FORMAL LAGRANGIAN OPERAD
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ABSTRACT. Given a symplectic manifold M, we may define an operad struc-
ture on the the spaces OF of the Lagrangian submanifolds of (M)k X M via
symplectic reduction. If M is also a symplectic groupoid, then its multiplica-
tion space is an associative product in this operad. Following this idea, we pro-
vide a deformation theory for symplectic groupoids analog to the deformation
theory of algebras. It turns out that the semi-classical part of Kontsevich’s
deformation of C*°(R?) is a deformation of the trivial symplectic groupoid
structure of T*R<.
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1. INTRODUCTION

Symplectic groupoids, in the extended symplectic category, may be thought as
the analog of associative algebras in the category of vector spaces. For the latter,
a deformation theory exists and is well known. In this article, we will present a
conceptual framework as well as an explicit deformation of the trivial symplectic
groupoid over R%. In fact, rephrased appropriately, most constructions of the defor-
mation theory of algebras can be extended to symplectic groupoids, at least for the
trivial one over R%. Our guide line will be the Kontsevich deformation of the usual
algebra of functions over R¢, (C°° (RY), ) Namely, the usual point-wise product of
functions SZ(f, g) = fg generates a suboperad, the product suboperad, O% = {S{)‘},
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of the endomorphism operad O of C*°(R?), where S is the n-multilinear map de-
fined by S§(f1,-.., fn) = fifz... fn. For each n one may choose the vector subspace

e C O" of n-multidifferential operators. The operad structure of O induces an
operad structure on Og + O, which in turns generates an operad structure on
O Which is, however, non-linear. Then, v is a deformation of the usual product
SZ, i.e., an element v € 0% ; such that SZ+ is still an associative product, iff v is a
product in the induced deformation operad O,4.;. We may also consider the formal
version by replacing O, by the formal power series in €, €O, ¢[[e]]. M. Kontsevich
in [12] gives an explicit formal deformation of the product of functions over R?,

o0
SE = Sg + € Z WFBF,
1 I'eGn 2
where the Wt’s are the Kontsevich weights and the Br’s the Kontsevich bidifferen-
tial operators associated to the Kontsevich graphs of type (n,2) (see [3] for a brief
introduction ).
If we consider the trivial symplectic groupoid T*R?¢ over RY, we see that the

multiplication space

n=

Ag = {(plax)a (p?ux)u (pl +p27x) L P1,D2 S Rd*ux S Rd}

generates an operad O} = {An}, where

An = {(plax)a" '7(pn7x)7 (pl + - +pn7x) - P S Rd*ax S Rd}

As is a product in this operad. The compositions are given by symplectic reduction
as the A,,’s are Lagrangian submanifolds of (T*R4)" x T*R?. The main difference
with the vector space case is that there is no “true” endomorphism operad where O
would naturally embed into. Thus, the question of finding a deformation operad
for O, must be taken with more care. The first remark is that the A,, may be
expressed in terms of generating functions

Sg)l(pla' .. apnax) = (pl + - +pn)x

Namely, A, = graphdS({'. The idea is to look at the operad structure induced on
the generating functions by symplectic reduction. In fact it is possible to find a
vector space of special functions O}, for each n such that O, + O,4,¢ remains an
operad. The formal version of it gives a surprising result. Namely, we may find an
explicit deformation of the trivial generating function S , it is given by the formula
o0
SE = Sg + e Z WFBF,
1 TeTy 2

n=

where the Wr are the Kontsevich weights and the Br are the symbols of the Kont-
sevich bidifferential operators and the sum is taken over all Kontsevich trees T}, 5.
This formula may be seen as the semi-classical part of Kontsevich deformation
quantization formula.

As a last comment, note that Kontsevich derives its star product formula from
a more general result. In fact, he shows that U =) €"U,, where

Un(é—h'"agn) = Z WFBF(glu' 7€n)

reG,
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for & € F(/\di TM),i=1,...,dis an Lo,-morphism from the multivector fields to
the multidifferential operators on R?. In our perspective, we may still write

Un(é—lu"'agn) = Z WFBF(é—lu"'agn)

reT,

summing over Kontsevich trees instead of Kontsevich graphs and replacing multi-
differential operators by their symbols. Exactly, as in Kontsevich case,

S€:S§+Ze"ﬁn(a,...,a)

n>1

is an associative deformation of the generating function of the trivial symplectic
groupoid T*R%. However, it is still not completely clear how to define “semi-classical
L oo-morphisms”.

Organization of the article. In Section 2, we describe the endomorphism operad
O(M) = Hom(M®", M) associated to any object M in a monoidal category. We
explain what is an associative product S on M in an monoidal category and we
define the product suboperad Og(M) of O(M). If the category is further associa-
tive, we may choose a deformation operad for .S, which is a choice, for each n € N
of a vector subspace O} such that Og + O, is still an operad. We describe the
deformations of S in terms of products in O, . As an example of this construc-
tion, we expose Kontsevich product deformation in this language. At last, we show
that the extended symplectic category, although not being a true category, exhibits
monoidal properties allowing us to carry the precedent construction up to a certain
point. Then, we focus on the trivial symplectic groupoid over R? case and define
the product operad associated to its multiplications space. We give a deformation
operad on a local form, the local deformation operad. In particular, we show that
any local deformation of the trivial product gives rise to a local symplectic groupoid
over RY. We conclude this Section by defining equivalence between deformations
of the trivial generating function and we show that two equivalent deformations
induce the same local symplectic groupoid.

In Section 3, we describe the combinatorial tools needed to give a formal version
of the local Lagrangian operad. As the problem consists mainly in taking Taylor’s
series of some implicit equations we need devices to keep track of all terms to all
orders. The crucial point is that these implicit equations, describing the compo-
sition in the local Lagrangian operad, have a form extremely close to a special
Runge-Kutta method: the partitioned implicit Euler method. We borrow then
some techniques form numerical analysis of ODEs to make the expansion at all
orders.

In the last Section, we describe the formal Lagrangian operad, which is the
perturbative version of the local one, in terms of composition of bipartite trees. We
give in particular the product equation in the formal deformation operad in terms
of these trees. At last, we restate the main Theorem of [3] in this language. This
tells us that the semi-classical part of Kontsevich star product on R? is a product in
the formal deformation operad of the cotangent Lagrangian operad in d dimensions.

Article genesis and subsequent works. This article was inspired in large part by the
unpublished note [2], in which the notion of lagrangian operads first appeared, and
from the PhD thesis [6]. It was originally conceived as a development of [3], pro-
viding a framework (the theory of operads), in which the results and computations
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of the latter article could be understood in a cleaner and more conceptual manner:
each Taylor series expansion arising in [3] can be seen as a certain composition in
the formal lagrangian operad over T*R™.

The combinatorics of bicolored Runge-Kutta trees was borrowed from the nu-
merical analysis of ODE (see [9]). We used it first in [3] to expand the structure
equation (also called the "SGA equation") for symplectic groupoid generating func-
tions in formal power series. Actually, this combinatorics happens to control the
compositions in the formal lagrangian operad over T*R?. It is very reminiscent
of the one used, in the context of bicolored operads, to define versions of operad
morphisms "up to homotopy" (see [13] and also [14]). However, in the case of the
formal lagrangian operad over T*R%, we are not dealing with weak structures or
weak maps of any kind, at least in a direct way. The actual nature of the relation-
ship between these two formally similar but contextually different combinatorics, if
any, is unknown to the to the authors’ best knowledge.

As far as geometric quantization of Poisson manifolds using symplectic groupoid
techniques is concerned, recent works seem to indicate that the language of sym-
metric monoidal categories is better suited than the one of operads: namely, the
microsymplectic category developed in [4] is a better fit than the notion of la-
grangian operads for understanding functorial aspects of geometric quantization.
At any rate, the endomorphism operad of T*R? in the microsymplectic category
contains, as a suboperad, the local lagrangian operad constructed in the present
paper (see [4]).

However, there is no formal version of the microsymplectic category to date,
and the combinatorics presented here to deal with the compositions in the formal
lagrangian operad over T*R¢ have no equivalent in terms of a "formal microsym-
plectic category"; this is, at the time of writing, still a work in progress.

2. PRODUCT IN THE EXTENDED SYMPLECTIC CATEGORY

2.1. Basic constructions and Kontsevich deformation. In this Section, we
describe, in any monoidal category, a natural generalization of an associative algebra
structure over a vector space. It is the notion of product in the endomorphism
operad O(M) of an object M in the category. If the category is further additive,
we explain what is a deformation of a product S € O?(M) and construct a non-
linear operad, the deformation operad Oget(M,S) associated to S in which any
product is equivalent to a deformation of S. We present the well-known Kontsevich
deformation of the usual product of functions over R in this language. At last, we
see that most parts of this construction, can be applied to the extended symplectic
category, leading to the notion of Lagrangian operad.

Definition 1. An operad O consists of

(1) a collection of sets O™, n >0
(2) composition laws

O" x OF x oo x OFn - — Oftrthn
(F,Gy,...,G) — F(G1,...,Gp)
satisfying the following associativity relations,
F(Gy1,...,Gn)(H11,. .. Higyy ... Hp1, oo, Hpg, ) =
F(G1(H11,...,Hig,), ., Gn(Hp1, ..., Hyr,)))
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ot

(3) a unit element I € O' such that F(I,...,I)=F for all F € O™

It is usually also required some equivariant action of the symmetric group. We do
not require this here.

The structure we have just defined should then be called more correctly “non
symmetric operad”. However, we will simply keep using the term “operad” instead
of “non symmetric operad” in the sequels.

Product in a monoidal category. We consider here a monoidal category C. We
denote by ® : C x C — C the product bifunctor and by e € C the neutral object.
Let us recall that we have the following canonical isomorphisms

(AB)@C~A®(B®C) and e A~ARe~A

for all A, B,C € ObjC.
Let C be a monoidal category and an object M € ObjC. We define the endo-
morphism operad of M in the following way:
(1) O"(M) := Hom(M®", M), O°(M) := Hom(e, M)
(2) F(Gy,...,Gp):=Fo(G1® - ®G,)
(3) the unit is given by idys € OY(M).

The operad axioms follow directly from the bifunctoriality of ®, i.e,

(f@glo@W®d) = (fo)®@(g909)
dy®---®idy = dyg.eMm-
If M is an object of a monoidal category C, we may define a product on M.

Definition 2. An associative product *on an operad O is an element S € O such
that S(I,S) = S(S,I). An associative product on M is an associative product in
the endomorphism operad O(M). In the sequel, we will constantly use the term
product to mean in fact associative product.

Given a product S € O?, the associativity of the operad implies that, for any
FeOF, Ge O and H € O™ we have,

S(F.S(G.H)) = S(I,S)(F.G.H)
— S(S,1)(F,G, H)
S(S(F,G), H).

This notion is the natural generalization of an associative product on a vector
space. Namely, if M is a vector space, O?(M) is the set of bilinear maps on M. Asin
this case O°(M) = Hom(C, M) = M, we have that S : O°(M)xO°%(M) — O°(M)
is an associative product on M.

Product deformation in a monoidal additive category. Suppose we have a product
S € O*(M), where M is an object of a monoidal category C. If the category C is
further additive, we may try to deform S, i.e., to find an element v € O?(M) such
that S + ~ is still a product.

At this point, the standard way is to introduce the Hochschild complex of the
linear operad O(M), to define the bilinear Gerstenhaber bracket and the Hochschild
differential associated with the product S. A deformation of S would then be a

Hn [8], Gerstenhaber and Voronov call it a multiplication.
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solution of the Maurer-Cartan equation written in the Hochschild differential graded
Lie algebra controlling the deformations of S.

We will however rephrase slightly this deformation theory in a way that will
allow us to deal with categories whose hom-sets are still linear spaces but with a
morphism composition that does not respect this linear structure, as it will be the
case in the next sections.

The first step is to notice that a product S € O*(M) generates a suboperad
Og(M), which we call a product operad, in O(M) with only one point in each
degrees:

O%(M) =0, Ok(M):={I}, O%):={s}.
O3 (M) = {5(5, 1)}, OL(M) = {5(5(5, 1),1)}, ...ete
To simplify the notation we will denote by S§ the unique element in O%(M).

Remark 1. The product operad Og(M) is a suboperad of O(M) but not a linear
suboperad; namely, for each n € N, O%(M) is not a linear subspace of O™ (M) (it
contains only a single point).

Definition 3. Let M be an object of an additive monoidal category C and let
S € O}(M) be a product. A deformation operad, Ogct(M,S), for S is the data,
for each n € N, of a linear subspace OF ¢(M,S) C O™ (M) such that the difference

1) RN ™) = (ST +SE +Ah . SEm ) = SR
is in Ogé;‘"""k”(M, S) for all v € O% (M, S), ~' € Ogéf(M, S), andi=1,...,n.

Remark 2. Og + Oqer is a suboperad of O(M) but not a linear one: the spaces
0%+ OF (M, S) are not linear subspaces but affine ones.

Proposition 1. Let Oget (M, S) be a deformation operad for a product S € O*(M).
Then the compositions

YY) = Ryt ™),
defined by equation (1) gives Oget(M, S) together with the unit 0 € O} (M, S) the
structure of an operad.

Proof. The proof is direct using only equation (1) and the operad structure of the
endomorphism operad O(M). O

Remark 3. Although each of its degrees is a linear subspace, Oger(M, S) is not a
linear operad since its compositions, the Rs, are not multilinear.

Definition 4. We say that an element v € O% (M, S) is a deformation of the
product S w.r.t. the deformation operad Oget if S+ is still a product in Og+Oges -

Remark 4. All what we have said still applies if we start with any linear operad
instead of the endomorphism operad of an object in an additive monoidal category.
This allows us to define a notion of product deformations in a specific class of
deformations (which is given by the data of the deformation operad) in general
linear operads.

Proposition 2. Let S € O?*(M) be a product. Take an element v € O3 (M, S).
Then, v is a deformation of the product S iff v is a product in Oqer(M,S). In
particular, 0 € Oﬁef(M, S) is always a product in the deformation operad of S.
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Proof. ~v is a deformation of S iff
(S+NES+7.1) = (S+NU,5+9),
which is equivalent to
So + R(7;7,0) = S5 + R(730,7).
O

From now on, we will write 01 for the identity element of the deformation operad
which is the zero of O} ; and 05 for the trivial product of the deformation operad
which is the 0 element in O% (M, S).

Notice that neither Og(M) nor Og(M) 4+ Oget(M, S) is a linear operad in the
sense that, although the compositions are multilinear, the spaces for each degrees
are not vector spaces but affine spaces. On the other hand the spaces for each
degrees of the deformation operad Oger(M,S) are vector spaces but the induced

operad compositions are not linear in general.
We may however introduce the Gerstenhaber bracket of the deformation operad

[’] : Ogcf(M7 S) X Oéci’(Ma S) — O(];;rflil(Ma S)
defined by
(2) [F,G]=FoG - (_1)(k71)(l,1)GOF

where

k
FoG:2(—1)“*1)(“1)3(1?;01,...,01, G ,01,...,01).

4th

This bracket is not bilinear. An important fact concerning this bracket is that,

1
=[v.7) = R(7;7,01) — R(7;01,7),

2
which means that 7 is a product in the deformation operad iff
1
3) sl =0

Moreover, we may define an equivalent of the Hochschild differential

d: Ogef(Ma S) - Og;;l(Mvs)a

(4) dF := [0, F] = R(02; F,01) + (=1)""'R(02; 0y, F)—

— (=)™ (=1)"'R(F;04,...,01, 03 ,0q,...,01).

It turn out that d is still a coboundary operator.

Proposition 3. d defined by equation (4) is a coboundary operator, i.e., d* = 0.
Moreover, v € O3 (M, S) satisfies product equation 3[v,~] = 0, in Oqer(M, S) iff
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Proof. Using equation (1) we obtain d in terms of the endomorphism compositions

- (—1)"‘1Z(—l)i‘lF(Sé,...,Eé/,...,S&).

i=1 )
ith

The result follows directly from the linearity of the compositions in the endomor-
phism operad. Using again equation (1) we get,

%[%7] = R(77,01) = R(7:01,7) = S5 (7, 85)+
+ (55, 50) + (v, 55) = 55.(S0,7) = (S0, 88) — ¥(S5,7),
which gives equation (5). O
A formal deformation S¢ of S is a formal power series
Se=€S1+ €S2+ € Of (M, S) 1= €O (M, S) @ k[[e]], ne€N,,

where € is a formal parameter and Oger(M, S) is a deformation operad for S, such
that S 4+ S, is a product in Og(M) + Otorm (M, S).
Equivalently, one may say that S. must satisfy

[Se, Se] =0,

or, thanks to equation (5) that the S;’s satisfy at each order n € N, the following
recursive equation:

(6) dSn-i-Hn(Sn_l,...,Sl) = 0,

where

Hy(Sno1,...,81) = > Si(S;,85) — Si(S, Si).-

n=i+j

The Kontsevich product deformation. Consider the category of real vector spaces.
In this category we take the real vector space M = C*°(R?) of smooth functions
on R?. The endomorphism operad of C>(R?) is

o"(M) = { n-multilinear maps from C*°(R%)®" to C> (Rd)}.
The usual product of functions induces a product in O(M), namely

Sg(FvG)(fla'"afkagla-'-agl) :F(fla'“vfk)G(gla---agl)a

for F € O¥(M) and G € OY(M).
The induced product operad is

05(M) = {3},

where

So(fiseoosfn) = fifa.o o fu

As deformation operad, we take

OL¢(M,S) := { n-multidifferential operators on C'* (Rd)}.
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The induced coboundary operator on Oger(M,S) is the Hochschild coboundary
operator,

F(fla..-,fn) = F(fl,...,fn)fn+1 4 (_1)n71f1F(f27~-,fn+1)—
_ n IZ (1 l)F f17'-'7fi—17fifi+17fi+27'"7f’ﬂ+l)'

and the product equation
d’7 + 7(77 S(]jv) - ’7(567’7) = 07

is nothing but the usual Maurer-Cartan equation.
Kontsevich in [12] shows that there exits a formal deformation

S € O%(M) + eOfy(M)[[e]]
of S2. He provides the explicit formula for this deformation
0
S = SO + Z Z Wr Br,
n=1 I'eGn 2

where the G,, 2 are the Kontsevich graphs of type (n,2), Wr their associated weight
and Br their associated bidifferential operator ( and [12] for more precisions).

2.2. Monoidal structure of SYM. Let us recall that the extended symplectic
“category” SYM is given by

Obj

{symplectic manifolds}
Hom(M,N) = {L CMxN:Lis Lagrangian},

where M denotes the symplectic manifold M with opposite symplectic structure
—w. The identity morphism of Hom(M, M) is the diagonal

idy == Ay = {(m,m) CMXM}.

The composition of two morphisms L € Hom(M, N) and L € Hom(N, P) is given
by the composition of canonical relations,

EOL::FJWXP((LXL)Q(MXANXP)) CMxP.

Everything works fine except the fact that the composition L o L may fail to be
a Lagrangian submanifold of M x P. It is always the case when L x L intersects
M x An x P cleanly (see [7] for more precisions).

Let us pretend for a while that SY M is a true category or, better, that we have
selected special symplectic manifolds and special arrows between them such that
the composition is always well-defined.

We define the tensor product between two objects M and N of SYM as the
Cartesian product

M&®N: =M x N,

and the tensor product between morphisms as
Li®Ly := {(m,a,n,b) s (m,n) € Ly

md@@éL%EHwﬂW@AN@B%
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for L; € Hom(M, N) and Lo € Hom(A, B).

The neutral object is {x}, the one-point symplectic manifold. The following
proposition tells us that SYM would be a monoidal category if it were a true
category.

Proposition 4. The following statements hold:

(1) Consider L1 € Hom(M, A), Ly € Hom(N, B), Ly € Hom(A, X) and Ly €
Hom(B,Y). Then we have the following equality of sets

(Lg ® L4) o (Ll X LQ) = (Lg o Ll) ® (L4 o LQ).

(2) idy ®idy = idygn for any object M and N.

B)  MRA)®X =M (A® X) for any objects M, A and X

(4) (L1 ® Lg) ® Lg = L1 ® (Ly ® L3) for any arrows L1 € Hom(M, A), Ls €
Hom(N, B) and Ls € Hom(P,C).

(5) {x*}®A~ A~ A®{} for all object A andidf,, ®L ~ L ~ L®idy,y for all
arrows L, where A ~ B means that the two sets A and B are in bijection.

Proof. (1)
I = (Ly®La)o (L ® Ly)

- w(((L1®L2)><(L3®L4))ﬂ(m><AAxB><X><Y)>

= {mn:z:y I(a,b) € Ax Bst. (m,n,a,b) € L1 ® Ly and
(abxy)€L3®L4}

= {mn,ry Jdae A, (m,a) € Ly and (a,z) € L3
Jbe B, (n,b)€ Lyand (by) € L4}

= (LzoL1)® (LsoLy)

(2) Ay @Ay = {(m,n,m,n):meMandneN}=AM®N.

(3) The associativity between objects is trivial.
(4) For morphisms, we have,

Li®Ly, = {(m,n,a,b) : (m,a) € Ly and (n,b) € LQ}
(L1 ® L)@ Ly = {(m,n,p,a,b,c) : (m,a) € Ly, (n,b) € Lo,
(p, c) ELs}
and,
Lo®Ly = {(n,p,b,c) : (n,b) € Ly and (p,c) € Lg}
Li®(La®Ly) = {(m,n,p,a,b,c):(m,a)ELl,(n,b)ELg,
(p,c) € Lg}.

(5) is trivial. O
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2.3. Lagrangian operads. If SYM were a true category, we could consider the
endomorphism operad of a symplectic manifold M. However, we may be able to
restrict to a subset of Lagrangian submanifolds O (M) C O™(M) for each n > 0
such that the composition

Ln(Lkl, .. 7Lkn) =1L,o0 (Lkl X Lkn),
yields always a Lagrangian submanifold in OFLf = (M) for every L,, € Op (M)

rest rest
and Ly, € Ok (M), i=1,...,n. For instance, there is alway the trivial choice

rest
Ol M) = {Aur}, Ony(M) =0, n#1,

In this way, we may get a true operad Oyest(M).
The next natural question to ask is the following.

Question: What is a product in a Lagrangian operad over M?

As a first hint, take the situation where the symplectic manifold is a symplectic
groupoid G. In this case, we may generate an operad from the multiplication space
G™ € O%(@) and the base G(*) € 0°(G), the identity being the diagonal Ag €
OY(@). Remark that G™ is a product in this operad, i.e., that G™(G™, Ag) =
G"™(Ag,G™). Notice that the inverse of the symplectic groupoid does not play any
role in this construction.

We will answer this question completely for the case were the symplectic manifold
is T*R? and will try to develop a deformation theory for the product in this case.

Local cotangent Lagrangian operads. Remember that T*R¢ has always a structure
of a symplectic groupoid over R?: the trivial one. The multiplication space is given
in this case by

AQ = {(plax)a (p27$)7 (pl +p27$) ‘p1,D2 € Rd*v YIS Rd}

The base is
Ay = {(O,x) tx € Rd}.

If we set further
An = {(plax)v-' w(pnux)u (pl + - —f—pn,.’L') ‘pi € Rd*7x € ]Rd}’

it it immediate to see that the operad generated by Ay and A, is exactly
OX(TRY) = {A,},
and that As is a product in it.

Following [2], we will call this operad the cotangent Lagrangian operad over
T*RY. Tt is the exact analog of the product operad in a monoidal category, the only
difference is that there is no true endomorphism operad to embed Oa(T*R?) into.
The idea now is to enlarge the cotangent Lagrangian operad, i.e., by considering
Lagrangian submanifolds close enough to A,, for each n € N in order to have still
an operad.

Notice at this point that the A,’s are given by generating functions. Namely,
we may identify (T*R4)" x T*R? with T*B,,, where B,, := (R®*)" x R%. Then,

3= (258 0) o (5 B0 (258 010) )2 ) €,
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where S is the function on B,, defined by ?
d

So D1y Py T) = Z(pzl —l—---—l—p;):z:i.
i=1

The cotangent Lagrangian operad may then be identified with

on = {Sg}, o {o}

In order to define a deformation operad for S, a natural idea would be to consider
Lagrangian submanifolds whose generating functions are of the form

F=S}+F,
where F' € C*°(B,,). The Lagrangian submanifold associated to F' is
Ly := graphdF.

As such, the idea does not work in general. In fact, we have to consider generating
functions only defined in some neighborhood. Let us be more precise.
We introduce the following notation,

BY = {0} xR? C B,,
V(BY) will stand for the set of all neighborhoods of BY in B,,.
Definition 5. We define OF_(T*R?) to be the space of germs at BY of smooth func-

~ loc N
tions F' (defined on an open neighborhood Uy C By, of BY) which satisfy F(0,z) =0
and V,F(0,2) = 0. Note that the composition will always be understood in terms
of composition of germs.

Proposition 5. Let be ' € OX + O, and G; € (921' + Oﬁjc fori=1,...,n.
Consider the function ¢ defined by the formula

(7) ¢(pa,zrp) =G U---UGu(pa,ra) + F(pr,tr) — vapr
pr = VoG U---UGyL(pa,za),
¢ = VpF(pp,zp),

where

G1U--UGn(pg,zc) = Gi(pe,,z6,) + -+ + Gulpa, va,)
and bc = (pGla-“apGn)v ba; € (Rd*)ki) TG, € Rd and (pGHzGi) € UGi’ fOT
i=1,...,n.
Then,
¢ c 021+...+k7l +Ok1+"'+/€n, and L¢ :LF(LGla-"aLGn)'

loc
In other words, O + O, . together with the product

¢=F(Gy,...,Gn)

loc

s an operad.

Moreover, the induced operad structure on O, . is given by

R(F;G4,...,G,) = H,
where H is the function H € Of T ke defined by

loc

H(pg,zr) = G(pg,26) + F(pr,2r) — VpyF(pr, 2r)V.G (e, 26),

2In the sequels, we will use the shorter notation (pi+- - -+pn )z instead of Zle P+ - -+ph) ;.
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PF = p%‘vaé(pGafEG)a p%‘ = (pglv"'apgn)a
re = 2%+ V,F(pr,vp), 28 :=(Tr,...,TF).

Remark 5 (Saddle point formula). Formula (7) for ® can be interpreted in terms
of saddle point evaluation for h — 0 of the following integral:

k .
/e%[F<p1,...,pk,w>+z§:1(ci<w“,n.,w“i,yn—pi»yi)] II TrCY
b (2wh)"
= elﬁq)(ﬂ—llr“)ﬂ—lll77721)“'7772[2) ~~~~~~ T )~~~)7Tklk)$) (C + O(h))7
where C is some constant.

Proof of Prop. 5. To simplify the computations, we identify (7*R%)"™ with T*(R%")
and (T*R%)% with T*(R%:). With this identifications the graphs of F' and G,
i=1,...,n may be written as

LF = {((pF?VpF(pF’IF))a(va(pF,fEF),IF)) .
(pr,zF) € UF} C T*(R™) x T*RY,
Lg, = ((pGi,VpGi(pGi,iEGi)), (VzGi(pGiafEGi)afEGi)) :

(pGl,fEGI) c UGI} C T*(del) X T*Rd,

where Up € V/(B))) and Ug, € V(B}) fori=1,...,n.
Consider now the composition,

Lr(Lg,,...,Lg,)=Lro(Lg, ® - ® Lg,,).

First of all, observe that,

Lg = Lg, ® --®Lg,

= {((pc, VoG (pa, za)), (VmG(pG,JCG)JG)) : (paisza,) € Uci}

Lg < THRUkttha)y oo xR,
Thus,
w((LG X Lp) N (TFRIF++kn) s Ao T*Rd))
{( pa. VpG(pa, za)), (va(pFafEF)axF)) :

xG:va(pF,fEF), pF:va(pcaxG)u (pGufEF) EU}

LFOLG =

LF o LG C T* (Rd(k1+"-+kn)) X T*Rd,

where U is the subset of (pg,zr) € Bk, 1.+, such that the system,

Pr = VIG(vaxG)a
rg = VpF(pr,zr),
has a unique solution (pg,zq) and such that (pg,,zq,) € Ug,, ¢ = 1,...,n,

and (pp,zrp) € Up. Let us check that U always exists and is a neighborhood
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of B21+___+kn. To begin with, observe that for any (0,zr) € B2 this system has the
unique solution (0, V,F(0,zFr)). Set now,

pr — ViGpa, zc) ) '

H(pc,zr,pr,zc) = ( zp = VypF(pr,zr)

Thanks to the fact that G(0,z) = >.1 | G;(0,2) = 0 we get that the Jacobi matrix

id 0
DPercH((vava’VPF(vaF» = < —V,V,F(0,zp) id )

is invertible. 5
Thus, the implicit function theorem gives us the desired neighborhood U of

By .
L+t
Now, take ¢ as defined in (7). The previous considerations tell us that ¢ is

exactly defined on U. Let us compute its graphs,

Ly = {((pGyqu)(pG,fEF)), (qu)(pg,xF),;pF) :(pg,xr) € ﬁ}

We have that

dzr
vp(b(pG, :EF) = VPG(pG, LL'G) —+ VIG(pG7 xc)d_;+
d dz d
+ VPF(PFvwF)ﬂ —pp—o — —pF:vc = V,,G(pc, zc).

dp Pap T Tdp
Similarly, V,¢(pg,zr) = Vo F(pr,xF). Thus, Ly = Lp o Lg.
At last, let us check that ¢ € OF+Fkn  Pirgt of all, remember that

loc

F(pr,zr) = prpar+ F(pp,or)

n
> ve,xa, +Glpa, xa).
=1

G(pa,xr)

Thus, we obtain immediately that
d(pa,zr) = pgrr + H(pa, xr),
where H is a function only defined on U by the equations,

H(pc,zr) = G(pa,xc) + F(pr,2r) — Vo F(pr, 2r)V.G (g, 26),

pbr p%“"vmé(pGaCCG)a p%‘ = (pg’l?"'?pgn)a

rg = xOG—i—VpI:"(pF,:EF), xOG = (zp,...,2F).

But now, if we set pg = 0 then pp = 0, z¢ = 2% + V,F(0,zr) and H(0,zr) = 0.
Similarly, one easily checks that V,H(0,zr) = 0.
([l

We will call the operad O, + O, . local cotangent Lagrangian operad over
T*R? or for short the local Lagrangian operad when no ambiguities arise. The
induced operad O, , will be called the local deformation operad of O,4.
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Associative products in the local deformation operad. We say that a generating func-
tion S € C'*°(By) satisfies the Symplectic Groupoid Associativity equation if
for a point (p1, p2,ps, =) € Bs sufficiently close to BY the following implicit system
for Z,p, Z and p,

S(p;p3,x), p=VyS(p1,p2,7),

S(p1,p,), P =VaS(p2,ps3,7),

has a unique solution and if the following additional equation holds

=V
=V,

S(p1,p2, %) + S(p,p3, ) — 2p = S(p2,p3, &) + S(p1,p, ) — TP
If S also satisfies the Symplectic Groupoid Structure conditions, i.e., if
S(p,0,2) = S(0,p,z) = px and S(p,—p,x) =0
then S generates a Poisson structure

d
alz) = 2(Vpi V,25(0,0, z))

k=1

on R? together with a local symplectic groupoid integrating it, whose structure
maps are given by

e(x) = (0, ) unit map
i(p,x) = (—p,x) inverse map
s(p,x) = Vp,S(p,0,x) source map
t(p,z) = Vp,S(0,p,z) target map.

In this case, we call S a generating function of the Poisson structure a or a
generating function of the local symplectic groupoid. See [3], [6] and [7] for proofs
and explanations about generating functions of Poisson structures.

The following Proposition explains what is a product in the local cotangent
Lagrangian operad.

Proposition 6. S € 02 is a product in O, _iff S = Sg—i—g satisfies the Symplectic

loc
Groupoid Associativity equation.

loc

Proof. We know that S is a product in O it S = S§+S’ is a product in O, + 0O,
ie, iff S(S,I)=S(I,S). Let us compute.

S(Sul)(p17p27p37x) = SUI(p17p27p37j17j2)+S(ﬁluﬁ27$)_:Z.lﬁl_]52@2
= S(p1,p2,Z1) + p3T2 + S(P1,P2, ) — P1Z1 — P2Ta,

with
p1 = Vg, SUI(p1,pa,p3,T1,72) = V. G(T)
P2 = Vi, SUI(p1,p2,p3,%1,T2) =3
Ty = Vy,8(p1,p2,7)
Ty = Vp,S(p1,D2, 7).
Then we get

S(Svj) = S(p17p27'f) +S(ﬁ,p3,$) _ﬁja

r = vp15(ﬁ7p37$)
V. S(p1,p2, T).

il
Il

Similarly, we get
S(Iv S) = S(p27p3557) + S(plvf)v'r) _ﬁjv
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T = VP2S(p17f)aI)
]5 = vws(p27p3uj)'
Hence, S € 02, (T*R?) is a product iff S3 4 S satisfies the SGA equation. O

At this point, we may still introduce the Gerstenhaber bracket as in (2) and the
product equation in terms of the bracket would still be %[5’ , 5'] = 0. We may also
still write a formula for the coboundary operator. But, as this time the compositions
in O + O, are not multilinear, we cannot develop the expression %[5’ , 5'] in terms
of the coboundary operator. Nevertheless, in Section 4, we will develop the bracket
with help of Taylor’s expansion and recover a form very close to Equations (6) in
the additive category case.

Equivalence of associative products. To each F € O} + Olloc, we may associate a
symplectomorphism v which is defined only on a neighborhood Ur of BY in T*R¢
and which fixes B}. The composition of two such ¥g and g, which may always
be defined on a possibly smaller neighborhood U c Ug of BY | is exactly Yr@)
where F(G) is the composition of F' by G in the local Lagrangian operad.

We denote by F~! € O + O the generating function of the ()7, i.e., the

generating function such that F(F~!) = F~!(F) = I. Two associative products S
and S will be called equivalent if

S=F(S)(F 1 F1

for a certain F € O + OL.. It is clear that if S € Of + OL,_ is an associative
product, then S also is. The following questions naturally arises.

Questions: If S generates a local symplectic groupoid, does S also
generate one? Are this two local groupoids isomorphic?

In fact, two equivalent associative products, which are also generating functions
of local symplectic groupoids, induce isomorphic local symplectic groupoids. The
isomorphism is given explicitly by ¥r. As a consequence the induced Poisson
structures on the base are the same, i.e.,

a(z) =V, V,,58(0,0,2) = V,, V,,, 5(0,0, ).
The following two Propositions prove these statements.

Proposition 7. Let be F € Oj + O .. The following implicit equations,

loc*

(8) 1 = VpF(p1,22)

(9) p2 = ViF(p1,22),

define a symplectomorphism g (p1,x1) = (p2,x2) on a neighborhood Ur of B} =
{(0,2) : & € R} in T*R? which fizes BY and which is close to the identity in the
sense that F(p,x) = px + F(p,x) induces the identity if F = 0. Consider now g
and ¢ defined respectively on Up and Ug for F,G € Ok + OL .. Then we have
that VG o Yr = Yrc) on Ur(q)-

Proof. (1) Let us check that the system (8) and (9) generates a diffeomorphism
around BY. Namely one verifies that (p1,Z1,P2,Z2) = (0, V,F(0,22),0,72) is a



FORMAL LAGRANGIAN OPERAD 17

solution of the system. Set now

— YV, F(p,
H(p1,x1,p2,%2) = ( 1 pF(p1,x2) )

p2 — Vo F(p1, x2)
As

Dplxle(ﬁ17j27ﬁ27j2) = ( Vzva(O j2§ 0

and
Dy, 2, H(D1, %2, P2, T2) = ( id 0

the implicit function theorem gives us the result. Let us call U the neighborhood
of BY where ¢ is defined.
(2) We check now that ¢ is symplectic. From equations (8) and (9) we get the
relation
op;  Oxy,
opj,  Oai’

which directly implies that dip J(dyp)* = J where

0 id
R

(3) Let us see that ¥ (0, x) = (0, ). We have already noticed that (0, V,F(0, z2),0, z2)
is a solution of the system (8) and (9). But F(p,z) = pr+ F(p,z) with V,F(0,p) =
0 and then V,V,F(0,z2) = x2.

(4) Clearly F(p,x) = px generates the identity.

(5) Recall that

Le = {(plvva(pl,Iz),va(pl,im),952) t(p1,x2) € UG}7
Lr = {(p2,VpF(p2,Is)vsz(pz,l’s)v%) : (p2,x3) € UF}-

Thus, Lg = graph ¢ and Ly = graph¥r. The composition of these two canonical
relations yields that Lp o Lg = graph¢p o ¥»g. On the other hand, Ly o Lg =
Lp) = graphvpg). Taking care on the domain of definitions, we have that

Yrote =Yr) on Upe). O

Proposition 8. Let S € O% + O2. be a generating function of a symplectic
groupoid, i.e.,

S(S,I)=5(1,S), S(p,0,2)=S5(0,p,z) =px and S(p,—p,z)=0.
Let F € O\ + Ol . such that F(—p,z) = —F(p,z). Then,

loc
S:=(F(S)(F ', F Y

is also a genmerating function of a symplectic groupoid. The subset of odd function
in p forms a subgroup of OX + OL_.. Moreover, V¥ is a groupoid isomorphism

between the local symplectic groupoid generated by S and the one generated by S.
As a consequence S and S induce the same Poisson structure on the base.
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Proof. To simplify the notation, we set G = F~!. A straightforward computation
gives that

F(S)(Gv G)(p17p27x) = S(Z_)aﬁv $)+
+ F(p,z) + G(p1, ) + G(p2, &) — pT — p& — &p

&=V, F(p,x) 7 =V, S(p,p, i) i=V
p= vms(ﬁuﬁa JJ) p= va(plai') p= VmG(P% j)
(1) Setting p1 = p and pa = 0, we have immediately
with & = V,F(p,z) and p = V,G(p, ). We recognize then that
F(S)(G,G)(p,0,z) = F(G)(p,x) = I(p,x) = pu.
The case p1 = 0 and py = p is analog.
(2) One reads directly from the equation

where & = V,F(p,x) and p = V,F~1(p,2), that if F is odd in p then is also F~!
and reciprocally. Similarly, we check directly from the composition formula that
F(G) is odd in p if F and G both are. Thus, the odd functions form a subgroup of
O + 04

loc*

(3) Suppose now that p; = p and ps = —p. G odd in p implies that p = —p. As
S(p,—p,0) = 0, we get immediately that & = Z and p = 0 which in turns implies
that @ = x. Putting everything together, we get that (F(5))(G,G)(p, —p,xz) =0

(4) Let us prove now that ¢p is also a groupoid isomorphism. Consider the
multiplication space of the symplectic groupoid generated by an generating function

S, i.e,
G(m)(s):{(phvzns)u(p27vp25)7(v157$) : P1,D2 S (Rd)*7 ,’EERd},

where the partial derivative are evaluated in (p1, p2, ). 3
We have to show that (Y x tp x 1hp) (GM™(9)) = GI™(S).
A straightforward computation gives that

V. S(p1,p2. %) = V,G(p1, Z)
VS (p1,p2. %) = VG (p2, )
V2S(p1,p2,2) = Vo F(p, x).
From this, we check immediately that
1/)G ((pla vplg(plap27'r))) = (Z_)a vpls(ﬁvﬁv ‘I))
wG ((p27vp2‘§(p17p27x)>) = (257 vpgs(ﬁ7ﬁ7 JI))
1/}F ((va(Z_),ZN), I)a I)) = (V1g(plap25 I)a ZE)

which ends the proof. O
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Remark 6. Suppose that S is a generating function of a local symplectic groupoid.
Let F € O\ +OL_ act on S, i.e., S = (F(S))(F~',F~'). Then, the condition
S(p,0,2) = S(0,p,x) = px is preserved by any F € O\ + OL_. However, the
condition S(p, —p,0) is only preserved by the odd F's. Observe now that we have

imposed the inverse map to be i(p,x) = (—p,x). This implies that

((_an vpzs(anpla :E)) ) (_p17 Vp18(p27p17x)) ) (_vzs(anpla I)a :E)) S G(m) (S)7

and thus, that S(p1,p2,x) = —S(—p1, —p2,x). From this last equation, we get that
S must satisfy S(p, —p,x) = 0 and that the induced local symplectic groupoid is a
symmetric one, i.e., t(p,x) = s(—p,x). Thus, odd transformations map symmetric
groupoids to symmetric groupoids. However, they are not the only ones.

3. THE COMBINATORICS

In this Section, we present some tools which will allow us to write down at
all orders the perturbative version of the composition, Equation (7), in the local
cotangent operad. All these compositions have essentially the same form. We will
first give an abstract version of the equations describing the compositions, then we
will introduce some trees which will help us to keep track of the terms involved in
the computations and, at last, we will perform the expansion in the general case.

The tools and methods presented here are essentially the same as those used in
the Runge—Kutta theory of ODEs to determine the order conditions of a particular
numeric method. We follows approximatively the notations of [9].

3.1. The equation. Let F': R™ — R and G : R” — R be two smooth functions.
Consider the point ¢ € R defined by

(10) ¢ = G(T)+F(p) - pz,
where T and p are defined by the implicit equations,
(11) P V.G(Z)

(12) z = V,F(p).

Without any assumptions on F' and G, equations (11) and (12) may not have a
solution at all or the solution may be not unique. Hence, the value ¢ is not always
defined. However, if we assume that F' and G are formal power series of the form

G(z) = pox + Z eGW(z), and F(p) =zop+ Z e F@(p),
i=1 i=1

equations (11) and (12) become,
P=po+ Y €V,GD(@), and T=m+ Y €V,FO(p),
i=1 i=1

which are always recursively uniquely solvable.
Let us compute the first terms of p, & and ¢ to get a feeling of what is happening;:

= po+ VG (x0) + EVIED (2)V,FD (pg) + - - -
= @0+ eV, FWV (20) + VI FW (20)V,GW () + - - -
= poxo + e(GV(x0) + FD(po)) + €22V, F Y (p) V.GV (20) + - - -

il

< \I



20 A. S. CATTANEO, B. DHERIN, AND G. FELDER

As we continue the expansion, the terms get more and more involved and, very
soon, expressions as such become intractable. One common strategy in physics as
in numeric analysis is to introduce some graphs to keep track of the fast growing
terms. Let us present these graphs. We mainly take our inspiration from the

book [9].

3.2. The trees.

Definition 6. -

(1) A grapht is given by a set of vertices V; = {1,...,n) and a set of edges E;
which is a set of pairs of elements of V;. We denote the number of vertices
by [t|. An isomorphism between two graphs t and t' having the same
number of vertices is a permutation o € S}y such that {o(v),o(w)} € By if
{v,w} € E;. Two graphs are called equivalent if there is an isomorphism
between them. The symmetries of a graph are the automorphisms of the

graph. We denote the group of symmetries of a graph t by sym(t).

(2) A tree is a graph which has no cycles. Isomorphisms and symmetries are

defined the same way as for graphs

(3) A rooted tree is a tree with one distinguished vertex called root. An iso-
morphism of rooted trees is an isomorphism of graphs which sends the root

to the root. Symmetries and equivalence are defined correspondingly.

(4) A bipartite graph is a graph t together with a map w : V; — {o, e} such
that w(v) # w(w) if {v,w} € E;. An isomorphism of bipartite trees is an
isomorphism of graphs which respects the coloring, i.e., w(o(v)) = w(v).

(5) A weighted graph is a graph t together with a weight map L : Vi — N\{0}.
An isomorphism of weighted graph is an isomorphism of graph o which
respects the weights, i.e., o(L(v)) = L(c(v)). We denote by ||t|| the sum of

the weights on all vertices of t.

The following table summarizes some notations we will use in the sequel.

T | the set of bipartite trees

RT | the set of rooted bipartite trees
RT, | the set of elements of RT with white root
RT, | the set of elements of RT with black root

We will give the name Cayley trees to trees in 7.

We denote by [A] the set of equivalence classes of graphs in A (ex: [RT]). They
are called topological “ A” trees. Moreover, we denote by A, the weighted version
of graphs in A. Notice that we will use the notation [A], instead of the more

correct [Aso)-
The elements of [RT]~ can be described recursively as follows:

(1) o;,e; € [RT] where i = L(o;) and j = L(e;)

(2) ift1,...,tm € [RTo]0o, then the tree [t1,. .., tm]e; € [RT]o Where [t1, ..

Sy tm)es

is defined by connecting the roots of ¢4, ..., t,, with the weighted vertex e;
and declaring that e; is the new root. And the same if we interchange o

and e.

Now, let us describe in terms of trees the expressions arising in the expansions

of Subsection 3.1.
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Definition 7. Given two collections of functions F = {F)}2, and G = {G(j)}‘;-il,
where F; : R™ — R and G; : R — R are smooth functions, we may associate to
any rooted tree t € [RT)s a vector field on T*R?, DCy(F,G) € Vect(T*R?), called
the elementary differential and a function on T*RY, Cy(F,G) € C®(T*RY),
called the elementary function.

(1) The elementary differential DC,(F,G) is recursively defined as follows:

(2) DCo,(F.G)(p.x) = VoG (z) , DO, (F,G)(p,x) = VpF) (p)

(b) DCy(F,G) = ”*”G%Dctl( G),...,DCy,, (F.G)) ift =[ts,. ... tm]o,

(¢) DCy(F,G) = VS"*VFU(DCy, (F,G),...,DCy, (F,G)) ift = [t1,- -, tmle,-
(2) The elementary functzon Ct(F G), are recurswely deﬁned as follows:

(a) Co,(F,G)(p,x) = GO(x) , Co,(F,G)(p,x) = F(p)

(b) Ci(F,G) = VM GO(DCy, (F,G),...,DCy,, (F,G)) ift = [t,- s tm]o,-

(©) CUP.G) = VS FO(DC, (F,G),....,DC1 (F,G)) ift = [t e,

The notation V5™ (resp. V;(Dm)) stands for the m'" derivative in the direction
(resp. p).

Some examples are given in the following table:

Diagram Elementary Differential Elementary Function
Ij v ey, o) V.GV, FO)

v RO (v,60), v,60) VI FEO(V,60), v,60)

vPae (v, FO vP FOv,c0) | v G0 (v, 0 v FRv,c0)

Remark that for elementary functions it is not important which vertex is the
root. This is not the case for elementary differentials.

Definition 8. Let u = [u1,...,ugl,v = [v1,...,v] € [RT] (resp. € [RT]x0).
Following [9], we define the Butcher product as follows:

Uov = [ul,...7uk,[v1,...7vl]].

We have not written the obvious conditions on the w;’s and the v;’s so that the
product remains bipartite (resp. weighted bipartite).

Definition 9 (Equivalence relation on (weighted) rooted topological trees).
Recall that an equivalence relation on a set A is a special subset R of A x A. The
equivalence relations on A are moreover ordered by inclusion. It makes then sense
to consider the minimal equivalence on A containing a certain subset U C A.

We consider here the minimal equivalence relation on [RT] (resp. on [RT)eo))
such that wowv ~ vou.
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Properties of this relation:
It is clear that

(1) Two topological rooted trees are equivalent if it is possible to pass from one
to the other by changing the root. More precisely: t,t" € [RT (o), t ~ t' iff
there exists a representative (E, V,r) of t and a representative (E', V' r') of
t' and a vertex " € V such that (E,V,r"”) and (E’,V’,r’) are isomorphic
(weighted) rooted trees.

(2) The quotient of [RT] () by this equivalence relation is exactly [T7(oo)-

(3) It follows immediately from the definition that C}(F, G) = Cy (F, Q) if t ~ ¢/
fori=1,2.

Then, it makes sense to define the elementary functions on bipartite trees.
At last, we introduce some important functions on trees: the symmetry coeffi-
cients.

Definition 10. Lett = [t1,...,t,] € [RT)o. Consider the list t, ...ty of all non
isomorphic trees appearing in t1,...,t,. Define u; as the number of time the tree
t; appears in t1,...,t,. Then we introduce the symmetry coefficient o(t) of t
by the following recursive definition:

o(t) = mlus!...o(t1)...o(ty)
and initial condition o(o;) = o(e;) = 1.

It is clear that o(t) is the number of symmetries for each representative of ¢ (i.e.
o(t) = |Sym(t')| for all ¢’ € t).

3.3. The expansion. We give now a power series expansion for equation (10).

Proposition 9. Suppose we are given the following formal power series in €,

G(z) = pox + Z €GD(z), and F(p)=xop+ Z e FU)(p),
i=1 j=1
where GO : R™ — R™ and FUY) : R™ — R" are smooth functions for i,j > 0.
Define ¢(po, o) € R[[e]] as

(b(p()vxo) = G(Q_j) + F(Z_)) - Z_)'fv

where the formal power series Z(€) and p(e) are uniquely determined by the implicit
equations,
ﬁ:p0+ZEiV1G(i)(f), and :E::vo—i—ZeijF(j)(ﬁ).
i=1 j=1

Then, we have that
|
€
¢(po, x0) = pozo + t; Wct(Fa G)(po, To).

The proof of Proposition 9 is broken into several lemmas.

The method used is essentially the same as in numerical analysis when one
wants to express the Taylor series of the numerical flow of a Runge-Kutta method.
Namely, the defining equations for p(e) and Z(e) have a form very close to the
partioned implicit Euler method(see [9]).
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Lemma 1. There exist unique formal power series for Z(e) and for p(e) which
satisfy equations (11) and (12). They are given by

el
(13) Z(e) = xo+ Y, U()DCt(FG)
te[RTe] oo
el
(14) ple) = pot+ Y U(t)DOt( ,G).
te[RTo] oo

Proof. Uniqueness is trivial. Let us check that we have the right formal series. We
only check equation (13). The other computation is similar.

Z(e) = xo+ Y _€'V,FY (p)

i>1
Il
m+1) (i e
=20+ €Y 'v< F>( > o DOUEG), .
i>1  m>0 te[RTo) oo
el
_— DOt(FG)>
o(t)
te[RT5) oo

{14 |

:xo—i—zz Z Z rni!o-(tl)...d(tm)x

i>1 m>0t, €E[RTo]00 tm €[RTo] 00
x VU FO(DCy, (F,G), ..., DCy,, (F,G))

el
=20+ Y, Y ) - Zm,g (kalp2! .. )DC(F, G),

i>1m>0 t1
with ¢ = [t1, .., tm]e,

il

o(t)

_DC(F, Q).

Lemma 2. We have the following expansion for ¢(po,xo):

thII
é(po, x0) = pozo + Z G)-
te[RT) oo
lltl lltl
(tE[RZTZ]m (t) i ’G))(te[Rsz]m o(t) t(F’G))
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Proof. We compute the different terms arising in G(Z) + F(p) — pT in terms of trees.

. 1 _ it
G(x):p0$+ZeZZ%V§Cm)G(Z)< > — = DG(F.G),...

i>1  m>0 te€[RTe] oo (t)

lltl
N @DC}(F, G))

tE[RTe] oo

D9 M SIS >

i>1 m>0 tle[RTu]oo tmE[RT.]oo
x VMG (DCy, (F,G),...,DCy, (F,G)),
with t = [t1,.. ., tm]e,

el
—Ct (Fa G)

te[RTo) oo U(t)

il

mlo(t)

(ul!ug!...)x

By the same sort of computations we obtain,

- - elltll
F(p)=xzop+ Y EQ(F’ G).
te[RTe] oo
Finally, we get the desired result as,
PoZ + xop — PT = poTo—
elltll elltll
(X iy DOHE o) X S POE, @)

Thus, ¢(po,xo) is expressed as sums over topological weighted rooted bipartite
trees. We would like now to regroup the terms of the formula in the previous
Lemma. To do so, we express all terms in terms of topological trees (no longer
rooted).

Lemma 3. Let u € [RTo|oo and v € [RT)o. Then,
DCy(F,G)DC,(F,G) = Cyou(F, G) = Cyou(F, G).
Proof. Suppose u = [u1, ..., Unlo;, V= [V1,...,vl]s;, then we get
A = DCu(F,G)DC,(F,G)
vimtGe(DC,, (F,G),...,DC,,, (F,G)).DC,(F,G)

= v e (pe,, (F,G),...,DC,,, (F,G), DC,(F,G))
= Cuon(F, Q).

d

Lemma 4. Let t = (V;, E;) € Too. For all v € V; let t, be the bipartite rooted tree
(Vi, Ey,v) € RT,. Forv eV; and e = {u,v} € E; we have
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[sym(t)]
[sym(t,)]
[sym(t)]

|[sym(tu)|lsym(t)]|

Proof. Consider the induced action of the symmetry group of the tree on the set of

vertices. Notice that two vertices v and w are in the same orbit iff ¢, is isomorphic

to t,. Then the number of vertices of ¢ which lead to rooted tree isomorphic to %,

is exactly the cardinality of the orbit of v, which is exactly |sym(t)| divided by the

cardinality of the isotropy subgroup which fixes v. But the latter is |sym(t,)| by
definition. We then get the first statement.

For the second statement we have to consider the induced action on the edges

and apply the same type of argument. O

= |{v' € Vi/tyis isomorphic to t,}|

= |{€/ € Ei/ty Utyis isomorphic to t, Ut,}|

Lemma 5. We get

IItH
€
¢(po, 7o) = poxo + » T G G).
t€T | |
Proof. Let us perform the last computation.
I
€
—Cy(F,G)—
¢(po, To) = poxo + Z =0 +(F,G)
te[RT) oo
ellull+lvll

_ Z Z WDCU(F,G)DCU(F,G)

UE[RTo]oo VE[RT,]

— pozo + Z doy(F,G) {ZM‘

te[T) oo tet

1
- 2 lsym(u)||sym (v)| }

UE[RTy) oo vE[RTo] oo

uovet
It || | 1
€ sym(t
= poxo + { B
o tezT;o ]! Z [sym(t,)| k(t, v)
Z |sym(t)| 1 }
e={u,v)€E, |sym(tu)||sym(t,)] 1(t, e)

where k(t,v) = [{v' € V,/t,is isomorphic to ¢,}| and I(t,e) = |{e/ € E /t, U
t,#is isomorphic to ¢, Ut,)|. Using Lemma 4 and the fact that for a tree the differ-
ence between the number of vertices and the number of edges is equal to 1 we get
the desired result. O

Using now the fact that S is a formal power series we immediately get Proposition
9.
4. DEFORMATION OF A NON-LINEAR STRUCTURE

4.1. The formal cotangent Lagrangian operad. The formal cotangent La-
grangian operad on T*R? is the perturbative/formal version of the local cotangent
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operad on T*R?. Recall that in the latter the product for F € O% + O . and

G; € OX + (’)lkoic, 1 =1,...n was expressed as in Proposition 5:

F(G1,...,Gn)(pg,zr) =G1U---UGy(pa,za) + F(pr,zr) — pr - zc,

PFr = vaIU"'UGn(pGufEG)u
TR = va(pF,!EF).

If we consider pg and xp as parameters in the previous equations, we have then
that,

G(pa,) :R"™ — R, and F(-,zr): (R")* — R,

Suppose now that the F' and G;, i = 1,...,n, are formal series of the form
o0
F(pr,zp) = pp-ar+ Y eF(pp,ap)
i=1
0 .
Gilpa,a) = pe v+ Y. ¢GY (pa,. wa,)
i=1
where

p =) pi for p=(p1,...,pn) € (R™)".
=1

We may rewrite F' and G as,

Fpr,zp) =2 pr+ Y FO(pp,p)
i=1

G(pa,za) =pfza + Y €GY(pg, zq)
=1

where ¥’ = (zp,...,zp) € R¥ and p§ = (pg17 . ,pgn) € (R")* for g € R"
and pp € (RI)*.

Applying now Proposition 9, we obtain for the compositions the following ex-
pansion:

(15) F(GlaaGn)(vaxG):pg'rF_F

l
+ Z Wct(F(-,IF),GlU...UGn(va’.)>(p(C);,xF)'

This motivates to define the formal deformation space of the cotangent La-
grangian operad O, (T*R?) as

o (TR A) = {ZeiF(i) P e Pi”(T*Rd)},
i=1
where P/*(T*R?) stands for the vector space of functions F : B,, — R such that

(1) F(p,x) is a polynomial in the variables p = (p1,---,Pn),
(2) Fpp,z) = p"* ' F(p, ).
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One may think of O, . + O, as the Taylor series of functions in O, + O,
The compositions are given by formula (15), which also tells us that O, + O, is
an operad. The unit is

I(pv 'r) = pz, Ie OA + Oil'orm'

The induced operad structure on O is then given by,

form

I'e Otl'ormv I(p, .’L‘) =0,
op. = {ZeiF“) PO ¢ Pi"(T*Rd)}
=1

F(Gl,...,Gn)(pG7xF): Z T4

This operad will be called the formal deformation operad of the cotangent
Lagrangian operad O, .

4.2. Product in the formal deformation operad. Exactly as for the local
deformation operad, S, is a product in Oy, iff S§ + S, satisfies formally the SGA
equation. Moreover, if S3 + S, satisfies the SGS conditions, then S3 + S is the
generating function of a formal symplectic groupoid over R%.

Again, the zero of O% is a product in Oy . We will stick to the conventions
introduced for O, .. Namely, 0, will stand for the zero of (’)torm, which is also the
identity of the operad and 0y will stand for the zero of 02 which is the trivial
product of the operad.

Thanks to the composition formula (15), we are now able to rewrite the product
equation in Oy . as a cohomological equation, exactly as the deformation equation
of a product in an additive category. Note that the Taylor expansion plays the same
role as the linear expansion played in the additive case.

Let us define the Gerstenhaber bracket in Oy as follows:

[F,G] = FoG—(—1)*VU=DGoF,

form?

where

FoG= Z DDV R0y, ...,01, G 01 ...,01),

qth

for F e Of  and G € O} .
We are now able to define a true coboundary operator.

Proposition 10. Consider d: OF,_ — Opt!

form
dF = [0s, F).

Then, d may be written as

dF(plu' "7pn+l) = F(pla"wpnux)—i_

+Z n+] 1F p17"'7pj +pj+l7"'7pn7$)+(_1)n_1F(p27"'7pn+17x)

Moreover, d is linear and d*> =0
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Proof. For more clarity, let us break our convention and write I instead of 0; and
S instead of 05. We have that [S,F] = So F — (=1)""'FoS. As S =0, only the
trees o; and e; will contribute to the product. Then we have,

I = S’oF(pl,...,pn+1,;v)
— ZE (c (g(.,x),Fu I(p, .)) ((Zpl,pw), (x,x)) +

n+1
+(_1)n—lc.i <S’(,$),I~U F(pv )) ((plv Zpl)a (Ia I)))
2

= Z ¢ (F(i) (P1s-- s pns ) + (=) LFD (py, o pra, x))

i>1
and
IQ = Fog(pl,...,pmrl)
— _1yi-1 i ) 7 7 & T
= D (-1 > e CQZ(F( x),(Tu...Tu_S UIl...
=1 i>1 i
- Ui)(pa)) ((plu' -5 Dj +pj+l7" '7pn+1)7(x7"'7w))
= Z(_l)J71 ZEZF(Z)(pla By 1 +pj+1a v 7pn+17$)7
j=1 i>1
which gives the desired formula. The check that d? = 0 is straightforward. ([

We have then a complex
(C* = ©020050m: ).

This complex is exactly the Hochschild complex of (formal) multi-differential oper-
ators lifted on the level of symbols ( see for instance [1]). This remark gives us the
cohomology of the complex,

H"(C*) = V" (RY)][€]],

where V(R9) is the space of n-multi-vector fields on R¢.

We come now to the question of finding a product S, in the formal deformation
operad of O, This is exactly the same problem as deforming the trivial generating
function Sg in O, + O We are thus looking for an element S. € OF  of the

form* form
form
Se=eS1 4+ €28y + ...
such that
(16) [Se, Se] = 0.

Equation (16) becomes, on the level of trees,

(17) 3 —(Ct(Se,SGUI)—Ct(Se,IUSE)) _—
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One sees immediately that this equation is equivalent to the following infinite
set of recursive equations,

ds, + Hn(Sn—lu RN Sl) = 0,
where
1
Ho(Suots-on8) = 3 W(ct(sé,sé UT) = Cy(Se, TU Se)),
terkm UV
2<[k|<n
where TX™ is the subset of trees in T%™ with k vertices and such that ||t = n.

These recursive equations are the exact analog of Equations (6).

4.3. Formal symplectic groupoid generating function. We restate now the
main Theorem of [3], Theorem 1, in terms of the new structures defined in this
article.

Theorem 1. For each Poisson structure o on R, we have that

SE(Oé) = Z %7: Z WFBF(CY)

n=1 ’ FGTTL’Q

is a product in the formal deformation operad Oform(T*Rd,A) of the cotangent
Lagrangian operad O, (T*R?). Moreover, Sc() is the unique natural product in
O T*R?, A) whose first order is ea.

form (

In the above Theorem, the T}, o stand for the set of Kontsevich trees of type
(n,2), Wr is the Kontsevich weight of T' and Br is the symbol of the bidifferential
operator Br associated to I'. We refer the reader to [3] for exact definitions of
Kontsevich trees, weights, operators and naturallity.

We called S,(«) the (formal) symplectic groupoid generating function be-
cause, as shown in [3], it generates a “geometric object”, a (formal) symplectic
groupoid over R? associated to the Poisson structure a whose structure maps are
explicitly given by

e(z) = (0, z) unit map
ic(p,x) = (—p,x) inverse map
se(p,x) = x4 Vp,S(a)(p,0,2) source map
te(p,x) = x4 Vp,Se(a)(0,p,x) target map.

This exhibits a strong relationship between star products and symplectic groupoids
already foreseen by Costes, Dazord, Weinstein, Karasev, Maslov and Zakrzewski
in respectively [5], [11] and [15] . Recently and from a completely different point
of view, Karabegov in [10] went still a step further by showing how to associate a
kind of “formal symplectic groupoid” to any star product.

In [6] and [7], we prove that the product S.(«) has a non-zero convergence
radius provided that the Poisson structure « is analytic. In this case, the generated
formal symplectic groupoid is the local one. We also compared compared this local
symplectic groupoid with the one constructed by Karasev and Maslov in [11] and
we proved that this two local symplectic groupoids are not only isomorphic as they
should but exactly identical.
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