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Abstract

We consider perturbations of the harmonic map equation in the
case where the target manifold is a closed Riemannian manifold of
nonpositive sectional curvature. For any semilinear and, under some
extra conditions, quasilinear perturbation, the space of classical solu-
tions within a homotopy class is proved to be compact. An important
ingredient for our analysis is a new inequality for maps in a given
homotopy class which can be viewed as a version of the Poincaré in-
equality for such maps.
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0 Introduction

In this paper we study semilinear and quasilinear perturbations of the har-
monic map equation 7(u) = 0. This is an equation for maps v : M — M’
between closed Riemannian manifolds, defined as the Euler-Lagrange equa-
tion for the energy functional

where e(u)(z) denotes the energy density,

elu)(z) = ()T T

Here ¢ (z) is the (smooth) metric tensor on M, dvol(x) the corresponding
volume element, and (-, -) the scalar product in TM’. In local coordinates for
M and M’, the operator T can be written as the Laplace-Beltrami operator,
perturbed by terms which are quadratic in the derivatives of u (cf section 1).
Our aim is to consider perturbations of the equation 7(u) = 0 by a semilinear
term F'(x,u(x)) with F being a z-dependent vector field on M’, and by terms
linear in the derivatives of u (and of sufficiently small size) of the form

Lz, u(x)) u. (G(z, u(x)))

where L(z,u(x)) is a linear operator on T, M’, u, the differential of u, and
G a vector field on M, G(z,u(z)) € T, M. More precisely we want to study
the set of solutions v : M — M’ of

7(u)(z) + F(z,u(z)) + Lz, u(z))u. (G(z,u(r))) = 0 (0.1)
in a given homotopy class ¢ of C'-maps v : M — M,
u € (. (0.2)

Note that (0.1) is not necessarily of variational form. The main assumption
we impose is that

M' has nonpositive sectional curvature . (0.3)

Unless otherwise stated this assumption will be made throughout the paper.
Given F,G and L of class C* with k > 2, denote by Spg = Sg%,ll the
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set of all C**! solutions of (0.1). In the case L = 0 and G = 0 we simply
write Sp instead of Spoo. We note that by the regularity theory of elliptic

equations (cf Proposition 8.1), given F of class C*, any C3-solution v € S}(;Q)
is C**1-smooth, i.e.

Similarly, if dimM < 3 and F,G and L are of class C*, one has SI(,Q)G L=
ng)G,L (cf proof of Proposition 8.2). Our aim is to prove that for any F, G, L
of class C* with k& > 2, Sp N is compact in the C**! topology and, if
dimM < 3, Sper N ¢ is compact in the C* topology for G and L of
sufficiently small size,

max (||L(z,y) - |G, 9)]) < e,

yeM’

where ¢, > 0 is a constant which only depends on ¢ and the manifolds M and
M'. Here |L(z,y)| denotes the operator norm of L(z,y) : T,M" — T,M’
and ||G(z,y)|| is the norm of G(z,y) in T, M.

In fact we prove slightly stronger results. To state them we first need to
introduce some more notation. Let us denote by C* the space of C*-maps
from M to M’, by F®) the vector space of z-dependent vector fields F(x, )
on M’ of class C* in « and y, by G® the vector space of y-dependent vector
fields G(x,y) on M of class C* in x and y and by £®*) the vector space of
linear operators L(z,y) on T,M’ of class C* in x and y. Let

MP = {(u,F) | Fe F®; ue Spn ¢}
considered as a subset of CF+1 x F*) and, for any ¢, > 0
N® =L, F.G,L) | (F,G,L) € F? x G® x LB w e Spern(;
max [|L(z, y)|| - [|G(z, y)l| < ¢

considered as a subset of C¥+1 x F*) x G*) x £*) | By 7 we denote the natural
projections

T Mék) — F®) or Ng(k) — F® 5 g0 5 £®),

Recall that a continuous map between topological spaces is called proper if
the preimage of any compact set is compact.
The main results of this paper are the following ones:
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Theorem 0.1 Let M and M’ be closed Riemannian manifolds with M’ hav-
ing nonpositive sectional curvature and ¢ be a homotopy class of C*-maps
from M to M'. Then for any k > 2, the projection T : ./\/lék) — F®) s
proper.

Theorem 0.2 Let M and M’ be closed Riemannian manifolds with M’ hav-
ing nonpositive sectional curvature and ¢ be a homotopy class of C*-maps
from M to M'. Assume that k > 2 and dimM < 3. Then there exists ¢, > 0
such that m : /\/'4(12 — F®) 5 G®) % £K) s proper.

In particular, Theorem 0.1 contains the following generalization to solutions
of perturbations of the harmonic map equation of a result due to Schoen-Yau
for harmonic maps [SY] (cf also Hartmann [Ha]) concerning the compactness
of the space of harmonic maps within a homotopy class.

Corollary 0.3 Let ' € F®) with k > 2. Then Sp N is compact in the
C**1_topology.

We note that a corollary of Theorem 0.2 similar to Corollary 0.3 holds.
Simple examples show that the stated result of Corollary 0.3 no longer holds if
M’ is not of nonpositive sectional curvature and the statement of Theorem 0.2
is no longer true if the perturbation is not affine in the differential u, or the
part which is linear in wu, is not sufficiently small.

We remark that no efforts have been made to see if Theorem 0.1 and The-
orem 0.2 hold for k& smaller than two. Moreover, most likely Theorem 0.2
holds for manifolds M of arbitrary dimension.

Our results are similar in flavour to the compacity results due to Kuksin [Ku]
for double periodic solutions of quasilinear Cauchy-Riemann equations which
originated in a compacity result of Gromov [Gr] for J-holomorphic curves. In
future work we plan to establish similar results for other important nonlinear
elliptic equations.

Theorem 0.1 and Theorem 0.2 are proven below in sections 1 to 8. To simplify
our exposition we have assumed that in (0.1), L(z, y) is the identity map on
T,M' for any x € M,y € M'. The main ingredient of the proof is an apriori
estimate for the energy F(u) for a solution u of (0.1) in a given homotopy
class (: As a first step (cf section 1) we introduce canonical distance functions
N,(u,v)(p > 1) between two C3-maps u,v : M — M’ in ¢ and prove that
the energy F(u) can be bounded by

E(u) < || FlleoNi(u,v) + V2(|Gllco E(u) /> No(u, v) + E(v).
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Here N,(u,v) is defined by

N,(u,v) :=inf{N,(H) | H is a C'-homotopy between u and v}

N,(H) = (/M (/01 ][%HS(x)Hds>pdvol(x))1/p

where we consider throughout this paper only continuous homotopies H :
M x [0,1] — M’ so that for any x € M, the path s — H(z,s) is C''-smooth.
In a second step (cf section 3 - section 6) we show that Ny(v,u) can be
bounded in terms of E(u) and E(v):

with

Theorem 0.4 Let M and M’ be closed Riemannian manifolds with M’ hav-
ing nonpositive sectional curvature and ¢ be a homotopy class of C*-maps
from M to M'. Then there exists a constant C' > 0 such that for any u,v € (

No(u,v) < C (B(u)* + E(v)'/? +1). (0.4)

Our proof of Theorem 0.4 uses in an essential way that M’ has nonpositive
sectional curvature.

Estimate (0.4) is a new inequality which can be viewed as a version of the
Poincaré inequality for maps between manifolds and is of independent in-
terest. It has also the flavour of a quadratic isoperimetric inequality. We
illustrate this by considering the case when M = S'. Viewing E(u)'/? as
a measure for the length of u, inequality (0.4) says that there exists a ho-
motopy such that the area of the cylinder induced by the homotopy can be
bounded in terms of the square of the length of its boundary. Here the area
of the cylinder is measured in terms of its Lo-averaged ”length” Ny(u,v)
and the length of its boundary by E(u)Y? + E(v)/2. We recall that for a
Hadamard space X the following isoperimetric inequality holds: given any
simple, closed curve v in X of length L, there exists a disc D with 9D = ~
so that area (D) < wL%

Theorem 0.1 and 0.2 form the basis for a more detailed study of the set of
solutions of (0.1) in a given homotopy class ¢ which will be presented in a
subsequent paper using arguments similar to the ones in [Ku, [KV]. In the
remainder of this introduction we state conjectural results of this study in
the case G = 0, i.e. for

O(u) :=7(u) + F(z,u(x)) =0 (0.5)
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ueq (0.6)

and relate them to the corresponding results for the harmonic map equation.
One verifies in a straight forward way that J\/lék) is a C''-manifold modeled

by F®*), hence the projection 7 : Mék) — F*) is Cl-smooth. Let us denote

by ]-"ﬁf; the set of reqular values of w. As m is proper, f,ﬁifg) is an open subset
of F®. By the Sard-Smale theorem [Sm], it is dense in F*) and, for any
Fe ]:T(f;, the inverse image 7 !(F) is a submanifold of Mék). One can show
that this submanifold is of dimension 0, i.e. that 7~'(F) is a discrete set.
By associating appropriate signs to each element of 7~!(F), one can define
an ”algebraic” number D,

D( = ﬂalgebraic(SF N C)’

which is constant on fﬁif;.
If M’ has negative sectional curvature we can compute D, and obtain

D¢ = £x(So N Q)

where Sy is the set of harmonic maps v : M — M’, Sy N { turns out to be
a manifold, and x(Sp N () denotes its Euler characteristic. Note that in the
case where M’ has negative sectional curvature, the energy functional E(u)
is Morse-Bott and , according to [Ha], the set of harmonic maps Sy N [u] in
the homotopy class [u] of a harmonic map u has the property that either
So N [u] = {u} or Sy N [u] consists of all constant maps, or u(M) is a closed
geodesic v and any other element in Sy N [u] is obtained by composing u
with a translation along <. The integer D, is then computed in each of the
three cases by considering special regular vector fields, leading to the claimed
identity D, = £x(SoN (). In particular, it follows from this identity that for
any F' € 7-755;,
1(SFrN¢) =[x (SonQ)|.

Counter examples show that this inequality is sharp.

Notation: Throughout this paper, M = M™ and M' = M ™" denote closed
manifolds with fixed smooth Riemannian metrics ¢ resp. ¢’. Moreover,
(M’,g") is supposed to have nonpositive sectional curvature.

Points in M will (often) be denoted by z, z,... whereas points in M’ will
(often) be denoted by y. For the inner product ¢'(y) of T,M’, we will use
the notation (-, )y, or simply (-, ).



We follow mostly the notation established in [GKM]. For ease of notation
we write V.= VM for the Levi-Civita connection on M’ and VM for the one
on M.

Acknowledgements: TK and SK express their gratitude to ETH, ITHES, Uni-
versité Paris-Sud and the Steklov Institute, where part of this work has been
accomplished, for hospitality and support. The authors thank M. Gromov for
suggesting ways how to prove Theorem 0.4 as well as M. Struwe for various
suggestions leading to improvements of an earlier version of this paper.

1 Apriori estimate for the energy

Let u: M — M’ be a given C'-map. ! Recall that the energy F(u) of u is
defined by

E(u) = /Me(u)(x)dvol(x)
where e(u)(x) is the energy density,

L ou Ou

(u)(w) = 5992 (5, 5.

Let ¢ be a homotopy class of C'-maps from M to M’. By embedding M’
isometrically into some Euclidean space RY and using a mollifier argument
one verifies that for C®-smooth maps u,v € (, there exists a C3-homotopy
H:Mx|[0,1] = M, (x,s) — Hg(x) between v = Hy(-) and u = Hy(-).

A homotopy H is said to be geodesic if

(GH1) s+ Hg(x) is a geodesic in M’ Vx € M;
(GH2) the parameter s € [0, 1] is proportional to arc length.

As M’ is assumed to have nonpositive sectional curvature, a C'*-homotopy
determines a geodesic homotopy, obtained by replacing, for any x € M, the
curve s — H(z) by the unique geodesic in its homotopy class. If the homo-
topy is chosen to be C-smooth, then the corresponding geodesic homotopy
H is again C3.

INo efforts have been made to obtain minimal regularity assumptions for our results.
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For arbitrary maps u,v € ( and any 1 < p < oo, introduce the distance
function

Ny(v,u) = inf{N,(H) | H is a homotopy between v and u}

= ([ ([ 1 ||di‘iﬂs<x>uds)p dvol(x))l/p.

By Holder’s inequality we have for any 1 < p; < ps < 00
N, (H) < N,,(H) (vol M)tz rr)/pirz (1.1)

where

For an z-dependent C?-vector field F' on M', F(x,y) € T,M’, denote by
|| F'||co the sup-norm,
|1 F[|co == sup ||[F(z,y)]|.
zeM
yeM'’
Below we study equation (0.1). To simplify our exposition we restrict our-
selves to the case when the operator L is the identity,

T(u) + F(z,u(x)) + ue (G(z,u(x))) = 0.

Denote by ¢ an arbitrary homotopy class of C'*-maps from M to M’ and by
Sk the set of all C®-solutions of the above equation. In case G = 0, we
write Sy instead of Sgy.

Proposition 1.1 For any u € Sp N,
E(u) < [Flloo Ni(v,u) + E(v).

Remark By the same proof, one can obtain similar estimates for the energy
density e(u)(z) of u € Sp N (.

To prove Proposition 1.1 we need to establish several auxilary results and
some more notation.

Givena C'-mapu: M — M', aC%map Y : M — TM' with Y (z) € Tyyy M’
is said to be a vector field along u. The covariant derivative defined by the
Levi-Civitéd connection V = V™' on M’ can be extended to such vectorfields:
VxY denotes a vector field along v defined for a C°-vector field X on M
and a Cl-vector field Y along u (cf [GKM, section 2.5]). Let z!,... 2" be
coordinates on an open set U of M, H : M x [0,1] — M’ a C3-homotopy

and X, := %.



Lemma 1.2 (i) Forz € U and 0 < s <1,

0 0OH 0OH

e(H,)(w) = ¢ @)V, 5 5.

(i) If the homotopy H is geodesic, then

0? OH 0H p OH OH 0H 0H
- — _ a4 /
8826(1_] )( ) g ( )<VX1 Os vXj Os > g (I)<R (81'27 Os ) Os 8$]>

where R denotes the Riemannian curvature tensor on M'.

Proof (i) Since the Levi-Civita connection V is Riemannian, one has

9 () (@) = gi(a) (v, 28 O

%80 30 2

where V 2 gg is a vectorfield along H. As the torsion of the Levi-Civita
connection vanishes and

0
we conclude that oH oH
V{)@S% ZVXZ.%, (14)
and hence (1.2) leads to (i). To show (ii), use (i) to obtain
o 0H OH OH 0H
et @) = g) (0, x5 S0 4 05 5w, 2 s

Applying again (1.4) one sees that

OH _ OH OH _ OH
(Vx5 Vo) = (Vx5 Vy,

Y 0s’  8s Oxd 7 0s 95 (1.6)

and, by the definition of the Riemannian curvature and (1.3), one has

OH OH OH OH
95 00!~ VAV By o)
(0 oHY i o,
oxi’ s ) Os Oxi’

(Vo Vy,——



Further, as s — Hg(z) is a geodesic in M’, one has Vag%—f(x) = 0 and the
first term on the right side of (1.7) vanishes. Substituting (1.6) - (1.7) into
(1.5) leads to (ii). W

Given any map u : M — M’, —7(u) denotes the variational derivative of
the energy functional. It is a vector field along u and for any C3-homotopy
H : M x[0,1] = M we have for any 0 < s <1,

0 0H

$E<H8> = _/M<T(Hs)($) , %(x»dvol(x). (1.8)

In local coordinates, 7(u) is given by

ozt 0xJ

where A, denotes the Laplace Beltrami operator on M.

7(u)*(x) = Apu® (2) + g7 ()05, (u(x))

Corollary 1.3 For any x € M, the function s — e(Hs)(z) is convex
o2
5:2°

Proof M’ having nonpositive sectional curvature, one has

y OH 0OH\ 0H 0OH
ij 222 )y 2D TN <
g ()R ((%“ ds ) b5 o =
and (1.9) follows from Lemma 1.2 (ii). W
Proof (of Proposition 1.1) Let H be a geodesic C3-homotopy between Hy = v
and H; = u. By Corollary 1.3, the function F(H;) is convex
B [ P
0s2 Y fy 0s2

(Hg)(x) >0 V0<s<1. (1.9)

(Hs)(x)dvol(z) >0,

hence
'OF OF
E(uw)=EWw)+ | —(Hs)ds < E(v) + —(Hy) |s=1 - (1.10)
0 83 aS
Asu € SpN(, one has 7(u)(x) = —F(x,u(x)) and, in view of (1.8)
OFE OH
E(HS) |5:1 = \/IW<F, a |s:1>dVOI(.T). (111)
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Recall that, for any = € M, the geodesic s — Hg(z) is parametrized propor-
tional to arclength, and thus, for any z € M,
|| O0H (x)
Os

where £y (x) is the length of the curve s — H(z) with 0 < s < 1. Tt follows
that

| = Cu(x)

| / o) dvol(z) | < | Flleo Nu(H). (1.12)
Combining (1.10) - (1. 12) leads to
E(u) < E(v) + ||[F[lcoN1(H).

As H is an arbitrary geodesic C3-homotopy with Hy = v and H; = u, the
claimed statement follows. l

Proposition 1.1 can be generalized to hold for solutions v € Spg N ¢ where
G is a y-dependent C*-vector field on M, G(z,y) € T, M. Denote by [|G||co
the sup-norm
|Gllco == sup [|G(z,y)].
xeM

yeM’

Proposition 1.4 For any u € Spe N
E(u) < ||FlleoNi(v,u) + V2||Glleo E(w)* Na(v, w) + E(v).
Proof For u € S N ¢ we have 7(u) = —F — u,G. Therefore
|/ (F + u,G !5 1) dvol(z) |
< 1Pl i) + [ /2] [Glen fa(a) dvol(a)

< || Flleo Ny(H) + V2[|G| o E(u) 2Ny (H),

hence the assertion follows in view of (1.8) and (1.10). W
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2 Apriori estimate for the energy density

In this section we obtain a C%bound of the energy density in terms of the
energy of a solution u in Sp. In the case F' = 0, these estimates are due to
Eells-Sampson ([ES, p. 142]) and it turns out that they can be extended to
the case F' # 0. At the end of this section we prove an apriori estimate for
|Vdul| 2 for u € Sk¢ in the case where dimM < 3.

First we recall a Bochner type formula due to [ES] (cf [Bo]). Throughout this
section it is convenient to work with Riemannian normal coordinates in M.

Choose xg € M. Then, at xy, Riemannian normal coordinates !, ..., 2",
defined in a chart U C M containing z(, have the following properties
o Y0 (v 2
9ij(x0) = 03j ; a—(xo) =0 (Vi,j, k). (2.1)
Ty

In particular, the Christoffel symbols Ffj of the Levi-Civita connection vanish
at xo. The following result is well known (cf [Jo]).

Lemma 2.1 Let u : M — M’ be a C®-map. Then, Aye(u)(x) at © = xg
takes the form

ou
Ape(u)(zo) = > (Vx,7(u), %>
ou ou
+ 2 (Vg Vi gye)
’ 2.2)
. ou Ou (
+ ZRZCM(Xi,XjX@» %>

i,
ou Ou\ Ou Ou
- R/ .4~ 5 1 s T~ -
;< (c%v“ 83:’“) ok’ 8951)
where Ricyr denotes the Ricci curvature on M, R' = Ryp the Riemannian

curvature on M', and X; = aa,- (1 <i<n).
xr

Given two Hilbert spaces V,V’ and a linear map S : V. — V', denote by
IIS||zs the Hilbert-Schmidt norm of S. With respect to an orthonormal
basis (f;) of V, the norm [|S||gs can be computed as

1/2
15| ars = <Z<Sfi75fi>V’> )

)
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Given a C3-map u, let V.7(u)(x) be the linear map obtained from the vector
field 7(u) along u

Vor(u)(z) : TyM — TyoyM', X — Vx7(u)

and denote its Hilbert-Schmidt norm by ||V.7(u)(z)| gs. If (€;)1<i<n is any
orthonormal basis of T, M, then

1/2
IV.7(u)(2)||ns = (ZHVM ||2) : (2.3)

Identifying the space of linear operators from T,M to T, M’ with the
Hilbert space Ty M @ T,y M' (with norm given by the Hilbert Schmidt norm),
the differential u.(z) = dyu : T,M — TyyyM' can be viewed as a map

du: z v dyu € Ty M @ Ty M'.
The covariant derivative of du then defines a map
Vdou: T,M —TyM @ TywyM' , X — Vxdu.

Given any orthonormal basis (e;)1<i<n, of T, M, the Hilbert Schmidt norm
||V.d,u||gs can be computed as

1/2

V. dyu||ps = (Z HveidqujHQ) : (2.4)
1]

Further, ||Ricp(2)||gs denotes the Hilbert Schmidt norm of the Ricci curva-

ture Ricy(x) viewed as a linear map Ricy(x) : T,M — T M.

Corollary 2.2 For any C3-map u: M — M’ and any x € M,
—Ape(u)(z)+|V.d U|lqu <

V2| V.7 () (@) || s v/e(w) (@) + 2| Rica ()| s - e(u )(x)(. |
2.5

Proof To verify this inequality at an arbitrary point o € M, choose Rie-
mannian normal coordinates at xy. Using that M’ has nonpositive sectional
curvature, one obtains from Lemma 2.1 and (2.4)

— Apre(u)(zo) + ||Vde||?{s <
ou Ou (2.6)
ST, 28 - 5 i, X) 5 2
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Further, as X; = (1 <i < n) is an orthonormal base of T,,, M, one has

ZHamz

811

Y

hence in view of (2.3)

S (V) )
1/2
g(XMvawﬁ <§N%ﬂ) 1)

< IV (w) (o) [l s v/ 2e(u) (0)

and
ou Ou
‘ ;RMM Xoo Xi) g axﬂ‘
1/2
< (Z | Ricar(Xs, X5) !2> (ZHaxZH [ H2> (2.8)
,J

< ||Ricar(xo)| s - 2e(u)(zo).

Substituting (2.7) and (2.8) into (2.6) leads to the claimed estimate at = = .
]

Given finite atlases (U;);er of M and (U]);ep of M’, define the norm || F||c
of the z-dependent vectorfield F' on M’ as follows:

|F|lcr :=sup sup sup | [|F], H kH || a||
Jy
jEI zel; 1<k<n
iel’ yeU; 1<a<n/

Proposition 2.3 There exists a constant Cy > 1 so that for any u € Sg
and any x € M,

~Aye(w)(z) < Co(L+ [Fllon) (1 + e(u) (2)).
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Proof We apply the inequality (2.5). To estimate ||V.7(u)(z)||ns in (2.5)
notice that for u € Sg, we have 7(u)(z) = —F(z,u(z)). In local coordinates
of M and M’ introduced above,

oF® n OF® ouP
oxt ouP Oxt

ou”

P = .
Vi, Ozt

"o 3
+ g F

and thus 9
U
IVx, F(z,u(z))|lu@) < CF|lcr(1+ IIM ()

where C' > 0 depends on M and M’ and the atlases (U;);er, (U/)ierr. Hence
we obtain for C' > 0 sufficiently large

IV Fz, u(@)lus < CIFller (1+ Ve(w)(@))
which in turn leads to

IVF (2, u(@)) | ms v/ e(u)(x) < Cl[Fllor (1 + e(u)(x)) .- (2.9)

As M is compact, ||Ricy ()| s is bounded and the claimed estimate follows.
|

Theorem 2.4 There exists a constant Cy > 0 so that for any u € Sp,
e(u)(z) < Co(1+ [|[Flle)"(E(u) +1) Vo e M.

In the case F' =0 (i.e. in the case of harmonic maps), this theorem is due to
Eells-Sampson ([ES, p. 142]). Their proof can be generalized to the situation
at hand.

Let us first make a few preliminary considerations. Following Eells-Sampson
([ES, p. 141]) denote by P(z,z) the kernel of a parametrix of the Laplacian
—Ayy, defined as

i (p(d*(2,2))) "2 0 >3

P(z,z) == —5-log /o(d?(z,2)) n=2

Lp(d(z,2)*+1  n=1

where 1/k, = (n — 2)vol(S™'),d(x, z) denotes the distance between x and
z and for A > 0,¢()) is a non decreasing C*° function satisfying

P(A) =

A 0<A<a
2a0 A > 2a
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with 0 < a < ag < 1/2 chosen in such a way that d?(x, z) is C*°-smooth for
d*(z, 2) < 3a.
Then, for any z € M, P(z,-) is C* on M\{z} and

P(x,z) > Cy Vze M\{z} (2.10)

where Cy > 0 can be chosen independently of x € M. Denoting by B the
parametrix of —Aj; given by the kernel P(z,z), one has

B(—AM) =Id+ S
where S is a smoothing operator with kernel Q(x,y). Therefore
Id = B(—Ay)—S.

Applied to a function f in L?(M), this identity reads

fa) = /M (P(2, 2)(~Aa) F(2) — Q(a 2)f(2)) dvol(z). (2.11)

As the kernel Q(z, z) is smooth and thus bounded and since P(z, z) > Cy > 0
(cf (2.10)), there exists a constant C5 > 0 such that for any z € M,

| Q(z,2) |< C3P(x,2) Vze M\{z}.

Thus (2.11) leads to the inequality

f(@) S/M(P(x,Z)(—AM)f(Z)+03P(x72) | f(2) [) dvol(z).
(2.12)

Proof (of Theorem 2.4) The inequality (2.12) is applied to f(x) = e(u)(z)+1
with u € Sg. By Proposition 2.3, as P(z,z) > 0,

Pz, z)(=An)f(2) < P(z,2)Ci(1+ [|[Fller) f(2). (2.13)

As f(z) > 1 we then obtain from (2.12) the inequality

flz) < C/ P(z,2)f(2)dvol(z) (2.14)

M
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Estimate (2.14) can be iterated to get

flz) < C’k’/ Py(z, z) f(z) dvol(z) (2.15)

M

where P is defined inductively by P, := P and, for k > 2,
Pu(z,z) = / Pi1(z,2)P(Z, z) dvol(Z').
M

Py(z, 2) is the kernel of a parametrix for (—Ay/)* and thus continuous for
k > n/2. Hence, as M is compact, Py(z, z) is bounded on M for k = n,

P(z,z) <’

and (2.15) leads to

e(u)(z)+1< C”C"/ (e(u)(z) + 1) dvol(z)

< C"C’”(E%w(u) +vol(M)).

This establishes the claimed estimate. H

The Bochner type formula stated in Lemma 2.1 can also be used to obtain
an apriori estimate for a solution w in Ske when G # 0. For this purpose
define the norm ||G||c1, similarly as || F||¢1, as follows: Given finite atlases
(Uj)jer (of M) and (U/);er (of M'), define the norm |G| as follows

oG 0G
[Gller == sup{ G 55 0 21

x7y
where the supremum is taken over any k,« and any (z,y) € U; x U] with
(i) eI x1TI.
Proposition 2.5 There exists a constant C; > 1 so that for any v € Sp

and any x € M,

~Ae(u)(@) + 3V deulys <
(2.16)
< G+ | Fllor + G 12) (14 (eu)(@))*?)
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Proof By (2.5)

—Ane(u)(x) +[V.d UH?IS <

2.17
< V.7 (u)(@)] ms v/ e(uw) () + || Ricy (x) || ase(u) (2). (2:17)

For u € Spg,
V.7 (u)(@)[ns < [IV.-F(z,u(@))|ns + | V.uG(z, w(@))| s (2.18)
By (2.9)
IV.F(z,u(z))|nsve(w)(z) < O Fller (14 e(u)(z)). (2.19)

To estimate ||V.u,.G(x,u(x))| s, write in local coordinates of a chart U; of
the atlas chosen above

V.G (2, u(z)) = Vi, (ﬁef(x,u(x)))

oxt
ou ou 0G*  Ou OG* ouP

_ el - -

=G (xau(f)) (in 8#) + oxt Ot + oxt Oub Ot

Thus

1/2
ou(x
IV 1.6, u)ls < O (Z ||v.%uzs>
¢

oy
)

+ C[|Gllen (

+CGllen (

Hence, using ab < 1a? + 1b?, one gets
IV, Gz, u(x))|nsve(u)(z) <
1 1
LIVl + 2GR E)  (220)
+C||Glcre(u) (@) + C[|Gller (e(u)(x))

3/2
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Combining (2.17) - (2.20) leads to the claimed estimate. H

If dimM < 3, estimate (2.16) can be used as follows: integrate (2.16) to get
1

5 [ IVdulfys dvol(e) <

M (2.21)

<G+ (| Fller + ||G||201)/ (1 + e(u)(2)*?) dvol(x).
M

By the Gagliardo-Nirenberg inequality and dimM < 3,

1/4
ldu||zs < C’||du||}:/22 (/ ||V,du||§15 dvol(x)) + C||du| 2.
M

Thus, using (a + b)® < 23(a® + b?), one gets for C' > 0 sufficiently large

/M e(u)(z)*'2 dvol(z) < CE(u)* < /M ||v.du|\§,sdv01<x))3/4+0E<u>3/2.

Hence, there exists C' > 0 so that for any € > 0

/Me(u)(ﬂf)?’/QdVOl(x) < %";)3/? e (/M ||V~dUII?{deol(x)>3/2

and we deduce from (2.21) the following

Theorem 2.6 Assume that dimM < 3. Then there exists a constant Cy > 0
so that for any u € Spq

[ IV dulfis dvole) < Cul1 + [Fllen + |G (B2 +1). (222
M

3 Estimates for the diameter of a homotopy
class

In this section we start with the proof of the estimate of the distance Ny (v, u)
between maps v,u : M — M’ in a given homotopy class of C'-maps from M
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to M’ stated in Theorem 0.4. In this section, we do not assume that M’ has
nonpositive sectional curvature but only require that M’ has no conjugate
points. In that case, there is a unique geodesic in any homotopy class of
curves on M’ connecting two given points. Note that a geodesic homotopy
H from v to u is completely determined by the geodesic ¢ : [0,1] — M, s +—
H,(z) from v(z) to u(z) for an arbitrary given point z € M. For any other
point & € M, the curve s — H(z) is the unique geodesic in the homotopy
class of the curve obtained by composing the three curves vy 1 ¢, and uy, .
where v, , is some C''-curve in M from z to z and Vz. 1 denotes its inverse. In
order to estimate the length of the geodesic curve s — H(x) it is therefore
sufficient to estimate L(u7, ), L(v7,,.), and L(c) where L denotes the length
functional.

In this section we make a choice of C'-paths v, for an open, nonempty set
of pairs of points (z,z) of the form B, (z¢) x M, B,(x) being the open ball
with center z and radius r = 7/2 where T is the convexity radius of M (cf
Appendix A) and give for any z in an open set of B,(xy) and any u € { an
L*-estimate for L(u7y,,) in terms of the energy of u. This leads naturally
to a hypothesis (Z) defined below which implies an estimate of Ny(v,u) in
terms of the energies of v and u as claimed in Theorem 0.4. In section 6 we
show that (Z) holds in our situation.

Choose an arbitrary base point o € M. Given any unit vector v € T, M,
let ¢ — ¢,(t) be the geodesic with ¢,(0) = z( and ¢,(0) := %‘t:ocv(t) =,
defined for 0 < ¢t < m, where [0,m,] is the interval of maximal length so
that ¢, is a minimal geodesic. Denote by ¢, : (—=r,m, + 1) X B.(0) — M
the corresponding Fermi coordinates (cf Appendix A) and by V,, C M the
image of ¢.,. Here B,(0) denotes the open ball in R"! with center 0 and
radius r. As any two points in M can be joined by a geodesic of minimal
length and M is compact, there are finitely many vectors vy,..., v, so that
Vi =V, (1 <j <k)is an open cover of M. Note that B,(zo) C V; for any
j. For z € B,(x0) and z € V}, let 4, : [0,1] — M be the path, parametrized
proportionally to arclength, such that ng corresponds to a straight line in
the Fermi coordinates defined by ¢; := ¢,, and for any z € B,.(zy) and
x € M define v, , := 7{, where j :=min{i | # € V;}. Note that 7., depends

continuously on (z,z) in B,(xg) X <V]\ Uf;ll W)-

Proposition 3.1 Let 0 < A < 1 and xg € M be given. Then there exists a
constant Cs > 0 with the following property: for any Ct-map u : M — M’
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into an arbitrary Riemannian manifold M’, there exists an open subset A, C
By (xo) with vol(A,) > X vol(B,(xg)) such that for any z € A,,

( /M L? (uy, ) dvol(:v)) v < O3B (u)V2,

Remark We point out that Proposition 3.1 is valid for any target manifold
M.

Before proving the proposition above we introduce hypothesis (Z) and show
(cf Proposition 3.2) that our desired estimate of Ny(v,u) is an immediate
consequence of (Z) and Proposition 3.1.

Let ¢ be a homotopy class of C'-maps v : M — M’ where M’ is an arbitrary
closed Riemannian manifold and xy € M a given base point.

We say that ((,x) satisfies hypothesis (Z) if the following holds:

(Z) There exist constants Cg > 0 and 0 < u < 1, so that for any C'-maps
v,u € (, there exists an open subset A,, C B,(x¢) with vol(A4,,) >
pvol(B,(xg)) so that for any z € A,, there exists a geodesic homotopy
H = H? from v to u satisfying

KH(Z) S 06 (E(U)l/z + E(’U)l/2 + 1) .

We will show that hypothesis (Z) holds for any (¢, zo) if M’ has nonposi-
tive sectional curvature (cf section 6). First we want to prove the following
application of Proposition 3.1:

Proposition 3.2 Assume ((,xo) satisfies (Z). Then there exists C7 > 0, so
that for any C*-maps u,v € ,

Noy(v,u) < Cy (E(u)1/2 + E()Y? + 1).

Proof (Proposition 3.2) Let 0 < p < 1 and A,, € B,(xy) be the open set
with vol(A,,) > w - vol B,(xg) given by (Z). Choose \ with
w1
I1>A>1—=2>—. 1
>A>1-5 > (3.1)
By Proposition 3.1 there exists Cs > 0 so that there are open subsets A,, A,
of B,.(zo) with
vol(A,), vol(A,) > Avol(B,(zy))
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with the property that for any z € A,,

< /M L2 (v7..) dvol(x))m < CyB(0)? (3.2)

and for any z € A,,

1/2
(/ L? (u, ) dvol(x)) < C5E(u)Y?. (3.3)
M
By a simple volume computation one has

vol (A, N A,) > vol(A,) — vol (B, (z)\Ay)
> (2X\ — 1)vol (B, (o))

and hence

vol (A, N A, NA,,) > vol(A, N A,) — vol (B,(x0)\Aww)
> (2X + p — 2)vol (B, (z0))
>0

by the choice of (3.1) of A\. Therefore A,, N A,NA, is an open nonempty set.
In view of hypothesis (Z) there exists for any z € A,, N A, N A, a geodesic
homotopy H = H? from v to u so that

l(z) < Co (E(u)'? + E()Y? 4+ 1).
As H is a geodesic homotopy one has for any = € M,
L(s— Hy(x)) < L(vy20) + Lu(2) + L (uz0) |
we then conclude from (3.2) - (3.3) that

/M 2 (s o Hy(z)) dvol(x) <

< /M (3L (v720) + 303, (2) + 3L? (uv.,)) dvol(z)
< 3C3 (E(v) + E(u))

+3C2 (E(u)"? + E()> +1)" - vol(M)
< C2 (BE(u)"? + E@)?+1)
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where
Cr = (3(C2+ C2-vol(M)))"?.
[ |

The remainder of this section is devoted to the proof of Proposition 3.1. First
we need to establish an auxilary result. Let U C R™ be open and convex and
¢ : U — M a coordinate chart with ||¢.]|co < co where ||p.||co denotes the
C%mnorm of the differential ¢, of ¢ for ¢ in the space of C'-maps from U
into M. For a,b € U, the straight line t — (1 —t)a+1tb (0 <t < 1) between
a and b is in U and hence the following curve 7, ; well defined,

(0,1] — M, t — vay(t) =@ (1 — t)a + tb).

Lemma 3.3 For any C'-map u: M — M’,
/ L? (uv,) d vol(a)d vol(b) < CsE(u)
UxU

where Cs = (2C)"||¢+ |20 (diam(U))* vol(M), d vol(a) and d vol(b) denote the
volume elements of U with respect to the pull back g, of the metric g on M
by o and C > 1 is a bound for the metric tensor g, and its inverse on U.

Proof (of Lemma 3.3) For any C'-map u : M — M’ one has by Cauchy’s
inequality

/ L? (wap) dvol(a)d vol(b)

UxU

:/ (/ [ s (ap () - 0u (L = t)a + t) - (b — a)Hdt) dvol(a)dvol(b)
UxU 0

< (diam(U))QHw*Héo /U><U/0 2e (u(yap(t))) dt dvol(a)d vol(b)

Since Y,5(t) = Vp,a(1 — t) we have

/U ) /0 e (u(ran(t)) dt dvol(a)dvol(b)

" /U . ( /1 /126 (u(van(t)) dt) dvol(a)dvol(b).
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For a and % <t <1 fixed, consider the transformation
Var U — Upp, b b= (1 —t)a+tb

where U, :={(1 —t)a+tb|be U}. As U is convex, U,; C U and

/U e (u (i (1= t)a + tb))) dvol(b)
_ / e (u(p(®))) (¢2))" (dvol)(B)

a,t

< (CH)"E() < (20)"E(u)

where (¢, )*(dvol)(b) denotes the pull back of the volume element d vol(b)
by ¥, tand C > 1 is a bound for the metric tensor g, (the pullback of g by
) and its inverse on the coordinate chart U,

gollco, 1lg; lco < C.

Thus

/U y / w (s (1)) dtdvol(a)d vol(b)

<2-(2C)"E(u // dtdvol(a
1/2

< (2C)"E(u)vol(M
and the claimed inequality follows. Il
Proof (Proposition 3.1) For any 1 < j <k let
pj i (=r,mj +r) x B.(0) = V; € M

be the Fermi coordinate chart ¢; = Pe,, with m; = m,, as introduced above.
Since B,(xg) C V; V1 < j < k, Lemma 3.3 implies that there exists a constant
C > 0 independent of u such that V1 < j <k

/ L? (uy! ) dvol(z)d vol(z) < CE(u).
By (z0)XV, ’
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For any 1 < j <k and n € N let
Al = {2 € B,(x) | L? (uyl,) dvol(z) > nE(u)}.
VULV ’
Notice that A’ is closed and
CE(u) > / L? (ul,) dvol(z)dvol(z) > nvol(AL)E(u).
A, xV;

Hence for any given 0 < A < 1, there exists m € N so that

| “A
vol(Al) < vol (B,(xg)) V1 <j<k.

Then A := B,(z0)\ (Ule Aﬁ,L) is open and satisfies

vol(A) > vol (B,(z9)) — (1 — A)vol (B,(x))
> Avol (B,(xg))

and

/ L (wyl,) dvol(z) <mE(u) Vze A
VAUTT' Vi
As a consequence one gets for any z € A

[ 2w ave)
< Z / . L* (wy!,) dvol(z)

Ui v
< kmE( )

which implies Proposition 3.1 with A, := A and Cs5 := vkm. R

4 Closed manifolds of nonpositive curvature

In this section we collect some material about closed Riemannian manifolds
M’ of nonpositive sectional curvature (cf [BGS]) which we need to prove

property (Z).
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The manifold M’ can be represented as X'/T", where X’ — M’ is the uni-
versal covering of M’ and I" = 71 (M) is the discrete and cocompact group
of isometries on X’. The universal covering is a Hadamard manifold, i.e. a
complete and contractible Riemannian manifold of nonpositive sectional cur-
vature. In particular, 7, (M') = {1} for any k& > 2. Any isometry v € '\ {id}
acts freely on X', i.e. has no fixed points.

To an isometry v € I' we associate the displacement function d, : X' —
0,00),d,(x) := d(x,vx) where here d is the distance function on X’. The
function d, is convex, i.e. d,(x(t)) is convex in ¢ for any geodesic, parametrized
proportional to arclength, and 2-Lipschitz continuous, i.e.

|d,(z) — d(2)] < 2d(z,2) (x,ze€ X').

Thus the set
MIN(vy):={x € X' |d,(x) =inf d,}

is a closed, convex subset of X'. If o € I' commutes with v, then d, is «
invariant since

d(ax) = d(azx, yazr) = d(ax, ayx) = d(z, yx) = d, ().

Hence the centralizer Z() leaves MIN(vy) invariant. Corollary 4.2 below
shows that M IN(~) is not empty and Z() operates with compact quotient
on MIN(7).

More generally, consider finitely many elements vy, ..., 7,, in I" and introduce
the function f : X’ — [0,00),f = >.7" d,. As each d,, is convex as
well and 2-Lipschitz continuous it follows that f is convex and 2m-Lipschitz

continuous. Let
Z(vyeeoyym) ={a el |ay=vaforalli=1,...,m}

be the centralizer of vy, ..., v,. Then fis Z(yy,.. 'jm) invariant and hence
induces a convex 2m-Lipschitz continuous function f on X'/z¢, . .-

-----

Proof (cf [CS]) Let a > inf(f) be given. We have to show that the sublevel
{f < a} is compact. Let (7;);>1 be a sequence of points in {f < a} and let
r; € X' be such that 7(z;) = 7; where 7 : X' — X'/7(;,,..4,.) is the canonical
projection. Since I' operates cocompactly on X', there are elements «; € T’
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such that «; - x; € D where D C X’ is a fixed compact fundamental domain
for I'. Hence there is a subsequence of «; - z; converging to o € D. For any
j€{l,...,m} and any i € N we have

Qoo (- i) = doy (1) < flag) = f(T7) < a

and thus, using the 2-Lipschitz continuity of d,, one obtains that for any
I<j<m

. o1 (20) < |d

Qi 1o - 13)‘ + daﬂj%_l(ai )

ai'y]-ai_l (xo) - dam/jozi_
< 2d(xg,;-z;)) +ta<l+a

for 7 large enough. It then follows from the discreteness of the group I', that

there are only finitely many elements in the set {a;y;o; 'xo | i € N} and thus,

as ' acts freely on X', the set {a;y;0; ' | i € N} is finite. Hence passing to

a subsequence of (z;);>1 if necessary, we can assume that there are elements
01,...,0,, € I' such that

Oél")/jCYiil = 5J’ foralli e N
and hence a;v;o; ' = apy;a ! for all i,k € N,j € {1,...,m} which im-
plies a,;lozi € Z(y1,---,%)- Thus, with d denoting the distance function on
X'/Z(v1, ..., Ym) we have

(a;lozi - Ti, Tp)

(v« 4, ap - ) < diam(D)
and hence there exists a subsequence of (7;);>; which converges. B

As f is continuous, the above lemma implies that f and hence f assumes its
infimum. Therefore MIN(f) :={x € X" | f(x) = inf(f)} has the following

properties:

Corollary 4.2 MIN(f) is nonempty and closed. Further it is convexr and
MIN(f)/Z (71, .- Ym) is compact.

The fact that MIN(f) is closed and convex allows to introduce the metric
projection Ty rn(p) @ X' — MIN(f) defined by

d(x, T (x)) = min{d(z,y) | y € MIN(f)}
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Lemma 4.3 There is a constant 0 > 0 such that for any v € X' with
d(z, MIN(f)) > 1
f(@) = 0 d(z, marn ) (2))-

Hence for any x € X',

d (x,WMIN(f)(x)) < —f(x)+ 1.

1
0
Proof Let ag := inf(f). If ag = 0, then every x € MIN(f) is a common
fixed point of the isometries v; (1 < j < m). As v = id is the only element
in I with a fixed point m = 1 and 7; = id, hence MIN(f) = X’ and the
claimed statement clearly holds. Now consider the case ag > 0. Given any
x € X'\MIN(f) denote by ¢ : [0,00) — X’ the geodesic ray starting from
c(0) = mprn(p(«) and passing through x, parametrized by arclength. As c is
a geodesic we then have d(c(t), MIN(f)) = t. Modulo the operation of the
group Z(7y1,...,%m) the set of these rays is compact by Lemma 4.1. Thus
there exists a constant a; > ag with f(c(1)) > a; for all such rays. As f is
convex and c(t) is a geodesic, f o ¢ is convex and hence for any t > 1

fle(t)) > ap +t(ag — ag) = ag + (a1 — ap)d(c(t), MIN(f)).

5 Short homotopies between graphs

Let M’ = X'/T" be a compact Riemannian manifold with nonpositive sec-
tional curvature. In this section we show that two homotopic maps from a
graph into M’ can be joined by a short homotopy.

Let G be a finite metric graph, i.e. a finite graph, where every edge has
some positive length (cf [BH] 1.1.9). We also assume for simplicity that G
has no terminals, i.e. that every edge is incident to at least two edges. A
map u : G — M’ is called differentiable, if the restriction of u to every
edge is differentiable. In an obvious way one defines the length L(u) of a
differentiable map u : G — M’ by summing up the lengths of the restriction
of u to any of the edges of G.
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Theorem 5.1 Let ¢ be a homotopy class of Ct-maps from G to M'. Then
there is a constant Cy > 0 such that for any u,v € ( there exists a homotopy
H:Gx[0,1] = M’ from v to u, such that for any point z € G,

ly(z) < Co(L(u)+ L(v) +1).
The constant Cy does not depend on the choice of the metric on G.

For the convenience of the reader we first outline the proof in the special case
where G is a circle with a given metric, the homotopy class ( is nontrivial, and
the sectional curvature of M’ is strictly negative. Denote by T' C R an interval
of the same length as G and by p*, p~ its two endpoints. Let ¢ : T — G be
the canonical map identifying p™ and p~, choose ty = p* € T as a basepoint
and let HY : G x [0,1] — M’ be a given homotopy from v to u. Consider
the map HT : T x [0,1] — M’ defined by HT(t,s) = H%(¢(t), s) which can
be lifted to a map H T x [0,1] — X'. Since H(p*,s) = H'(p~, s) for
any 0 < s < 1 and I' acts discretely, there is a deck transformation v € T’
so that fyFT(p+, s) = FT(p_, s) for any 0 < s < 1. Furthermore 7y is not
the trivial element, since { is nontrivial. As, by assumption, the curvature

is strictly negative, v translates a unique geodesic which coincides as a set
with MIN(7) (cf section 6 in [BGS]). Note that by Lemma 4.3

T 1. —r 1
d (H (to,l),MIN(fy)) < (L (10, 1)) + 1< S L) + 1 (5.1)
and, similarly,
a (7" (19, 0), MIN(3)) < éL@) +1 (5.2)

As above let Tyrn(y) : X' — MIN(7) be the metric projection onto MIN (7).
The cyclic group () operates with compact quotient on the geodesic M IN ()
(cf Corollary 4.2). Thus there exists m € Z such that for a = 4™

—T —T
d(Oz’iTM[N(,y)H (to, 1)77TMIN('y)H (to,O)) S C (53)

where C'is the minimum of d, which depends only on the homotopy class of
¢. With the help of o we define a new homotopy HT . T x 0,1] — X’ by
HT(t,s) = c(s) where for any t € T, ¢; : [0,1] — X' is the geodesic from
FT(t, 0) to aﬁT(t, 1). Since o commutes with +y it is easily checked that for
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any 0 < s < 1, yH (p*,s) = H (p~, s). Hence H” induces a homotopy H
from v to u. By (5.1),(5.2) and (5.3) we estimate
( (t071)7HT(t070))
—r —r —Tr
< d(H"(ty, 1), amminH (o, 1)) + d(amvineyH (to, 1), ey H - (to,0))
—T —T
d(WM[N )H (to, O), H (to, O))

< (%L@) 4 1) Lo+ (%Lw) + 1)

Let H : G x [0,1] — M’ be defined by composing H” with the projection
X' — M’. Then the above inequality implies

(5.4)

lr(20) < C'(L(u) + L(v) + 1)

for zp = ¢(ty) and C" is given by C’ := C' + 2 4+ 1/p which is independent of
the metric on G. Using the triangle inequality we obtain

ln(2) < (C"+ 1) (L (u) + L(v) +1)

for an arbitrary point z € G. The argument in the general case is essen-
tially the same. The interval T" has to be replaced by a suitable metric tree,
MIN(y) by MIN(f) for a suitable function f =>""" d,, and the group ()
by the centralizer Z (71, ... %m).

To be precise, let G be an arbitrary finite metric graph assumed to be con-
nected. Recall that the Euler characteristic x(G) of a graph G is defined
by

X(G) = vertices — # edges .

By a straight forward inductive argument one sees that x(G) < 1 as G is
connected. Further we recall that a connected graph is said to be a tree if it
does not contain any loop. Again by a straight forward inductive argument
one verifies that a connected graph G is a tree iff x(G) = 1. Let T3 C G be
a maximal connected subgraph of G such that T} is in addition a tree. T} is

obtained from G by removing m edges, denoted by ey, ..., e,,. It then follows
from the above characterization of trees that m =1 — x(G). Let p1,...,pm
be the midpoints of ey, ..., e,, and consider the abstract metric tree T" which

is obtained from G by removing the points p; and then completing the metric
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tree. A point p; then gives rise to two points, p; and p; , in T. Thus T is
a metric tree whose terminals are the vertices p;,p;,i = 1,...,m, and G
is obtained from T by identifying p; with p; for any 1 < i < m. Let us
denote by ¢ : T' — G this identification map. We choose a base point ¢y in
the interior of the tree T'. For every terminal p;", p; of T there is a unique
path o;",0; : [0,1] — T parametrized proportionally to arclength from ¢ to

17

pi,p; . By our assumption there exists a homotopy H® : G x [0,1] — M’
with H§ = v and HY = u. Let HT : T x [0,1] — M’ be the map

HT(t,5) = HO(p(t), 5)
Since T is contractible, we can lift H? to a map
o :Tx[0,1]— X

where m : X’ — M’ is the universal covering of M’. Since H”(p;,s) =
H(p;,s) for any i = 1,...,m and s € [0,1], the points FT(p;r,s) and
o (p;, s) are identified by deck transformations. Hence there are isometries
Y1, - -, ¥m in the deck transformation group I' so that for any 0 < s <1,

v ' (pt,s) =H (p; ).

Introduce .
L(cE, s) := length (7‘ — H (0F (1), s)) :

and note that
L(0;7,0) < L(v)

and
L(cF,1) < L(u).

It then follows by the triangle inequality that
—T —T —T
a (" (pf,0)) = (H' (p],0), 5T (},0)) <

<d (A" (00,7 (00,0)) +d (H' (10,0 7" (v;.0))
< L(0/,0) + L(0; ,0) < 2L(v)
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and hence, for any 1 < j < m,
=T =T =T =T
dw(H @?JD)f;d(H @TJDJY(RLOD-+dW(H @jJD>+
—T —T

2.d (HT(pj, 0), 7 (pt, 0)) +2L(v) < 4L(v).

IN +

Summing up these inequalities then leads to
f(H (p7,0)) < 4mL(v)
where .
f= Z y; -
j=1
Since f is 2m-Lipschitz continuous we have
—T
5 (F 0,0 = 7 (T} 0)) | <
<om-d (ﬁ (to),ﬁT<pj,0)> < 2m- L(oF,0)
and hence
J(H (t0,0)) < 2m - (o, 0) + f(H (p,0)) < 6m- L(v).
Similarly one obtains
FOH" (to, 1)) < 6m - L(u).
Together with Lemma 4.3 one then gets
—T —T
d(H (t0,0), masrv(p H - (to, 0))
< f( am)>+1 (5.5)
<C-(L(v)+1)
where C':= 1+ 6m/p. Similarly,
d(H ' (to, 1), TarinnH - (to,1)) < C - (L(u) +1). (5.6)
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By Corollary 4.2, Z(1, . ..,vm) operates with compact quotient on MIN(f)
and thus for some constant C' > 0

diam (MIN()/Z(, ... 7m)) < C.
Hence there is an element o € Z(71, ..., Vm) with
—T —T
d(OﬂTM[N(f)H (to,]_),ﬂ'M[N(f)H (to,O)) S C. (57)

Combining the inequalities (5.5), (5.6), (5.7), we obtain for some constant
C > 0, independent of the metric on G,

d(H" (t0,0),0H (o, 1)) < O+ (L(u) + L(v) + 1). (5.8)
We now define a new map
HT T x[0,1] — X', (t,s) — HY(t,s) := ci(s)

where ¢; : [0,1] — X’ is the geodesic from FT(t,O) to aﬁT(t, 1) with a €
Z(Y1,..-,7m) given as above. We claim that

vH"(pf,s)=H"(p;,s) (i€{l,...,m}, s €[0,1]). (5.9)
To see it, note that as c,+ is the geodesic from FT(p;L, 0) to aFT(p;L, 1), it
follows that 7;c,+ is the geodesic from fyiHT(pj ,0) = ET(p; ,0) to
=T =T =T, _
vieH (pf,1) = ayvH (p,1) =aH (p;.1)

as « is an element in the centralizer Z (71, ...,7y). Thus Yic,+ is the geodesic

c,~ and hence (5.9) established. By (5.9), HT induces a homotopy H :

G x [0,1] = M'. For zy := ¢(ty) we have by (5.8)
C(z0) = d(H' (t,0),0H (t5,1)) < C(L(u) + L(v) + 1).
By the triangle inequality we then obtain again that
lr(2) < (C+ 1) (L(u) + L(v) + 1)

for any z € G with Cy := C + 1 independent of the metric on G. B
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6 Validity of (7)

In this section we prove that condition (Z), introduced in section 3, always
holds in the case where M’ has nonpositive sectional curvature. In fact, we
prove that a stronger version of (Z) holds.

Denote by 7 = 7(M) the convexity radius of M, let r := 7/2 and denote by
B,.(x9) € M the ball of radius r centered at a point xy in M.

Theorem 6.1 Let 0 < X\ < 1, a homotopy class ¢ of C'-maps v : M — M,
and xog € M be given and assume that M' has nonpositive sectional curvature.
Then there exists a constant C1y > 0 so that for any Ct-maps u,v : M — M’
in ¢ there is an open subset Ay, C B,.(xo) with vol(Ay,) > AB.(zo) so that
for any z € Ay, one can find a homotopy H from v to u satisfying

ly(z) < Cyo (E(u)l/2 +E@)?+1).

The idea of the proof is to construct homotopies between maps v and wu
by using short homotopies between graphs (cf section 5). Throughout this
section we assume that M’ has nonpositive sectional curvature.

First we need to establish an auxilary result. Let G be a finite graph and
¥ : G — M a contiuous map such that 1, is surjective where here 1, :
m(G, g) — m(M,1(g)) is the induced map on the fundamental groups with
g € G an arbitrary base point. As above let v,u : M — M’ be homotopic
C'-maps.

Lemma 6.2 Let H : ¢(G) x [0,1] — M’ be a continuous map such that for
every p € Y(G), s — H(p,s) is a geodesic from v(p) to u(p). Then H can be
extended in a unique way to a geodesic homotopy, again denoted by H, on
all of M,

H:Mx][0,1] - M.

Proof (of Lemma 6.2) Choose z := 1(g) as base point of M and let ¢ be
the geodesic s — H(z,s) from v(z) to u(z). Introduce a map H : M x
[0,1] — M’ as follows: choose for any point x € M a continuous path
V2o in M from z to x. The path v, , is arbitrary except in the case where
x € Y(G). For such a point, 7, , is chosen so that it lies entirely in )(G). Let
s — H(z,s) = Hy(z) be the unique geodesic, parametrized proportional to
arclength, from v(x) to u(z) in the homotopy class of the curve obtained by
composing v(v; ), ¢, and then u(v,.). Clearly H is an extension of H since
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for any point x € ¥(G), s — Hy(x) is a geodesic from v(z) to u(x) which is
homotopic to the composition v(7;,), ¢, and u(7.,). For simplicity, denote
the extension H again by H. To show that H is a C'-map we first prove that
H does not depend on the choice of the family of pathes (7,4)zenm. Indeed,
assume that (9, .)zen is any other choice of such a family and denote by

x[0,1]"

show that for any point x € M, s — Hg(x) and s — Hg(x) are homotopic.
As both are geodesics parametrized proportional to arclength it then folllows
that H,(z) = H,(z) for any 0 < s < 1. To see that s — H,(z) and s — H,(x)
are homotopic note that 7, 107, is a closed curve in M passing through
z. By assumption v, : m(G,g9) — m(M,z) is onto, hence ’“y;;, O Yyz 18
homotopic to a curve which is entirely contained in ¢(G). It follows that
there are continuous maps v* : [0,1] x [0,1] — M, (t,7) — E=(t) = vE(t,7)
with the following properties

H: M x [0,1] — M’ the corresponding extension of H‘w(c) It is to

1) % = Yewi W = Vo

(ii) 77 (0) =77 (0) =2 V0O<7<1

(iil) z(7) == (1) =7, (1) VO<7<1

(iv) 74 and v, are entirely contained in 1(G).

Denote by s — HZ(x(7)) the geodesic from v(z(7)) to u(z(7)) in the ho-
motopy class of the composition v(y)™! o c o uyE. Hence for 7 = 0,5
Hf(x(7)) and s — H (z(7)) are in the same homotopy class, thus by con-
tinuity, they are homotopic for any 0 < 7 < 1. In particular (7 = 1), the
pathes s — H (x(1)) = Hs(x) and s — H; (2(1)) = Hy(z) are homotopic
as claimed. The regularity of H : M x [0,1] — M’ is now easily established:
Given any zo € M, choose in a (sufficiently small) neighborhood U of xy a
family of pathes (7,,).cv depending smoothly on z. By construction, H is a
C'-map on U x [0,1] as both u and v are C'-maps. The uniqueness of the
extension follows from the observation made at the beginning of section 3
that the homotopy H is completely determined by the geodesic c. B

Proof (of Theorem 6.1) We want to apply Lemma 6.2. For the graph G and
the continuous map ¥ : G — M we choose a parametrization of a graph in
M as follows: Let zq € M be our chosen base point and {xg, z1,..., 2} be
a maximal system of points in M such that d(z;,z;) > T for all i # j where
7 is the convexity radius of M. The graph G’ C M is then defined as follows:
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The vertices of G are the points xg, . .., x,,. We join two different vertices x;
and x; by an edge iff d(z;, z;) < 27 where the edge, denoted by ¢;;, is given
by the unique minimal geodesic between z; and x;. We first claim that the
canonical map m (G’, zg) — (M, xg), induced by the inclusion G’ — M,
is onto. In order to prove this we have to show that a continuous curve
n: 10,1 — M with n(0) = n(1) = x is homotopic to a curve in G’. As the
set {zo,..., Ty} is maximal with the property that d(z;,z;) > 7 Vi # j and
M is compact there exists € > 0 so that

sup d(z,{zo,...,Tm}) <7 — 2.
zeEM

Subdivide the interval [0,1] by 0 = ¢ty < ... < t; = 1 such that for any

i €{0,...,k},n([ti, tix1]) € Be(n(t;)). Choose for any ¢ € {0,...,k— 1} a
point ;) with

d(n(t:), zuwy) = d(n(ts), {zo, - - -, Tm})-

As n(0) = n(1) = xg one has x,4) = 2,0y = xo. Then d(n(t;), z,;)) < T—e by
the maximality of the set {zo, ..., x,,}. Let ; be the unique (in M) minimal
geodesic from 7(t;) to z,(;) and define n; == 7 it ] fori = 0,...,k — 1.
Then 7 can be considered as the composition of curves, n =g --- ,m,_1, the
latter being clearly homotopic to

N8By B+ -+ B -1

Note that the segments [; 'n:Bis1 are curves connecting Ty and T4
which are contained in Br(1(t;)). Thus this segment is either homotopic (with
fixed boundary points) to the constant map z,(; in the case x,;) = ®y@it1)
or to the geodesic from w,(;) to x,(;4+1) and the claim follows.

We use (7, 7) as a mark for ¢; ; and introduce

J :={(i,7) | (i,7) is a mark for an edge of G’}

which is a subset of {(,7) | 0 < 4,5 < m}. The graph G is now defined
as a graph on the standard simplex in R” whose vertices vy, ..., v,, are the
vertices of the simplex and whose edges are the edges e;; of the simplex with
(i,j) € J. Clearly e;; denotes the straight line joining v; with v;. The
metric is chosen to be the uniform metric normalized in such a way that
each edge has length 1. The map v : G — M is now defined by setting
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Y(v;) :==2; (0 < j <m) and by defining ’(/)‘EL as the parametrization of the
minimal geodesic ¢;; from z; to z; which is Jproportional to arclength. We
need to introduce variations of the map 1 of the following type: For a point
z:= (20, 2m) € By(x9) X ... X B.(x,,) define a map

¢ZIG—>M

by setting ¢z(v;) := z; for any 0 < j < m and defining @/JZ‘ as being

the curve ~.,... Let us recall from Appendix A how the curves iy” = Yoy
are defined. Denote by ¢;; = ¢, the Fermi coordinates associated to the
minimal geodesic ¢;; (cf Appendix A), ¢;; : (=7, m;; +7) X B.(0) — M where
m;; is the length of ¢;; and B,(0) is the ball in R"~! with center 0 and radius
r. Let a; and a; be the points

a; 1= @Zjl(zi)a aj = @Zf(%’)

Then +;; is the image of the straight line (1 — ¢)a; + ta; (0 <t < 1) by the
Fermi coordinates ¢;;.

We can identify G via the map ¢z with a metric graph Gz C M, with metric
induced from M, for any z in B(xq,...,Zn) = By(xg) X ... X B.(x,,). For
any z € B(xg,...,x,), the restrictions vz and uz of v and u to Gz are
homotopic maps from G into M’. By Theorem 5.1, there is a constant
Cy > 0, independent of z, such that there is a geodesic homotopy

H:Gzx10,1] - M’
from vy to uy with the property that

By Lemma 6.2, the homotopy H can be extended to a geodesic homotopy
H : M x[0,1] — M’. The claimed statement then follows immediately from
(6.1) and the proposition below. B

The following result is a version of Proposition 3.1 for graphs. For its state-
ment and proof we use the notation introduced in the proof of Theorem 6.1.

Proposition 6.3 Let 0 < A < 1 and xg € M be given. Then there exists a
constant Cy; > 1, with the following property: for any homotopic C'-maps
u,v : M — M’ into an arbitrary Riemannian manifold M’', there exists an
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open subset Ay, C B.(x9) with vol(Ay) > Avol(B.(xg)) so that for any
20 € Auy one can find (z1,...,2m) € B(z1) X ... X B.(xy,) with

L (uz) S CHE('U,)l/Q; L (Uz) S CHE(U>1/2

where z = (2o, ..., %m), U, denotes the restriction of u to G., and L(ug)
denotes the length of the graph ug,

L(uz) = Y L(uyss,).

(3,9)eT

Proof Let Bj := B,(x;) for convenience. As B; and B; are in the image of
the Fermi coordinate map ¢;; one concludes from Lemma 3.3, that for any
0<z,5<m

/ L? (uz,2,) dvol(z;)dvol(z;) < CE(u)
Bl‘XBj

and
/ L? (v7s,2,) dvol(z;)d vol(z;) < CE(v)
BiXBj

where C' := max; ; C;; with C;; denoting the constant Cs = Cs(¢p;;) given by
Lemma 3.3 for the chart given by ¢;;. Introduce the following open subset
W C B, x B;

(n) ._ (n) (n)

where Ui(jn) and VZE") are closed subsets of B; x B; given by
U = {(2i.2;) € B; x Bj | L (un.,.,) > nE(u)/?}

and
Vi = {(20, %) € Bi x By | L(v7:.5,) > nE(v)"/?}.

)

Then

nZE(u)Vol(Ui(f)) < /B N L? (u7s,2,) dvol(z;)d vol(z;) < CE(u)
i XDy
and it follows that
Vol(Ui(;l)) <

¢
n
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Similarly one has that
(n) C
VOI(VZ-]- ) < et

Hence there exists a sequence v™ with 0 < v™ < 1, only depending on M
and the combinatorial structure of G so that for any 0 <1,5 <m

v < ol (W) / vol(By x By);  lim »™ = 1.

n—oo

As a consequence,
W = {2 = (20, 2m) € Blxo, .., wm) | (z,2) € WS ¥(i,5) € T}

is an open subset of By X ... X B,, with the property that there exists 0 <
A < 1) so that

A < vol(W™) / vol(By x ... x By,); lim A = 1.

n—oo

Finally let A™ := IIo(W™) where Iy : By X ... x B,, — By denotes the
canonical projection on the first factor. Then A™ is an open subset of B,
and there exists 0 < /\(()n) < 1 so that

A < vol(A™)/ vol(By);  lim AT = 1.

n—oo

For any given 0 < A < 1 choose ny > 1 so large that )\(()nO) > \ and set
Ayy = Apy. Then A, C B, (xp) is open with

A < vol(Ay,)/ vol (B, (zy))
and for any zy € A,, there exists (z1,...,2,) € By X ... X By, so that for
z:=(20,21,--,2m) and 0 < i,7 < m,
L (uvs,,) < nE(u)Y?; L (v7s) < nE(v)/2.
Hence by choosing Cy; :=n - |J|, the claimed statement follows. B
The proof of Theorem 0.4 stated in the introduction is an immediate conse-
quence of Proposition 3.2 and Theorem 6.1:

Proof (of Theorem 0.4) By Theorem 6.1, for any 2o € M and any homotopy
class ¢ of C'-maps v : M — M’, the pair (¢, z,) satisfies hypothesis (7).
Hence by Proposition 3.2, there exists O so that for any C'-maps u,v € ¢

No(v,u) < Cy (E(u)1/2 + E()Y? + 1).
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7 Summary of apriori estimates

Let us summarize the results of sections 1 - 6 as follows:

Theorem 7.1 Assume that ¢ is a homotopy class of C'-maps from M to
M'. Then for any K > 0 there exists a constant C' > 0 so that for any
u € Sp N ¢ with F of class C* and satisfying || F|lcn < K,

(i) E(u) <C.
(i1) e(u)(z) <C Vxe M.

Proof (i) follows from Proposition 1.1, combined with Proposition 3.2 and
Theorem 6.1 and (ii) follows from Theorem 2.4 and (i). W

Theorem 7.2 Assume that ¢ is a homotopy class of C'-maps from M to
M’ and dimM < 3. Then there exist ¢, > 0 and, given K > 0, a constant
C > 0 so that for any u € SN ¢ with F and G C*-smooth and satisfying

[Glleo < ey [[Fller + |Gller < K
one has
(i) E(u) <C;
(i) [ IIV.dyul/fg dvol(z) < C.

Remark No effort was made to extend Theorem 7.2 to manifolds M of
higher dimension. Most likely, Theorem 7.2 holds without any restriction on
the dimension of M.

Proof (i) follows from Proposition 1.4, combined with Proposition 3.2 and
Theorem 6.1 and (ii) follows from Theorem 2.6 and (i). B

8 On the compactness of the set of solutions
within a homotopy class

In this section we prove the two theorems stated in the introduction. Con-
cerning Theorem 0.1 it is an immediate consequence of the proposition below.
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To state it, let ¢ be a homotopy class of C'-maps from M to M’, k > 2 and
(Fn)m>1 an arbitrary sequence of z dependent C*-vector fields on M’ with

F:= lim F,, in C*.

m—00

Introduce the corresponding sequence of equations ®p_ (u) = 0 where
Op (u)(z) = 7(u)(z) + Fp(z,u(x)). (8.1)

Proposition 8.1 Let k > 2. Given any sequence (up)m>1 of C*-maps
with w,, € Sk, N, the solution u,, is C*-smooth for any m > 1 and there
exists a subsequence (U, );j>1 which converges to a C**map w : M — M’
in C**L_topology so that u € ( is a solution of the limiting equation

Proof By Theorem 7.1 (i) and (ii) there exists C' > 0 so that for any m > 1

E(u,) <C (82)
e(um)(x) <C VYre M.

By the Arzela-Ascoli theorem and the compactness of M, (8.3) implies that
there exists a subsequence (m;);>1 so that lim;_. u,, = u in C°(M, M’).
Hence there exist an atlas @, (1 < r < R) of M and coordinate charts
Q. (1 <r < R)of M'so that

U, (Q)C Q. VI<r<R, Vj>1

The restriction of u,,; to @, can be viewed as a map with values in R™.
Choose an open, finite covering (U, )1<,<r of M with U, C @, and smooth
cutoff functions (¢,)1<,<r With ¢, € C§°(Q,) and 0 < ¢, < 1 so that
Ur € {¢r = 1}. Then, for any 1 <7 < R, v, := ©pUm, vanishes on 9Q, and
satisfies, on (),, an equation of the form

—AMUW‘ = &rj (8-4)

with ér,j = (ggj)lgagn’ given by
a i@F’a auTﬁnJ au;ynj e @ 85
rg T (107“(9 ﬁ’ya—xz 8:66 + mj) + 777",]' ( . )
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where 7, ; = @, AnUm, — A (@rtim,) is linear in u,,; and its first derivatives
and does not contain higher order derivatives of u,,,. Hence by (8.3), for any
1 < p < o0, there exists a constant K, with

sup [ jllzr < Koy
2,7

where [P = LP(Q,; Q;). Hence we conclude from (8.4) that K3, > 0

sup v jllwze < Kévp (8.6)
],T

where W?2P = W?2?(Q,; Q) denote the usual Sobolev spaces. By the Sovolev
embedding theorem, W5 = WP(Q,, Q") continuously embeds into C*~! =
C*1Q,,Q") for any £ > 1 and p > n. Thus by (8.6) and the definition (8.5),
it then follows that for any p > n

sup [|&jllwir < Kip
7T

and, by (8.4),
sup [[vr[war < K.
JTr

This procedure can be iterated to conclude that for any p > n,

sup [|&rjllwrr < Kip

. (8.7)
Sup H,Ur,j”WkJr?,p S Lk+2,p-
7,7

As the Sobolev embedding W% «— C*~! is compact for any £ > 1 and p > n it
follows from (8.7) that (v, ;);>1 is relatively compact in C*™(Q,; Q..) for any
1 <r < R. It follows that for any m > 1 w,, is C**'-smooth and that there
exists a subsequence, again denoted by (up,);>1, so that, for any 1 <r < R,
(¢rtm,)j>1 converges in C**1topology. As (U,)1<r<r is a covering of M, we
can define a limiting map v € C**1(M, M’) by setting

u(r) == lim Uy, (z) (= lim v, (z) VreU,).

J]—00 J—00

Hence u is C*™-smooth and by the C*™-convergence of (u,;);>1 and k > 2,
u satisfies the limiting equation ®p(u) =0. W
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Similarly, Theorem 0.2 is an immediate consequence of the proposition stated
below. Let (,k, and (F,,)m>1 be as above and assume that (G,)m>1 is a
sequence of y-dependent C*-vector fields on M with

G:= lim G,, in C*.

m—00

The corresponding sequence of equations @, ¢, (u) = 0 are now given by
Qg o (u) == 7(u) + F(z,u(z)) + usGp (2, u(z)).
Proposition 8.2 Assume that dimM < 3,k > 2, and

sup ||Gllco < e (co given in Theorem 7.2).
m>1

Then, for any sequence (upm)m>1 of C®-maps satisfying u, € Sk, .q,, NC,
it follows that for any m > 1, u,, is C**'-smooth and that there exists a
subsequence (U, ) >1 which converges to a C*-map w: M — M’ in C*+!-
topology so that u € ( is a solution of the limiting equation

(I)F’G(U) = 0

Remark Most likely the hypothesis dimM < 3 can be removed. However no
efforts were made to extend Theorem 0.2 in this way.

Proof By Theorem 7.2 there exists C' > 0 so that for any m > 1
E(u,) <C (8.8)

/ IV dyuy s dvol(z) < C. (8.9)
M

As dimM < 3 the Sobolev space H* = H?(M, M) is embedded compactly in
CO(M, M'"). Tt then follows from the Azela-Ascoli theorem that there exists
a subsequence (m;);>1 so that lim; . u,,, = u in C°(M,M’). Hence there
exist an atlas @, (1 < r < R) of M and coordinate charts Q. (1 <r < R)
of M’ so that

U (@) CQ, VI<r<R, Vj>1L1

The restriction of U, 1O (), can be viewed as a map with values in R™.

Choose an open covering (U, )i<,<r of M with U, C @, and smooth cut-off
functions (¢, )1<,<r With ¢, € C°(Q,) and 0 < ¢, < 1 so that U, C {p, =
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1}. Then, for any 1 < r < R, v.j := @U,y, vanishes on 9Q, and satisfies,
on ()., an equation of the form

_AMUT,j = gr,j (810)
with 6,«7]' = (gﬁfj)lgocgn’ given by
« il o 8u£13 au;ynj «a * @ o
gr,j = SOT g Fﬂ’y axl axz + ij + (uijmj) + nr‘,j (811>

where 1,.; 1= @ Aptp; — ApPrty, is linear in u,,, and its first derivatives
and does not contain higher order derivatives of u,,;. By (8.10) and the
Sobolev embedding H? = W?? — W' we conclude from (8.11) that

Sup HgT,jHLWQ S Ko. (812)
J7r
Hence by (8.10),
Sup ||’Ur,j||W2’5/2 S Ké (813)
2.7

We need to improve estimate (8.12). To this aim, use (8.13) and the Sobolev
embedding W%%2 — W8 to conclude from (8.11) that

sup ||, s < Ko (8.14)
2.7
hence by (8.10), X
sup [|vyj[lwza < K. (8.15)
JTr

For dim M < 3, the space W%*(Q,., Q") is continuously embedded into C*~1(Q,; Q".).
This is used to iterate the procedure above and prove the claimed statement
with arguments similar to the ones used in the proof of Theorem 8.1.

A Appendix: Fermi coordinates

In this appendix we recall the notion of Fermi coordinates along geodesics
in a Riemannian manifold. For the convenience of the reader we provide
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proofs for those statements which are not completely standard. Let M be
a closed Riemannian manifold of dimension n with distance function d :
M x M — [0,00) and denote by 7 its convexity radius (cf [GKM], §5.2),
i.e. T is the maximal number so that for any o < 7 and p € M the ball
B,(p) == {x € M | d(p,x) < o} has the following convexity property: for
any two points x, z € B,(p)

(i) there exists a unique geodesic ¢ = ¢, : [0,1] — By(p) from z to z,
parametrized proportional to arclength;

(ii) the geodesic ¢, , is the unique minimal geodesic in M from z to z.

In particular, such a geodesic does not intersect itself and its length L(c) is
given by L(c) = d(x, z). Clearly ¢, . depends smoothly on the endpoints z
and z. In fact, the restriction of the exponential map exp, at p to the ball
Br(0) C T,M of radius 7 at 0 is a diffeomorphism onto the ball Br(p) and
satisfies

eXPy(Epa(0)) = cpa(1)

where ¢,,(0) = % S:Ocp,%(s).

First we need to establish some auxilary results. Given p € M and a non-
constant geodesic ¢ : [0,1] — Br(p) parametrized proportional to arclength,
introduce

f:00,1] = Rt — d(p, c(t)).

Lemma A.1 There exists a point to € [0,1] so that f is strictly decreasing
on [0,to] and strictly increasing on [to, 1].

Proof As f is continuous one can choose ty € [0,1] so that
f(to) = mf{f(t) [0 <t <1}.
It remains to show that for any s € R,
(1) 17 () N[t 1]) <1

and
(ii) (7 (s) N[0, t0]) < 1.

Statement (i) and (ii) are proved in the same way, so let us concentrate on (i).
To prove (i), assume the contrary. Then there are two points tg < t; <ty <1
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so that f(t1) = f(t2) and f(t) > f(t1) for any t; < t < t5. Given any
0<t<l1,
Ct = Ce(t),p - [07 1] - BF(p>

denotes the unique geodesic from ¢(t) to p parametrized proportional to

arclength. Then ¢ — ¢(1) = £ ., Ct(s) is a smooth curve in T,M with

Ct > a where t3 = 13°2 an
lét,(1)]| = @ where #; = “2 and

a = ||én, (W] (= llén (D)) -

As ¢ is nonconstant (by assumption) and parametrized proportional to ar-
clength, the map t — c¢(t) is injective. In view of the identity c(t) =
exp,(—¢;(1)) this implies that ¢ + ¢,(1) is injective as well. In particular,
¢, (1) is distinct from ¢,(1) for any ¢ € [0, 1]\{t3}. Define q := exp,,(7¢,(1))
with 0 < 7 < 1 chosen so small that ¢(t) lies in Br(q) for any 0 < ¢ < 1.
Clearly,

d(q, c(t3)) = d(q,p) + d(p, c(t3))

On the other hand, the curve obtained by composing the geodesic from ¢ to
p with the one from p to ¢(t) is a broken geodesic for any ¢ € [0, 1]\{¢3} as
¢y (1) # ¢(1) for such #'s and hence for j = 1,2

d(q c(t;)) < d(g,p) + d(p, c(t;))
= d(q,p) +a.
As a consequence one can choose 0 < 0 < d(g, c(t3)) so that ¢(t1) and c(t2)

are in Bs(q) but c(t3) ¢ Bs(q). But as 6 < d(g,c(t3)) < T this contradicts
the convexity of Bj(q), hence statement (i) holds. B

We will need a simple application of Lemma A.1 later. Let ¢: [0, 1] — Br(p)
be again a nonconstant geodesic parametrized proportional to arclength and

set d d
¢(0) == %’tzoc(t); ¢0(0) := %lszoCC(U),P(S)'

Corollary A.2 If ¢(0) and ¢y(0) are orthogonal, then t — f(t) is strictly
increasing on [0, 1].
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Proof Approximate ¢o(0) by a smooth 1-parameter family of tangent vectors
w; € TooyM, 7 > 0, with |Jw,|| = ||é(0)], lim, o w, = ¢(0), and

(wr, ¢(0)) <0 for 7> 0.

Denote by ¢, : [0,1] — M the geodesic, parametrized proportional to ar-
clength so that ¢.(0) = ¢(0) and ¢.(0) = w, and let p, := ¢.(1). Then
lim, o p, = p. Notice that for 7 sufficiently small, ¢, lies entirely in the ball
Br(p). Moreover, for any 7 > 0, the function f.(t) = d(p,, c(t)) satisfies

6 .
%Lﬁ:ofT(t) = <£|x26(0)d(p7_,1‘)7 C(O)>
I ORy
= Teor
> 0.

As c is nonconstant and contained in the ball Br(p,) for 7 sufficiently small
it then follows from Lemma A.1 that f, is strictly increasing on [0, 1] for
7 > 0 sufficiently small. By continuity it then follows that f is nondecreasing
on [0,1]. Invoking once more Lemma A.1 it then follows that f is strictly
increasing on [0, 1] as well. W

Given a minimal geodesic ¢ : [0,a] — M, parametrized by arclength, and
an orthonormal basis € in T, M, given by €1,...,¢,_1,6, := %‘tzoc(t), we
now construct Fermi coordinates as follows: Let B,.(0) = B*~1(0) denote the
open ball in R"™! centered at the origin 0 with radius r := 7/2. Then we
define

Pe = (;DC,E : (—T,(l + T) X BT’(O) — M

as follows:

(i) the curve (—r,a + 1) — M, t — @.(t,0) is the arclength parametrization
of the geodesic coinciding with ¢ on [0, a.

.. . - n—1 n—1 i
) C )

(ii) For any unit vector v = ) " wpe, € R the curve s — ¢.(0, sv) is

the arclength parametrization of the geodesic with

P n—1 ~
55 ‘320900(0, sv) = ; Vg€

(iii) For any unit vector v € R"! and any t € (—r,a+7)\{0}, the curve s —
@c(t, sv) is the arclength parametrization of the geodesic with £ ‘szogpc(t, sv)

47



obtained by parallel transport of % i—o#c(0,tv) along c. Here the parallel

transport is the one induced by the Levi-Civita connection on M.
Clearly, . is well defined and smooth. We claim that it is a coordinate map.
Proposition A.3 The map ¢. is injective and of mazximal rank.

Remark 1 The coordinates (t,v) € (—r,a + ) x B,(0) are referred to as
Fermi coordinates.

Remark 2 The construction above also works for the limit case where ¢
shrinks to a point p. In this case the coordinate map ¢ is parametrized by a
unit tangent vector w instead of the geodesic c. Given an orthonormal basis
eof T,M,e;,...,€,-1,€, = w, the map

©p = pz: (=1, 1) X B.(0) = M

is defined similarly as above except that ¢t — ¢,(t,0) is chosen to be the
arclength parametrization of the minimal geodesic uniquely determined by
©,(0,0) = p and %‘tzogop(t, c) = w.

Remark 3 For any 0 < a < diam(M), denote by F, the set of all Fermi
coordinate maps .z : (—r,a +r) x B.(0) — M where ¢ is the arclength
parametrization of an arbitrary minimal geodesic of length a and € is an
arbitrary orthonormal basis of T M of the type as above. Similarly, we
define F, for a = 0. As M is compact, F, is, in particular, relatively com-
pact in the space of C'-maps C' ((—r,a+r) X B.(0); M) for any 0 < a <
diam(M ). Hence it follows that ||dp.z||co is universally bounded for any ¢,z

m UO<a§diam(M) fa :

Proof (of Proposition A.3). Let us first show that ¢, is 1 — 1. Assume that
there exist 1,1y € (—r,a + r), unit vectors v, v, € R" 1 and 0 < 51,8, <7
so that

P = @e(t, 5101) = @c(ta, s202).
Without loss of generality, we assume that t; < t5. Notice that
d(p, ¢c(t1,0)) = d (pc(t, s101), @c(t1,0)) <7
and

d (p, Soc(t% 0)) =d (Soc(t% 52U2)7 (:DC(t% 0)) <r
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Thus ¢.(t1,0) and ¢.(t9,0) are elements in B,.(p) and as B,(p) is convex it
follows that the (in M) minimal geodesic between ¢.(t1,0) and ¢.(ts,0) is
contained in B,(p). However, we do not know yet that this minimal geodesic
coincides with ¢.(t),t; <t < 9, as ¢. might not be contained in Br(p). To
see that this cannot happen, introduce

p1 = Soc(t; 0)7 b2 = Spc(t; O)

where
t7 := max(0,t;); t5 := min(a, ts).

In case t; < 0 we have

d(p,p1) < d(p, pe (t1,0)) + d (pc(t1,0), 0c(0,0))
< 2r

whereas for t; > 0,p = p; and thus d(p, p1) = 0. Hence in both cases

d(p>pl) <T.

Similarly, one sees that
d(p7p2) <T.

By the convexity of Br(p), it then follows that there is a unique geodesic in
Br(p) from p; to ps and that this geodesic is minimal in M. By definition,
©¢(t) is the (in M) minimal geodesic from ¢.(t}) to ¢.(t5) and thus the two
geodesics coincide. Hence ¢.(t) € Br(p) for t7 <t <t} As p.(t) € B.(p) C
Br(p) for t; <t <t} and for t; < t < ty we conclude that ¢.(t) € Br(p)
for any t with t; < t < ¢y and we have proved that ¢.(t) (t; < t < t9)
is in M the minimal geodesic from ¢.(t1,0) to .(t2,0). As ¢.(t1,0) and
©c(t9,0) are in B,(p), and B,(p) is convex we have that ¢.(t) € B,.(p) for
any t; <t < ty. In particular, as t — ©.(t,0) is parametrized proportional
to arclength, it follows that ¢ — @.(¢,0) is injective for ¢; < ¢t < t5. Hence
in case either of the two numbers s; or sy is 0, it follows that ¢; = t, and
hence s; = s5 = 0. Now let us consider the case where s; # 0 and sy # 0.
By the definition of ¢., %‘t:tjwc(t,O) and & «oPe(tj, sv;) are orthogonal
for j = 1,2. Hence by Lemma A.1 and Corollary A.2, it follows from p =
©c(t1, s1v1) that d(p, p.(t,0)) attains its unique minimum at ¢t = ¢; where
as from p = @.(t2, $2v2), one concludes that d(p, ¢.(,0)) attains its unique
minimum at ¢ = t,. Thus we conclude that ¢; = t5. As the exponential
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map is a diffeomorphism it then follows from ¢.(t1, s1v1) = @.(t1, S2v2) that
$1 = s and v; = v9. It remains to prove that ¢. has maximal rank at any
point. Assume to the contrary that (. does not have maximal rank at a point
(to, Sovo) € (—r,a+ 1) x B.(0) where vy is assumed to be of unit length and
0 < 59 < r. From the definition of ¢, it follows that sqg > 0. Since . is the
normal exponential map of the geodesic ¢ = p.((—r,a+7r) x {0}) this implies
that the geodesic s — ¢.(to, svg) has a focal point at sq and it follows that
beyond s, the geodesic s — . (to, svg) is no longer a minimizing geodesic to
¢ (cf [Sa]). This means that for a point p; := p.(ty, s109) With so < 51 < 7,
the distance function ¢ — d(p1, ¢.(t,0)) does not assume the minimum in .
But this contradicts Lemma A.1 and Corollary A.2. B
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