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Acoustic Scattering at Composite Objects

Find U s.t. for all i € {0,1,..., M} we
have U|g, € HL (A, Q;) and

loc
(—A —k)HU(X) =0, xeQ;, (1)

+ transmission conditions at

()Q,‘ ()Q-I

U‘aﬁf - U‘afz,- =0

=i (VU)o + i (VU)|oo, =
+ Dirichlet conditions at

()Q-Z U’aﬁi :.0, N
+  Sommerfeld radiation condition

at oo for U — Ujpe.

Uine: incident wave, Q; subdomains
satisfying (1) for x; = Ko on RY. I'ij interfaces
R, b 0 n; unit normals
Kj € IRy : constant wave number on §/;. @ junction points



Traces, Potentials, Operators: Conventions and Notation

\(
AI||||||W|!M|II|

m Dirichlet trace: Yh o HL () — H2(0%),
'y’DV = V‘aQi .

m Neumann trace: ’y;'v © HL(A, Q) — H_%(aﬂ,-),

. loc
Q= ni- (VQ)log, .

normal field n; pointing outside of Q;.
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m Dirichlet trace: Yh o HL () — H2(0%),
'y’DV = V‘aQi .

m Neumann trace: v 1 HL.(A,Q;) — H_%(aﬂ,-),

YW@ =i - (VQ)lag, -

normal field n; pointing outside of Q;.

Qo

m

m i"" local representation formula (iRF) of the solution U on Q;:

Ulg, = Silsil{wVU} — Dilsil{pU} = Gi[ril(vpU, vy V),

single layer potential  double layer potential ith local total potential




Traces, Potentials, Operators: Conventions and Notation
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m Dirichlet trace: Yh o HL () — H2(0%),
'y’DV = V‘BQI. .

(A, Q) — H™2(0),

m Neumann trace: 'YAF Hl

. loc
Q= ni- (VQ)log, .

normal field n; pointing outside of Q;. Q

m

m i"" local representation formula (iRF) of the solution U on Q;:

Ulg, = Silsil{wVU} — Dilsil{pU} = Gi[ril(vpU, vy V),

single layer potential  double layer potential ith local total potential

SO = [ 3,0 ey U(Y) dS(y). x € RAT.

DIIGHUNN) = [ iy (x.9)1UY) dS(y). x SR,

Gr.(x,y) is the fundamental solution of (—A — k;2).



Traces, Potentials, Operators: Conventions and Notation
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m Dirichlet trace: Yh o HL () — H2(0%),
'y’DV = V‘aQi .

(A, Q) — H™2(0),

m Neumann trace: 'YAF Hl

. loc
Q= ni- (VQ)log, .

normal field n; pointing outside of Q;.

m i"" local representation formula (iRF) of the solution U on Q;:

Ulg, = Silsil{wVU} — Dilsil{pU} = Gi[ril(vpU, vy V),

single layer potential  double layer potential ith local total potential

Remark: Representation formula is true for i € {1,..., M}.
For i = 0 take (U — Ui,) instead of U.



Traces, Potentials, Operators: Conventions and Notation
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Qo

m Dirichlet trace: Yh o HL () — H2(0%),
'y’DV = V‘BQI. .

(A, Q) — H™2(0),

m Neumann trace: 'YAF Hl

. loc
Q= ni- (VQ)log, .

normal field n; pointing outside of Q;.

m

m i"" local representation formula (iRF) of the solution U on Q;:

Ulg, = Silsl{wVU} — Dilsl{vpU} = Gi[s](vpU,7yV),

single layer potential  double layer potential ith local total potential

m Taking i*" traces of (iRF) gives the Calderdn identity:

(ho) = (w5 21) (C50)

Calderén projector




Traces, Potentials, Operators: Boundary Integral Operators

weakly singular operator
double layer operator
adjoint double layer op.
hypersingular operator

M|||||i|ﬂ|!!!|||lh
"/

restricting to 09;
0

YU = WSilki{w U} — wwDilsi{vp U}

gives the Calderdn identity

'ybU _ %Id—K,-[/Q,-] Vi[ki] ’ybU
wU) T\ Wil 3ld+ K{[ki]) \U)

Calderdn projector
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weakly singular operator
double layer operator
adjoint double layer op.
hypersingular operator

M|||||i|ﬂ|!!!|||lh
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restricting to 09;
0

U = vpSilkil{vn U} —7pDi[xi {75 U},
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Traces, Potentials, Operators: Boundary Integral Operators

weakly singular operator
double layer operator
adjoint double layer op.
hypersingular operator

M|||||i|ﬂ|!!!|||lh
"/

restricting to 09;
0

VU = Sl v U — v Dilki {7 U},
WU = TSl (U} — Dils{vh U}

gives the Calderdn identity

YoUY _ (Ld— Ki[s]  Vilsi] U
wU) =\ Wikl i Kki]) v

Calderdn projector




Traces, Potentials, Operators: Boundary Integral Operators

weakly singular operator
double layer operator
adjoint double layer op.
hypersingular operator

M|||||i|ﬂ|!!!|||lh
"/

restricting to 09;
0

VU = Sl v U — v Dilki {7 U},
iU = viSilsil{vik U= {vh U}

gives the Calderdn identity

U\ _ (31d = Kilxi] Vilri] Y
wU) 0 Wikl 3+ Kk]) U)o

Calderdn projector




Traces, Potentials, Operators: Coupling

For the toy example (M=1) the relevant Calderdn identities are

lld _ (‘Ko[fio] Vo[fio]) (W%U - V%U;nc>_ (0>
2 Wolro]l  Kolkol) | \ /AU — YR Uinc 0)°

=:Co[ro]

s () ) (80)-(6)-

=:C1[k1]
il
Al

We couple them by using appropriate spaces
incorporating the transmission conditions (TC)
and boundary conditions (BC).
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Traces, Potentials, Operators: Single Trace Space

We define the single trace space ST(I) using STp(I"), STn(I):

M
STD(I_) = {(V()v Vi, ey VM) € H %(aQ )
i=0

3V € HY(R?\ Qu) s.t. vV = v;, Vi € {0,1, ..., M}},

where H (R \ Qu) incorporates the homogeneous Dirichlet boundary
conditions at Qg.

STN(r) {(qu qi, - qM S HH ;

3Q € HL (AR sit. v, Q = q;, Vi € {0,1, ..., M}},

M

ST(M) = {( , Gi)o<i<m H 2 (%) %((:)Q,-))‘

(vo,va, ..., vm) € STp(T), (90, g1, -, qum) € ST/\/(F)} .



Traces, Potentials, Operators: Single Trace Space

m ST(T) € MT(T) := 1", (H?(0) x H™2(9)),
multi trace space with bilinear form for &, v € MT(I') given by

<lj7 ‘7> = <(U0,p0, seey U/\/hpl\/l), (V07 q0; ---s VM, qM)>

m Polarity property of ST(I') :
For & € MT(I') we have the following equivalence:

FeST(N) < (4,v)=0vveST(N).



|dea of Classical Single Trace Formulation e e

—Kolro]  Vo[rol
b= (sl i)
=:Co[ro]
—Ki[k1]  Va[rki]
3l < Wl[*éll] K}[m])
=:C1[r1]

’7% U- ’Y% Uinc
’VRI U- '7?\/ Uinc

i

m 7= (YU, QU vLU, 1 U) € ST(T) <  satisfies TC and BC,



|dea of Classical Single Trace Formulation e e

m | Lldy — (—Ko[ffo] Vo[ffo]> (V%U - V%Uinc)
2 Wolrko]  Kglrol) | \7RU — 7R Uinc

Il
N\
o o
N

L ::CO[K/O] -

l'd o —Kl[K,l] V1[;‘<&1] ’)/bU _ 0

251 Wl[lﬁil] K{[Hl] Wll\lU 0/’
::CI[NI] J

= (VYU U, ~LU, v}, U) € ST(T) < i satisfies TC and BC,
m Polarity property: &,V € ST(I') = (d,v) =0.

Find e ST(T) :
(~C0,7) = (31d — C)iine, #), V7€ ST(T)

C .= diag(CO[HO]acl[Hl])» ﬁinc - (’Y([)) Uinca’yl(e/ Uincv Oa 0)



Experiment |: Condition Numbers of Classical STF

—©-first-kind Galerkin matrix

0 0.2 0.4 0.6 0.8 o)
| ' 2
£
p=}
=z
c
Q S
2
j=s
8
c p =249
@
(7]
i)
©
z o
L
" 10" 10°

Uinc

1h
Radius: r = 0.5, wave numbers: (ko, k1) = (2,4),
incident plane wave Uj,.: direction of propagation d = % (0,1, l)T,
cont. pw. linear elements for Dirichlet, pw. constant for Neumann data.

The first-kind solution was implemented based on a library by L. Kielhorn (BETL2).
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Experiment |: Condition Numbers of Classical STF

GMRES Performance

10° L first-kind 11264 1 -o—first-kind Galerkin matrix
-4« first-kind 2816 3
§ o first—kind 704 E 10’ 1
5 10° —o—first-kind 176 1 z
o - % first—kind 44 8
° B 10° ]
E c
S -5 8
gl: 107 9 Pt p=2.49
o £ 107
%) 210 1
8 S
-10 w
107°F 1
3 10' : ‘
0 50 100 150 200 10’ 10°
number of iterations 1/h

m lll-conditioned Galerkin matrices.

m No suitable preconditioner available for the non-homogeneous case.

The first-kind solution was implemented based on a library by L. Kielhorn (BETL2).
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New ldea: Global Potential

Null field property: If U solves the acoustic scattering problem, then for
W=U- X0 Uinc

W(x), xeQ;

Gl (Yo W,y W)(x) = {0 x € RN\G U
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New ldea: Global Potential

Null field property: If U solves the acoustic scattering problem, then for
W=U- X0 Uinc

W(x), xeQ;

Gl (Yo W,y W)(x) = {0 x € RN\G U

=-New global ansatz: Sum over all local total potentials!

Global total potential: My : MT(T) — HL (A, RY\T)

— M N
Mrv := Z,-:o Gilxil(vi, qi), V= (0,90, ---, VM, qm)-

For the toy problem we have

Mrv = Go[ko](vo, q0) + G1[r1](va, q1) -



_kl nd STF [Claeys '2011, Greengai '2012, Claeys/Hiptmair/Spindler '2015]

Apply the same technique as for the local total potentials to the
multi-potential:

m restrict the global total potential to each boundary 0€;, j € {0,1}:
73U = Uinc)\ _ (31do — Ko,olro] Vo,0o] YU = Uinc) —Lidy — Ko[r1] Vo,1[k1] YU
(Vﬁl(U - Umc)) - (2 Wo,olr0] 31do + Ké,o[h’o]) (W%(U - Uinc)) * ( ’ Wo,1[1] —3ldi + Ké.l[h‘l]) (WSU)
=:Ag,0 =:Ao,1
LU\ _ (—3ldo — Kiolro] Vi o[kl A0 (U = Uine) Lidy — Ki1[r1] Vilei] LU
(W’EU) - ( ’ Wi,0[ro] —3ldo + K{,o[ﬂo]) (7§(U* Uinc)) * (2 Wi, [k1] 3ldi + K{,l[h"l]) (W’EU)

=:A10 =ALL

m couple the equations using the TC and BC:
Search for
7= (U, U, p U, U) € ST(T).

m test with v € MT(IN).
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for '€ ST(I'): ((Id — A)i, V)
= (linc, V), YV € MT(T).

(Ao Ao
A= (AI,O A1,1>’

where A; ;, j,i € {0,1}, are the generalized Calderén projectors from the
previous slide.
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for '€ ST(I'): ((Id — A)i, V)
= <L_’Enc’ ‘7>7 Vv e MT(F)~

We have
m AFe ST(M)Vie ST(T) (using jump relations),

m Polarity property of ST(I').
For & € MT(T') the following equivalence holds:
7eST(N) <« (a,v)=0vweST().
= equation is trivial for v € ST(I).
= use a complement space ST (') of ST(I') € MT(I').
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for '€ ST(I'): ((Id — A)i, V)
= (lfinc, V), YW € ST(I).

M1l
o

m For k € Ry set kg = k1 = k. Then, (Mr + Gu[x] o 5)|ST(|.)
The boundary data on 0y is given by the natural extension of
veST(lN to 0Qm:

E(V) = (v, am) == (B°V, = Q) = (0, /K@),
where V| Q are the functions from the definition of ST(I).
Thus, v (Mr + Galr] 0 £) ‘ST =0, ie.

<<Ao.0[ff} «40.1[H]> <§/d\‘:0:[;(]3~'[“]> E)

=0.
Aiolk]  A1alr] < : Vi m[~] > o
) 2/ Kl
=:B[k]
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for i € ST(I'): ((Id + B[x] — (A — Alx]))d, V)
= {linc, V), YV € STE(T).

M1l
o

m For k € Ry set kg = k1 = k. Then, (Mr + Gu[x] o 5)|ST(|.)
The boundary data on 0y is given by the natural extension of
veST(lN to 0Qm:

E(V) = (v, am) == (B°V, = Q) = (0, /K@),
where V| Q are the functions from the definition of ST(I).
Thus, v (Mr + Galr] 0 £) ‘ST =0, ie.

If
e

Aiolk]  A1als] < Vi m[x] >
=:Alr] 7%/(11 + Kll.l[i{]

=:B[x]

<<Ao.0[ff} «40.1[H]> <§/d\‘:0:[;(]3~'[“]> E)

ST(I)
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for i € ST(I'): ((Id + B[x] — (A — Alx]))d, V)
= (lne, V), YV € ST(T).

m (A — A[x]) is a compact operator on
MT/_2(|_) = H/’\io (Lz(aQ,’) X L2(89;)) [Claeys/Hiptmair/Spindler '2015] ,
Id + B[k] is Fredholm operator of index zero on ST 2(IN).

Continuity: [Dahlberg '1979], Fredholmness:[Elschner '1992], [Mitrea '1999]
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for i € ST(I'): ((Id + B[x] — (A — Alx]))d, V)
= (lne, V), YV € ST(T).

m (A — A[x]) is a compact operator on
MT/_2(|_) = H,’\io (Lz(aQ;) X L2(8S—2,')) [Claeys/Hiptmair/Spindler '2015] ,
Id + B[k] is Fredholm operator of index zero on ST 2(IN).

Continuity: [Dahlberg '1979], Fredholmness:[Elschner '1992], [Mitrea '1999]

m For pure transmission problems: Garding inequality holds.
= asymptotic stability and quasi-optimality hold under the
uniqueness assumption:

FeST (T, ([Id—(A— Alx])]d, V) =0V € ST(T) = d=0.
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= asymptotic stability and quasi-optimality hold under the
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= any L%-stable set of basis functions can be used for discretization.
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uniqueness assumption:

g€ ST, ([ld— (A— Al])]d, V) = 0%7 € STH(N) = §=0.
= any L%-stable set of basis functions can be used for discretization.

m Presence of Qg: Additionally, we need to assume that discrete
inf-sup conditions hold.
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SeCO nd_ K I n d ST F [Claeys '2011, Greengard/Lee '2012, Claeys/Hiptmair/Spindler '2015]

Search for i € ST(I'): ((Id + B[x] — (A — Alx]))d, V)
= (lne, V), YV € ST(T).

m (A — A[x]) is a compact operator on
MT/_2(|_) = H/’\io (Lz(aQ,’) X L2(89;)) [Claeys/Hiptmair/Spindler '2015] ,
Id + B[k] is Fredholm operator of index zero on ST 2(IN).

Continuity: [Dahlberg '1979], Fredholmness:[Elschner '1992], [Mitrea '1999]

m For pure transmission problems: Garding inequality holds.
= asymptotic stability and quasi-optimality hold under the
uniqueness assumption:
de ST (), (d—(A—-Alx])]d,v) =0vwe ST(IN = d=0.
= any L%-stable set of basis functions can be used for discretization.

m Presence of Qg: Additionally, we need to assume that discrete
inf-sup conditions hold.

m Uniqueness of the formulation is still an open question. But
numerical experiments show evidence.
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SeCO n d— K | n d ST F [Claeys/Hiptmair/Spindler '2015]

Search for 7€ 8T2(T): ((Id + B[x] — (A — A[x]))d, V)
= (line, V), YW € STL().

m For ST7:(I"), we choose the orthogonal complement of ST2(I) in
MT2(T). It is obtained by interchanging the role of Dirichlet and
Neumann data of ST ,2(T).
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SeCO n d— K | n d ST F [Claeys/Hiptmair/Spindler '2015]

Search for 7€ 8T2(T): ((Id + B[x] — (A — A[x]))d, V)
= (line, V), YW € STL().

m For ST7:(I"), we choose the orthogonal complement of ST2(I) in
MT2(T). It is obtained by interchanging the role of Dirichlet and
Neumann data of ST ,2(T).

m For an implementation, it is useful to consider the formulation
interface-wise to avoid cancellation due to occuring differences of
kernels. On 0Q; N 0%, we obtain a kernel of the form

(gm - gm) - (gr-io - g,.i) = gm - gmo'

This kernel has to be treated carefully when getting close to the
diagonal x =y. We use Taylor expansions to avoid cancellation.
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Experiment [l: Second-Kind STF vs. First-Kind STF

0 0.2 0.4 0.6 0.8
[NRNRRRRRRN RNRRARRARS AN

- il

Qo

z

\& V‘i‘x

Uine Uinc

L

Radius: r = 0.5, wave numbers: kg = 2, k1 = 4,
incident field Uj,c: plane wave, direction of propagation d = % (0,1,1)7,
First-kind: cont. pw. lin. elements for Dirichlet, pw. const. for Neumann data.
Second-kind: pw. constant elements for both Dirichlet and Neumann data.

The solutions were all implemented based on a library by L. Kielhorn (BETL2).
The reference solution is the second-kind solution of highest resolution.
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Experiment Il: Error Convergence

10°} - x-Dirichlet second-kind, LX)
o ¥ proj. Dirichlet second-kind, L2(E)
?:10—1 L -6-Neumann second—kind, L(x)
=1 <~ Neumann second-kind, H™"2(z)
- *-Dirichlet first-kind, LZ(Z)
107 -&-Neumann first-kind, L2(%)
< Neumann first-kind, H™""2(z)
107
10‘1/h 10°

Radius: r = 0.5, wave numbers: ko = 2, k1 = 4,
incident field Ujn,c: plane wave, direction of propagation d = % 0,1,1)7,
First-kind: cont. pw. lin. elements for Dirichlet, pw. const. for Neumann data.
Second-kind: pw. constant elements for both Dirichlet and Neumann data.

The solutions were all implemented based on a library by L. Kielhorn (BETL2).
The reference solution is the second-kind solution of highest resolution.
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Experiment II: Condition Numbers and Iterative Solver

GMRES performance

107 o~ first—kind Galerkin matrix 1100 | first—kind 11264
-x-second-kind Galerkin matrix ; 4 first-kind 2816
O first-kind 704
—o—first-kind 176
- *-first—kind 44
-+-second-kind 11264
- second-kind 2816
O second-kind 704
—6—second-kind 176
second-kind 44

Euclidean Condition Number
abs. 2-norm of residuum

102 0 50 100 150 200
number of iterations

Radius: r = 0.5, wave numbers: ko = 2, k1 = 4,
incident field Uj,: plane wave, direction of propagation d = % (0,1, l)T,
First-kind: cont. pw. lin. elements for Dirichlet, pw. const. for Neumann data.
Second-kind: pw. constant elements for both Dirichlet and Neumann data.

The solutions were all implemented based on a library by L. Kielhorn (BETL2).
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Conclusion

Advantages of new second-kind formulation:
m Less restrictions on basis functions.

m Well-conditioned Galerkin matrices on fine meshes for the
second-kind ansatz lead to fast convergence of GMRES.

m Competitive accuracy for post-processed traces (projected onto
continuous piecewise linear boundary element space).

m A combined field integral approach is available to avoid spurious
resonances due to the impenetrable part (cieys/Hiptmair/spindier "2015].

20/22



Ongoing/Future work:

m The uniqueness result for the second-kind formulation is still a
pending question. Nevertheless, numerical tests provide evidence.

m The extension of the second-kind formulation to vectorial Helmholtz
equation is work in progress. First numerical experiments show
promising results.

m Extension of the second-kind formulation to pure diffusion problems,
i.e. for piecewise constant second-order coefficients p; > 0 in

—div(u;grad U) = F.
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Ongoing/Future work:

m The uniqueness result for the second-kind formulation is still a
pending question. Nevertheless, numerical tests provide evidence.

m The extension of the second-kind formulation to vectorial Helmholtz
equation is work in progress. First numerical experiments show
promising results.

m Extension of the second-kind formulation to pure diffusion problems,
i.e. for piecewise constant second-order coefficients p; > 0 in

—div(u;grad U) = F.

Thank you for your attention!
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