-Belevitch-Hautus has been
generalized and applied to the problem of observing the initial condition
of a linear dynamical system described on the space of d dimensional
affine planes in R™.

I. INTRODUCTION AND MOTIVATION

In this paper we generalize the well known Popov-Belevitch-
Hautus test (see [3]) on the observability of a linear dynamical system.
Let K denote either the field of real (K = R) or the field of complex
(K = C) numbers. Let A be an n X n matrix and let C' be a p X n
matrix defined over K. Consider the linear time invariant system

= Ax, y=Cur, reK”,yeK?. (L.1)
The well-known Hautus test [3] gives a necessary and sufficient
condition, when the state vector x(¢) can be observed from the output
measurement y(t). To be precise one has the following.

Theorem 1 (Hautus [3]): System (1.1) is observable over either R
or C if, and only if

A=A

rank [ C

I] =n., forall A € C. (1.2)

It may be remarked that the rank can only be less than »n if A is an
eigenvalue of the matrix A.

In this paper we consider dynamical systems for which the output
vector is not observed exactly but can be ascertained with an ambigu-
ity restricted to a d—dimensional affine subsapce. The problem that
we propose to consider is to compute if possible the initial condition
and hence the states of the dynamical system up to a d—dimensional
affine subspace. Thus for the dynamical system (1.1), if we assume
that the output vector y(t) is observed up to a d—dimensional plane
given by an equation of the form '

8(t)y(t) = n(t) (1.3)
where 6(t) is a (p — d) X n matrix function of time having full rank
for all but countably many instances of time and 7(t) is a vector
function of time. The problem is to derive conditions on A and C'
under which (0) can be observed up to a d—dimensional plane.

The above class of problem occurs in machine vision as has already
been introduced in {6], [1]. Specifically if we consider a plane in R®
with coordinates (X, Y, Z) given by

sZ=pX +qY +r. (1.4)
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Let us assume that the points on the plane (1.4) satisfy a dynamical

system
\=A\+b (1.5)

where A is an arbitrary 33 matrix and b is a 3x 1 vector given by

air a1z 13

A= |ax a2 aa (1.6)
@31 (33 33

b=(b1 b2 b:;)T., (1.7)

respectively, and where \ is given by
\=(X Y 2)%.

One can compute a dynamical system for the shape parameters p. ¢, r.
and s described as follows:

P P

d| a | _(-4T 0\| ¢

dt| —s ‘(—bT 0) -5 (1.8
r r

Typically a point on the plane (1.4) is observed with the aid of
a CCD camera that projects (X, Y, Z) perspectively onto an image
plane. Let (7)1, 72) be the coordinates of the image plane and assume
that the perspective projection is defined as

X Y

f3 -
ﬂ—f. N2 = Z+f (19)

m =

where f is the focal length of the camera. One can easily compute a
differential equation that is satisfied by the coordinates (1, 72) and
is given by

. 1
yom = Y1 +ysm +yan2 + 7(1/77]12 + ysmnz)

. 1
yorlz = y2 + Yemz + yst + 5 (Ys75 + yrn1n2)

: (1.10)
where
{1 0 0 ~fb fays
Y2 0 0 —fbe fass
Y3 =by 0 b3—fan an —ass »
s 0 -b —fa a2 q
ys | = -0 O —fag o1 . (1.11)
Ye 0 by b3z— fazz a2 —ass rk
Yyt —b,’; 0 —faxn a3y
Ys 0 —bh —fass azs
Yo 0 0 —f 1
and where
b = (b — arsf, bz — asafy bs — azsf) = (b1, by, bh).  (1.12)

The equation (1.10) is known as the “optical flow” and in the literature
various algorithms exist as to how one can estimate (7)1, 72) for a
given pair (71, 12) (see Horn [4]).

For our purposes we would like to view (1.8), (1.11) as a linear
system for which the output vector y; is not observed but instead one
observes the vector (71, 72, N1, 7)2) at various points on the image
plane. Note that for almost every point on the image plane, (1.10)
describes a homogeneous seven-dimensional plane in R®. Thus if
one observes (i1, N2, 1. 2) for 3 points on the image plane, the
output vector in (1.11) is observed up to a homogeneous 3-plane.
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On the other hand, if 4 points are observed the output vector in
(1.11) is observed up to a homogeneous line. Various other cases
can be demonstrated likewise. Note in particular that by observing
the vector (71, 72, 1, n2) for 1 or 2 points on the image plane,
the output vector is observed up to respectively a seven- or five-
dimensional plane in R°. Such an observation does not shed any
new information on the vector (p, ¢, s, r). In practice if the vector
(p. ¢, 5, 7) is recovered only up to a d—dimensional plane where
d > 1. one would typically use multiple cameras to determine the
exact value of (p, q. s, 7).

II. PROBLEM FORMULATION AND MAIN RESULT

In order to introduce the main result considered in this paper,
let Po C K" be a d—dimensional affine subspace not necessarily
passing through the origin. In this paper we shall use the expression
“d—dimensional affine subspace” to mean a “d—dimensional plane.”
We say that the dynamical system (1.1) observes P, if for any
0 < t; < to it is possible to calculate P, from the observation
of the “moving plane” C' P(t) £ Ce™Py in K., <t < ty. Our
main theorem is described as follows.

Theorem 2 (Main Theorem): System (1.1) observes any d-—
dimensional affine subspace Po in K" if for any set of eigenvalues
Ao, -+, Aqg of A one has

rank |4 720D (A=AD | _ @1
C

Moreover this condition is also necessary if d = 0 or if all eigenvalues
of the matrix A are in K.

Remark 3: Note that over the complex numbers €, condition (2.1)
is necessary and sufficient. Moreover if d = 0, Theorem 2 reduces
to Theorem 1. Finally if d = 1 this result implies the one given in
[6] due to Wang, Martin, Dayawansa, and Ghosh.

The following two examples explain the ingredients of our result.

Example 4: Consider the real system

r=Ar = (g é).r, y=Cr=(1 0, x € R%
2.2)

Because the eigenvalues of A are real, condition (2.1) in Theorem 2
is necessary and sufficient. In particular if po € R? is a point it can
be observed from y(t) = C'e*'py because

-2 1
rank [ 0 —-A[ =2 (2.3)
1 0

for all A € R including the case when A is an eigenvalue of
A. However if Iy C R? is a line, it cannot be observed from
1(t) = Ce™*!y because for every pair of lines Iy and /; in R? and
for all but a finite number of time instants ¢, we have
{€:6=Ce*6,6clo} ={c:E=CeM6,6€l}. (24)

Thus the lines /p and /; are both mapped to the entire real axis and
therefore they cannot be observed. We also note that

AoAr —Ao — Ap
rank 0 AoAr # 2
1 0

for every pair of eigenvalues Ao, Ajof4d. (2.5)

In fact for Ao = A1 = 0, rank drops to 1.

Remark 5: Note that the equality of the two sets in (2.4) is valid
for all but possibly a finite number of time instants. One might
correctly conclude from this, that in principle observability can be
ascertained on the basis of these finitely many exception points.
However we would still like to say that the lines /o and /1 are
unobservable on the basis of any arbitrary time interval (¢, 2).

Example 6: Consider the fourth order system

—81 —56 57 —11
b= dp = 146 102 -106 20 \
) : 62 43 —46 9
203 138 -149 31
1000
y=Cae={0 1 0 0 |z reR. (2.6)
0010

A direct computation shows that the pair (A, C') is observable and
the matrix 4 has eigenvalues 0, 1,2,3. Since for any 2 eigenvalues
Ao, A1 the nullspace of (A — Aol )(A — A7) is equal to the sum
of the eigenspaces Ker (A — Aof) and Ker (A — A1) and none of
those sums contains the vector (0, 0, 0, 1)T € Ker (C') it follows
from Theorem 2 that if Io C R* is a line in R*, it can be observed
from Cl(t) = Ce*!lo, which is a motion of lines in R*. On the other
hand one immediately verifies that

-3 -3 30

8§ 8 -8 0

Ad-Da-2n=| 7 [ T
~23 -23 23 0

It therefore follows that certain two-planes P, C R* cannot be
observed from Ce*'P; C R®. Specifically consider the vectors
vor = (12, 20, 8, 28)T, v1: = (35, —60, —25, —85), and vo: =
(—23, 40, 17, 58)T. One immediately verifies that vo. v1, v2 are
eigenvectors corresponding to the eigenvalues 0, 1, and 2. Also note
that vo + v1 + v2 = (0, 0, 0. 1) Let P be the three-dimensional
subspace in R* spanned by the vectors vo,v1, and vo. It can be
verified that for all but a finite set of values of t,C'e*' P is a two-
dimensional plane in R®. To see this, note that C'e'v; = Cei'e;
for j = 0, 1,2 where \; is the eigenvalue corresponding to the
eigenvector vj. Since Cuvo, Cv1, Cvo are linearly dependent, it
follows that C'e'vg, Ce*tvy, Ce*'vy are linearly dependent as
well. Thus for any 0 < t; < t2 and for almost every pair
of two-dimensional planes Q1 and Q2 such that Q1 # Q2 and
Q1 C P,Q2 C P, we have

CettQy = Cet'Q,

for t; <t < t,. Hence the planes ¢ and ()2 cannot be observed.

III. AN ASSOCIATED DYNAMICAL SYSTEM

The proof of Theorem 2 will be broken down in a sequence of
lemmas. The proof is mainly based on a careful study of a dynamical
system defined on the K vector space /\" K", the k—fold wedge
product of K" (see [2] for a reference). This system has also been
used in [6] to derive the results there.

First recall that /\k K™ is linearly generated by the vectors

{ri A Aagles €K™, i=1,--- k).

Addition in /\k K™ is multilinear and alternating in the components.
If {e1,- -, e, } is a basis of K" then it follows from the multilinearity
and the alternating property of the wedge product that

Bi={ejy, Ao Aeg J1 <ip <+ <ip <n}
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is a basis of A¥ K". In particular one has dim /\k K" = (:) If

a vector v € /\" K" has a representation v = x3 A --- A & for
some particular vectors r; € K", i =1,.--,k, one says that v is a
decomposable vector. The coordinates of a decomposable vector with
respect to the canonical basis B are sometimes called the Pliicker
coordinates of .
Next define linear maps
v

X
A AK = AK"
k
2p A A Y e A ARt A AR A Rigs - Aai3.1)
i=1

and
&

k
C: /\K" — /\K”

A A Cer A ACay,. 3.2)
4 and € induce the dynamical system
¥=4%. T1v=0X (3.3)

The state space of (3.3) is the vector space A¥ K" and the output
space is the vector space /\k IK”. We would like to remark that if the
trajectories C'xy(t), - -, Car(t) are solutions of the system (1.1) then
@(.1'1(1) A---Axp(t)) is a solution of system (3.3). It is our goal to
show that, provided the eigenvalues of A are in K, (2.1) is equivalent
to a particular notion of observability of the system (3.3) and that this
condition is also necessary and sufficient for the observability of F
under the output function C'e* Py. The following lemmas prepare
for this result.
Lemma 7: The (unique) solution of the initial value problem

%(.rl(f)/\---/\.u.(t)) = A1 (D) A Arg(t))
PH{OA - AT(O) =01 A Ay

is given through
LA - Aar(t) = eMop A-- Ae g (3.4)

Proof: Differentiate (3.4) and recall the definition of A. Q.E.D.

Lemma 8: Let xy, ro,---,2r € K" be vectors and
1. 2.0+ € K be scalars. Let ¢ 2 cr+c2 + -0 + cp.
Then it follows that

k
(A=cDri Ara A Ay =D i Ave Ao
=1
ANA—c; D Ny Nag.
3.5)
Proof: Note that

(A=c)erAza A Aay)
= (:1.1’1 Ara Ao A .I’k)

—ci(ry Ao Ag)
+ (i Adea A~ Aay)
— (1 Ao Ay)

(.1’1 A £ A--- A AJ‘J\-) — C} (Al'l A Jo e A ‘1'1.»)
I
S Zrl A Ao AN(A =)
=1

L A RIS IR A L. QED

T

Lemma 9: Let {x1,+--, a2} C K" be a [K—basis of generalized
eigenvectors of the matrix A having corresponding eigenvalues
{A1.-++, An} (possibly repeated) then

{ri Avr A 1< iy <o < <} (3.6)

is a IK—basis of generalized eigenvectors of the matrix A with
corresponding eigenvalues A;, +--- + A, .

Proof: Clearly the set of vectors (3.6) are linearly independent
and therefore form a basis. Assume that the vectors z;, « - - x;, have

a nilpotency index m;, ---mt;,. ie.,
(A=A D™, £0. (A= X, D™ra, =0, 37

In particular, if m;, = 1 it follows that ;, is an eigenvector with
Xi, being the corresponding eigenvalue. Let us define

g=mj +---+m, +1-k 3.8)

it is trivial to verify using Lemma 8 that
(A= iy + -+ XD A Ay, =0, (39)
QE.D.

Lemma 10: Let N be a nilpotent operator acting on K?. For every
vector v € [K? there is a unique v € K7 such that

v=u+Nu+---+Nu.

Moreover if m is the nilpotency index of v then {u.--+, N™ 'u}
are linearly independent.

Proof: The unique vector u is given through w:= (I — N)v.
The linear independence is clear. Q.E.D.

Before we state the next result we note the following.

Remark 11: Note that not every vector in the vector space A" K"
is of the form x; A --- A ) and those that are, would be known as
decomposable vectors.

The next result establishes the crucial relation between the observ-
ability of the pair (A, C') and the condition (2.1).

Proposition 12: Assume that the eigenvalues of the matrix A are
in K. Then the following conditions are equivalent:

1)There are eigenvalues A;,.---.A;, of A and a nonzero vector
v € K" such that

((‘4‘A“”'C';(A_’\"k”)u:0. (3.10)

2)There is a A € KK and a decomposable vector 31 A--- A 3 €
A¥K™ such that

(A E,/\I)Jl/\---/\,h.:[). @.11)

3)The dynamical system (3.3) has a decomposable vector a1 A
-~ Ao € A¥K" in its unobservable subspace.

Proof: 1)—2): Let A1,---, A, be the eigenvalues of 4 and let
K" = +/2, W, (3.12)

be the decomposition into generalized eigenspaces. This decomposi-
tion induces a decomposition

v=vp 4t
Let A = {li.---,1,} be the eigenvalues appearing in the product
Pi=(A=-XD---(4=-X,1)
and denote by m(l1),---.m(l,) their multiplicity, i.e., we have
P=(A—nDm0 4 -,0)m!),

From the .4 invariance of the generalized eigenspaces V), it follows
that v, = 0 if h ¢ A. Moreover if h € A then v, has nilpotency
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index at most m(h). In the following we restrict ourselves to the
case when v, has nilpotency index m(h). The (easier) other cases
are similar. By Lemma 10 we have an expansion

m(ly)—1 ‘ mlp)—1 v
v= Y A-hD M u e+ Y (A=, B13)
J1=0 Jp=0

In this summation there are m(l1) + -+ + m(l,) = k summands
which we like to denote by 31, - -, 3x. By Lemma 10 those vectors
are linearly independent and from Lemma 9 it follows that 3: = 31 A
-++ A By is an eigenvector of A with corresponding eigenvalue \: =
Xi, ++ -+ )i, Finally, from (3.10) it follows that {C'/5,---,C B}
is a linearly dependent set. It follows

(A—(A,vl 4o A

& (3.14)

2)—3): The vector 31 A --- A Bk is necessarily an eigenvector of
A and therefore in the unobservable subspace U of the system (3.3).

3)—1): The fact that condition 3) implies condition 1) is nontrivial.
Our proof follows mainly ideas already developed in [6] and in
principle it should be possible to generalize the proof given in [6].
This however amounts to a large case by case search. In order to
avoid those tedious arguments we will deviate at a crucial point from
this program.

The proof is structured as follows. Consider the decomposable
vector a: = a1 A --+ A aj in the unobservable subspace U of the
system (3.3) whose existence we assume. Using the fact that U is
A invariant we will construct a polynomial f(x) € K[x] which has
the property that f(.A)a is a decomposable eigenvector of Af(A)a
is then necessarily in the unobservable subspace U and this implies
2) and from there we will imply 1). The details are now described
as follows.

Consider the set of eigenvalues {A;,---,A,} C K of A and
arrange the order such that

Re i < Re)Xij
or

ReAi = ReAip:
and

ImA; <ImAiq;.

Let us choose a set of generalized eigenvectors {1, --,xn} of A
and consider the decomposition of K" into generalized eigenspaces
given through K" = @&7_, V),. Arrange the order of {21, -, &, } in
such a way that {xy, - -+, x;, } forms a basis of Vi, {@i 41, %i, }
forms a basis of V), and so on.

Let a: = a; A- - - Aax be a decomposable vector in the unobserv-
able subspace U. Expand a; = Y"1, bj;@i, j = 1,-- -, k, in terms of
this basis. In this way we associate to « a coefficient matrix B = b;;
whose entries are unique up to premultiplication by an element of the
special linear group Six:= {T € Mat,xn|det(T) = 1}. Without
loss of generality we can therefore assume that the matrix B is in
echelon form.

Consider now the decomposition of A*K™ into generalized
eigenspaces.

k
AK" = @ama, 4oin, Wi (3.15)

If wy denotes the component of a1 A -+ A a in Wy then

wy = g iy Ao Ay,

(3.16)

where v;; is the component of «; in th and where the summation
is taken over all indexes (i1, ,ix) having the property that A;; +
e A, = A

From the fact that the matrix B is assumed to be in echelon form
and from the assumption that A, - - -, A, are ordered, it follows that
there is one eigenvalue g such that the component w, of a1 A---Aag
in W,, is nonzero and decomposable, i.e.,

3.17)

Wy = Upy Av-s AUpg.

Indeed, v-; can be chosen in the following way. Forj =1,-:+,k
consider the decomposition
8

o = E Vi

;=1

(3.18)

induced by the eigenspace decomposition (3.12). Then choose 7;
as the first index with the property, that v,; # 0. By definition
vry A +++ A 0, is nonzero, decomposable, and it represents the
component of a; A -+ A ay in W,.

Let m be the order of w,,. It is our goal to calculate the eigenvector
(A— #I)™ 'w, and to show that this vector is decomposable as well.
For this consider the initial value problem

%(rl(t)/\---/\xk(t)) = (A= pD)(xi () A - Aa(t))
21 (O)A - Azk(0) = vy Ave- Ay

Using Lemma 7 and Lemma 8 one verifies that the solution is given
through

E(A—Mf)f,w” — e(A—/\rl])tuT1 Ao A 6,(44*)\%1)’1,1*. (3.19)

Because vr; € VAU ,j =1,---,k, we have a polynomial expansion

m(j)—1
C(A—'\Tj”l‘u,-] — Z (A— /\rjI)h’fhj“"j* (3.20)
hj:O
where m(j) is the nilpotency index of v..
Expanding each v, in terms of the standard basis {z1,--- 20} C

K" we get an expansion

>

1<iy < <ip<n

eA=nDty, = FipminyB2iy A Aiy. (321

In this summation f;, ....:,)(t) are the Pliicker coordinates of the
vector el A7 # Dy, » and we will abbreviate them by f;(t). By (3.20) it
follows that f;(t) are all polynomials of degree at most Zle m(j)—
k.

If fact we can say more. Differentiating both sides in (3.19)
m — 1 times and substituting ¢ = 0 results in the eigenvector
(A = pI)™ 'w, on the left side of the equality sign. On the right
side this operation results in

>

1<y < <ip<n

(m—1)! gi;l‘ll/\"'/\.l?,'k,

m—1

where g; is the coefficient of the monom ¢ in the polynomial
fi(t). By definition we have (A — pI)’”_luv“ # 0 and (A —
uI)™w, = 0. We conclude that each polynomial f;(t) has degree at
most m — 1 and some coefficients g; are nonzero. In addition note
that the vector ' ~#D%w,, is a decomposable vector at all time t > 0
and the Pliicker relations (compare to [5, Section 3])

P+l

S =D fiyoigr 3O G e ipyn (1) = 0

k=1
(3.22)
have therefore to be satisfied for all ¢t > 0 as well. By doing the
same argument as in [5, Theorem 3.6 and Example 3.7] we conclude

(QR)
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that the Pliicker coordinates are also satisfied for the coordinates g;.
But this means that (A ~ I)™ 'w,, is a decomposable eigenvector
which we denote by

B A AP
Consider once more the eigenspace decomposition

alA---/\ak:Zur,\
A

as induced by the decomposition (3.15). Let m(\) be the nilpotency
index of wx and define the operator

FlAy= (4 —pDy" T (A = 2D, (3.23)
AF
A direct calculation shows that
Ao A Aae= L= 0"V A ABe (329)

AFp

We conclude that the decomposable eigenvector 31 A --- A 3 is in
the unobservable subspace U of the system (3.3) and this implies 2).

Actually we have shown more: 3; € V.., and if the coefficient r;
is repeated m times in the set {ry,---,rx} then 3; has nilpotency
index at most m. But this means that

(A=A D) (A=A, D)3, =0

for j = 1,---,k.
By linear dependence of the set {C'31, - -
¢1,+++, ¢k not all zero such that

-, '3k} there exist scalars

1 Cpr+ -+ caCBi =0.
But then
w2 e+ + e

has all required properties for 1). Q.E.D.
A direct consequence is the following Lemma whose proof is clear.
Lemma 13: 1If for any set of eigenvalues Ay, - - -, Ax of A one has

(A=) (A= D) —n

c (3.25)

rank[
then there is no real decomposable vector in the unobservable
subspace U of the system (3.3).
Remark 14: In general the converse is not true as it is demon-
strated through an example in [6].

IV. PROOF OF THE MAIN THEOREM

Proof: We first show the sufficiency of the criterion (2.1). Let
P.Qo C K" be two d—dimensional planes with Py # Q.
Let go € Qo be a point having the property that gqo ¢ Po. Let
{x0.---, 24} C Po be a set of points chosen in such a way that the
decomposable vector

A
w = (go— o) A1 —20) A+~ A(xqg — X0)

is nonzero. If the rank condition (2.1) holds, it follows from Propo-
sition 12 and Lemma 13 that there is no decomposable vector in
the unobservable subspace U of “the augmented system” (3.3). It
therefore follows that

Cu(t) = (Ce““qo —Ce*ag) A (CeMay — Ce‘“.ro»)
e A (C(’A[.Td — C'E’Al;l‘a)
is nonzero for all time t with the exception of a set of measure zero.

But then we have that C'e*'qo @ Ce' Py for almost all time ¢. In
other words C'e'Qy # Ce Py,

In order to prove the necessity part assume that all eigenvalues of
A are in K. Assume that there is a set of eigenvalues Xo,---.Aq
of A such that the rank condition (2.1) is not satisfied. Furthermore
assume that for any set of eigenvalues o, -, pta—1 of 4

rank 4.1

=n.

(A= pol)- - (A~ parI)
C

If this (technical) condition is not satisfied we will be able to show
at the end of the proof that (d — 1)—dimensional subspaces cannot
be observed in general.

By Proposition 12 there exists a nonzero, decomposable vector
29 Axy A---Axq in the unobservable subspace U of “the augmented
system” (3.3) (assuming k = d + 1). Define V: = span {ao, -+, x4}
and let Py, Qo C V be two d—dimensional subspaces satisfying
Py # Qo. By the assumption it follows that

At
span {Ce*' o, -+, Ce™ 2}

is a d—dimensional subspace for ¢ almost everywhere. But this means
that the two different subspaces Py and Qo in K" produce the same
moving plane Ce*'Py = Ce*'Qo in K? for all time ¢ with the
possible exception of a set of measure zero. 3

Assume now that (4.1) is not satisfied and let d be the largest
integer having the property that

ronk [(A el C' " /\JI)J <n 4.2)
for some eigenvalues Ag,---,A; but
rank[(A — oI} 'é(A - l’J—lI)] =n 4.3)

for all eigenvalues po,---,pj_, of A. Using the same argument
as before one shows the existence of two subspaces Py and Qo of
dimension d which cannot be distinguished in the observation. This
completes the proof. Q.E.D.
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