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Abstract
In this paper, we derive new two-sided estimates of modeling errors for linear elliptic boundary
value problems with periodic coefficients solved by homogenization method. Our approach is based
on the concept of functional a posteriori error estimation. The estimates are obtained for the
energy norm and use solely the global flux of the non-oscillatory solution of the homogenized model
and solution of a boundary value problem on the cell of periodicity. Numerical tests illustrate the
efficiency of the estimates.
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1 Introduction

Boundary value problems with periodic structures arise in various applications. Such structures are
well known in industry (e.g., in composite materials). Homogenization theory is the major tool used to
quantitatively analyze media with periodic structures. Within the framework of the theory (see, e.g.,
[10], [15]), the behavior of a heterogeneous media is described with the help of a certain homogenized
problem, which is typically a boundary value problem with smooth coefficients, and the solution of a
specially constructed problem with periodic boundary conditions. It has been proved that the functions
reconstructed by this procedure converge to the exact solution as the cell size € tends to zero. Moreover,
known a priori error estimates qualified the convergence rate in terms of €. The goal of this paper is
to derive two-sided estimates of the modeling error generated by homogenization, i.e., to estimate the
difference between the exact solution of the original problem and its approximation obtained by the
corresponding homogenized model.

Our method is based on the theory of functional a posteriori estimates (see [20] - [26]), in which
estimates of the difference between the exact solution of boundary value problems and arbitrary func-
tions from the corresponding energy space has been derived by purely functional methods. As a result,
the estimates contain no mesh dependent constants and are applicable for any function from the cor-
responding energy space. In [22] - [27] these properties have been used for the analysis of modeling
errors. In [25] and [28], it was suggested a combined adaptive numerical strategy, which is based on
simplification (defeaturing) of problems having complicated and irregular coefficients. This strategy
takes into account both modeling and approximation errors. It was demonstrated that it is efficient for
problems having rapidly changing (oscillating but non-periodical) diffusion coefficients.

In the present paper, we consider a different case related to fine periodical structures, i.e., we are
concerned with the homogenized model of an elliptic boundary value problem with periodical coefficients.

Let © C R? be a bounded domain with Lipschitz boundary 92, and Q = U; II§, where

X — Xj

Hie—xi—kaﬁ—{xeRd‘ Teﬁ}v
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denotes the basic “cell” (repeating element of the periodic structure, see Fig. 1), x; is the reference
point of II{. By x we denote the global (Cartesian) coordinate system in R¢ and by i = (i1, ia, ...iq)
the counting multi-indices for the cells. The notations | J;and >°; are shorthands for the union and
summation over all cells. It is assumed that the overall amount of II{ in €2 is bounded from above by
the quantity

coe”?  where c¢o=0O(1). (1.1)

In the basic cell ( see Fig. 1), we use local Cartesian coordinates y € R<. For any II , local and global
coordinates are joined by the relation

Lell  vxelf Vi

Figure 1: Periodic structure (left) and its basic cell (right)
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On II, we define a matrix function A € L‘X’(ﬁ, ngxn‘f), where ngxn‘f denotes the set of symmetric
d x d— matrices. We assume that
alg? < Ay)g-e<olg?  VEeR! wyell (12)
where 0 < ¢; < ¢ < 00. The global matrix
A (x) ;—E<X;Xi> vx € IIE Vi, (1.3)

defines the periodic structure on €2, where ¢ is a small parameter (geometrical size of a cell). In view
of (1.2), A. (and its inverse AZ!) satisfy similar two-sided estimates for any e.
For
fer*Q)), (1.4)

we consider the second-order elliptic equation
—div(AcVue) =f inQ

with homogeneous Dirichlet boundary conditions. The corresponding generalized solution u. € HE(Q)
is defined by the variational formulation

/ A Vu, - Vw = / fw Yw € Hy (Q). (1.5)
Q Q

For any & > 0, the solution u. exists and is unique. It is known (see, e.g., [7], [10], [15]) that there exists
the so-called homogenized matrix Ay € ]Rg;,g (cf. (2.9)), which is positive definite (cf. [7], pp.17-18),
such that

ue — ug  in L3(Q) and u. —ug in Hy(Q) fore—0,

where ug € H}(Q) satisfies the relation

/ AoVug - Vw = / fw Yw € Hy (). (1.6)
Q Q



The homogenized problem (1.6) is well studied in the context of asymptotic analysis (see, e.g., [7],
[15]). In particular, it was shown that it is possible to find the approximation

X — Xj

ul (x) = uo1 <x, ) vx € 1If Vi, (1.7)
where R
uo1 (Xa y) = UO(X) + €U1(X, y) Vx € Qv vy ell (18)

and uy(x,) is a II—periodic function such that (cf. [15))

[ue —u|mi) < Ve

Derivation of error indicators for homogenized problems is a topic of vivid research. Here, we first
of all mention residual type error indicators that develop the ideas suggested in [2, 3] for finite element
approximations. Since our approach is based on a different technique, we will sketch here only briefly
some relevant literature on residual based estimation and refer for a detailed review, e.g., to [14]. A
posteriori error estimates for the heterogeneous multiscale discretization (HMM) of elliptic problems in
a periodic setting can be found in [18] and [13]. In [1], an a posteriori estimate of residual type for
general, possibly non-periodic, diffusion tensors with micro-scales is presented while a residual-type a
posteriori error estimate for more general diffusion tensors has been developed in [14]. Also, we mention
the papers [4, 5, 8, 9, 17, 29, 30], which are closely related to the topic.

Our goal is to deduce estimates of a different type, which provide guaranteed computable bounds
of the modeling error and does not contain unknown constants. These estimates (error majorants and
minorants) reflect the decomposition (1.8). The majorant is based on the homogenized problem and
its solution and, in addition, depends on free functions defined on the cell of periodicity. They should
be chosen such that the majorant becomes as small as possible and can either be computed as the
solution of a certain boundary value problem with periodic boundary conditions on the basic cell or by
minimizing the error majorant. In general, the estimates have the form

M@ (uév @) < ||v (uE - u;)HAa < M@ (uiv n, )‘7 S) ) (19)

lalla. = ( [ Aca q)m. (1.10)

The majorant Mg and the minorant Mg depend on the solution of (1.6), the small parameter e, and
some other functions, defined on 1I. Technically the derivation is based on a posteriori error estimates
of functional type (see, e.g., [21]-[27]).

The structure of this paper is as follows. In Section 2, we briefly overview the results in the ho-
mogenization theory of second order elliptic operators which are significant for subsequent analysis. In
Section 3, we prove the main result, which yields computable upper and lower bounds of the model-
ing error. Numerical tests are exposed in Section 4. They confirm the efficiency of the above derived
estimates.

where

2 Homogenization of second order elliptic operators
On each cell II§ , the operator —div (A: Vul) (x) can be represented in a different form:

X — Xj

—div (AE Vu;) (x) =: (jlgum) (X, > vx e I1j,

3

where the convention on summation of repeating indices is adopted and wg; is defined by (1.8). We

have
i (9, 19Nz (9 . 10\ _ - 1
A= (33% e 8yi> i (3333‘ e 393‘) = At At A, (2.1)




and

~ 02

i 0%

Within the framework of the homogenization theory, the construction of an efficient approximation of
the desired function u. is based on the form (1.7) - (1.8). Then

1
Acu,

_ e M (Aruy + Asug) + (Asuo + Az ur) + e Asus. (2.3)

The natural requirement that Agu; must be uniformly bounded as e tends to zero, leads to the
condition Aj uq + As ug = 0. Whence,

o (A g ) = o (A 3) ).

This equation defines a problem on the cell of periodicity, where the right-hand side depends on x as
a parameter.
For each k =1,...,d, let Ni(y) be the unique solution of the auxiliary problem

=

)

o [ ~ ONy o ~ ,
L A(y) ) = 24,
3%( i(y) ayj> 9, k(y) in

Ny, satisfies periodic boundary conditions , (2.4)

[ vi=o
i

Then w;(x, y) can be written (cf., e.g., [6], [7], [15]) as

OJup (x
i v) = ~Niy) 2L
Therefore, ul as defined in (1.7) has the form
1 8U'O (X) - £ \Js
u; (x) = ug(x) —e Ni(y) e Vy el Vvx eIl Vi (2.5)
k

and

~ 9%y a/~ 0 ~  9? Oug
Az ug + Az up = _Aljiﬁxiaa:j + <3_yi(A” 8—333) + Ay —8157;8:(]]‘) (Nk 8—xk>

-~ 82U0 0 -~ 82’(1,0 -~ 8Nk 82’(1,0
= —Ai‘i —_— Az N, Qi
i 920z, | Oy (A M) 02,00 Y By, dzidm
-~ ~ ON;\ 0%ug o [~ 0%y
— (=4, + 4,29 = (A, N, . 2.6
( i+ Aik 8yk> O0x;0x; + Y, ( J k> O0x 0y, (2:6)



Let w C Q be a measurable subset. For a function ¢ € L!(w) the integral mean is given by
Q= [ ¢ (2.7)
w - |W| J . .

If we write | (C)., we consider this average as a constant function on w (for vector-valued functions,
we apply this definition componentwise). We denote the error caused by the average (2.7) by

€ = (1€ = (Qullews

where [|-||,, denotes the standard L?—norm on w. For vector-valued functions ¢ = (¢x){_; € L' (w,R?)
and ¢ = (¢k)Z:1 erL! (Q, ]Rd) we define the local and piecewise averages by

d d
0,Ci= (16 = (Gull) o ORI i= e (Ei: 60 = (@b ln),_

and

o\ d
d
(0,07 = (G = (al2),_ . (059)? =& (Z 6% = (dr)mg n)
! k=1
The mean value of the right-hand side of (2.6) with respect to y is given by

-~ ~ ON; 82 () 82 Uuo
~={_A..+ A J = —(Ag);; ———- 2.8
Uy Avu = (= + Gl ) g =i (o), 5t (2.8

Hence, for the homogenized matrix, we obtain the representation

Ap = <2(I—VN) >ﬁ with N:= (Np)i,. (2.9)

In general, u!l defined by (2.5) does not satisfy the boundary conditions. We introduce the boundary
corrected approximation w! of u. by

X — xi> 0 up(x)
S 8xk

wh (x)| = ug(x) — e (x) Ny ( vx € IIE Vi, (2.10)

17
where the cutoff function °(x) satisfies the following conditions:

Y= e We™(Q), ¢ =1inQ" = {z € Q| dist(z, 9Q) > £},

0<¢°<1, | V1| < ¢in 2 for some cindependent of e. (2.11)

Since 2 is a Lipschitz domain a possible choice of ¢ which satisfies these assumptions is given by
1
®(x) := min{1, — dist(x, 002)}.
3

Below we summarize three steps necessary for computing the augmented approximation w} of wu.
below. Note that our error majorant will depend on this precomputed function.

1) The solutions Ny of the cell problems
div( AVN,) = (div A) in I,
IV( k) ( iv )k in
Ny, is periodic in II, (2.12)

/Nkzo
i

must be computed. With the help of them we define the homogenized matrix in the general case
(cf. (2.9)):
Ag= (A(I-VN))_.
0 < (I-VN) >ﬁ



2) Solve the homogenized problem: Find uy € H}(2) such that
/ AoVug - Vw = / fw Vw € HY (). (2.13)
Q Q

3) With the help of ug and Nj, we obtain the approximation w} of u.. It is defined by the relation

w! (x) == uo(x) — £9°(x) Ny (%) ‘9%(:) vx € IIE, Vi (2.14)

where ¢¢ := min{1, 1 dist(x, 9Q)} is a cutoff function.

To prove optimal a priori convergence rates for the difference u. — w} with respect to the energy
norm, some regularity of the homogenized problems is typically required. The following assumptions are
taken from [15], p.28: The domain (, the diffusion matrix A, and the right-hand side f are assumed
to be sufficiently smooth such that

ug € W?2>°(Q), (2.15)
and ON
. .
€ L>=(10). 2.16
5y, €L (2.16)

Then, it is proved (see, e.g., [7, Rem. 5.13], [15, p. 28], [11]) that the following error estimates hold:
[ue = wllae) < €ve (2.17)

and
|A:Vu. —vo —evi| < Cye, (2.18)

where!
vo:=(I— Curly]v) o,

o= (AN (I — curly]v»l%l Vuy,
vy = —Curlx(ﬁ ”)a

and the d x d matrix N with columns N’k is the solution of the auxiliary problem

=

curl Ayt (curl],\\f;(y)) = curl (Aal>k in
div Nk =0,

~ ~ 2.19
Ny, is periodic in II, ( )

/ka:o.
fi

Relation (2.17) provides an a priori estimate of the modeling error evaluated in terms of the parameter
€. In the next section, we deduce two-sided guaranteed a posteriori error estimates of

IV (ue — w2)l|a.

which employ the computed functions Ny, N’k, as well as the homogenized solution ug.

1The columns of the matrix curlyN are given by curlyN}€7 k=1,2,...,d.



3 Two-sided error estimate of the modeling error

3.1 Upper bound of the error

In this section, we first prove a subsidiary result which states an upper bound of the L?-product of a
globally defined function and a periodic function defined on the cell. For a vector p = (ui)le € (Rso)*

and s € R we denote by ¢° the componentwise application of the power s, i.e., u® = (uf)?zl.

Lemma 3.1 For all g € L2(Q)%, n € LA, and all A = (\g)i_, € (Rs0)? it holds

> s ) .

—)ax <[l (g)a- (g + 5 (B +
Proof. For any g € L?(Q)?, we have
d
)30 3 [ onom (S ax
k=1 i i
d
_Xi)dx + Z Z /rF(gk)nf nk(x—gxi) dx.
k=1 i i

- (0gm)>. (3.1)

(owx) = {gu)ms) me (%

Since

el [ - o
= [ n ﬁ = [ o0 = 190 (e ()

and

Z/E gr(x 9k>na)77k(x_xl dx— Z/ gr(x gk>l‘[5) (nk(xzxi) _Ck) dx

<Z llgx — (gr)m: i) (/H (nk(x_gxi) _ck)Q dx)

<Z llgx — <9k>H§|H§> e Ik — cillg,

1/2

IN

we find that

g + (65°9), I — cllg)

<> (196 {gr)e
k
<3 (19 el +%<6PW ) +%nnk—c,€n%>
=00 ga (g + 53 ORe) + 5 [ S5 (e —er)’

for any A € RZ, and (ck)zzl € R? are arbitrary vectors . In particular, we set ¢, = (k). and this
implies (3.1). O
In order to present the main estimate in a transparent form, we define the functions

gro(x) = AVl — 7o (3.2)
and
1. ._ 2 s
Fwks m0.mA, 5) = llgnll% s + 26712 (gr)a - (m)p+

S - W 2 S
e (AT Oam? A (08 (8n)”) o Iy, (33)



where A € R‘io, seR,
0 € H(Q, div) := {9 € (L3(Q))?, dive € L*(Q)} (3.4)

and
n € Hy(I, div) := {9 € H(IL, div), (divd)g

0},

Now, we formulate our main result.

Theorem 3.1 Let A, be defined by (1.3), let the conditions (1.1), (1.2) be satisfied, and let the reference
cell II be convex. We assume that the right-hand side in (1.5) satisfies (1.4) and uc is the ezact solution.

The solution ug of the homogenized problem is required to satisfy (2.15). Also, we assume that the
approzimation w’ is defined by (2.14) with ¢° as in (2.11). Then,

ol < 1 — F1/2( 1. ~ .
||V(’U,5 ws)”As - M@(w57 To, 1M, )‘a S) F (w57 70, 777A7 5) + CFSi"dIVTO + f“ (35)
+ & Clldiv g,

where F, E'FQ and C are defined by (3.3) and (3.10), respectively, m and 7o are arbitrary functions
in Ho(Il, div), and H (S, div), respectively, and X € R, and s € R are free parameters.

Proof. For any v,w € H} () and T € H(,div), we have
/ AV (ue —v) - Vw = /(—AEVU -Vw + fw)
Q Q
= /(7‘ — A Vv)-Vw + / (divr + f) w. (3.6)
Q Q
We set w = u. — v and estimate the first term in (3.6) as follows:

/(T = A:V0) - V(ue —v) < [[V(ue —v)|a. [A:Vo — 7| 41 (3.7)
Q

Henceforth, we select 7, in a special form, namely, on any II{ we set

(0 = 7o) — e (X2 (338)

€
where R
n € Hy(I1, div).
Since
. . . X —Xj .
div T (x) = divTo (x) — e’ divn ( . ) vx € 1§ Vi
and
. C X d—1 /-
<d1v77 ( )> =" (divy)g =0,
€ e
we obtain

/Q(divr—i—f) (ue—v):/ﬂ(divr(ﬁ-f) (us—v)—Z/esdivn(_gxi) (e — v)
T

< COry divro + fIl [V (ue = )|+ Y e?*7Y|divallg Crg

V(ue = v)|mg,

where Cp, is a constant in the Friedrich’s inequality for 2 and Cp: is a constant in the Poincare’s
inequality for IIf. It is known (cf. [19]) that for convex IIf

diam IIf

forany d>1.

Cnia <



In our case
. e
diamII{ = pe,

where p is a certain number of the order 1 depending on geometric properties of I (e.g., if it is the
unit cube, then we can set p = v/d).
We use (1.1) and arrive at the estimate

/ (divr + f) (e = 0) < Cr, [divro + £ [V(ue = 0)]| + 27" divallg vag €78 e 2 [V (ue = o))
Q
. s O .
= Cr, [[divro + fI[ [V (ue = 0)| + &* = Vo [divallg [V (e — )]l

In view of (1.2), we obtain
/(diVT +f) (ue = v) < Cry [|divro + | [V (ue = 0)|la, +¢° C [[divag [V(ue = )[4, (3.9)
Q

where

_m and c.=2 /2 (3.10)

ver ™\ e
Now (3.6), (3.7), and (3.9) imply the estimate

Cr,

IV(ue = v)lla. < [4:Vo =79 ="l y o1 + Cry ldivro + f|| + &* O [ldiva|g. (3.11)

Consider the first term in the right-hand side of the estimate (3.11). We have

e —mo el = 30 [ A (20) (A (22 w0 - o (P )
.<E(X‘Xi)w(x>—To(x)+esn(x‘€xi)) dx.

3

We set v = w? (cf. (2.10)) and obtain with the help of (3.2)

| Ac V! —T0—€7]HA1_Z/ (2‘3A ;Xi)n(X;Xi)'U(X;Xi>
2 ()t ()

) () 8r(x)) dx

X — Xj

+E—1<

Now we apply Lemma 3.1 for the second term of the right-hand side and arrive at (3.5). O
We note that the estimate (3.11) also holds in a more general setting and can be applied to any
reconstruction v (including numerical one) of u. with the requirement that v € H*(Q).

Proposition 3.1 The free parameters in Mg can be selected such that it possess the same asymptotic
properties as the true error (cf. (2.18)).

Proof: For a function vy : Q X m— R, we introduce the notation

X — Xj

vl (x) == vy <X, ) vx € IIf Vi

£

We choose
To 1= Vo + £ V7, (3.12)

where vo, i, and vy are defined by (2). By using these definitions we obtain

divrg = divvg + e divv*y =divvg + ¢ ((divx vi) + et (divy vl)*) .



Since vy := —curly (N p), (cf. 2) the first term in the brackets vanishes and for the second one we use
the fact that
(diVy Vl)* = f + diVx Vo

(see, e.g., [7], p.65), and obtain
divrg =divvg — f —divvg = —f. (3.13)
Therefore,
IV(ue —wh)|la. € Mg (w;,'ro, n, A, s) = F1/2 (w;, To, M, A, s) + &° 6’|\divn|\ﬁ, (3.14)
where F is defined by (3.3) with
gr,(x) = A Vw! — (vo +evy).

Then, with the help of (2.17), (2.18), and the triangle inequality, we find that

gre () 4zt = [14e V(w: — e +ue) — (Vo — V1)l 41
< [|4c V(w; - UE)HAgl + | Ae Vue — (vo + 5V1)HA;1 < ¢ye.
We set
n=0, A—0, and s=1. (3.15)
Then,
Mg < ce'/?. (3.16)
O

It is worth noting that in some special cases this asymptotic result can be proved in a simpler way.
For example, if R
AO _ <A—1>§1

(which is always the situation in the one-dimensional case or if curl Al = 0) the simple choice
T = Ao VU(),

1

implies divTg = —f and the error u. — w;

can be estimated by
IV (e = whlla, < Mo (wh, 7o, m, A s) i= F/2(wh 70, m A 5) + & Clldivlg,  (3.17)

where F is defined by (3.3) with

X — Xj

gry(x) = £(1 —wE)VN( )Vuo(x) + eV (x) N(y) - Vo (x) + ewE(x)v(vuo(x)) N(y),

for ally € ﬁ, x €IIf, and all cell indices i. Choosing again the parameter set (3.15), we obtain (3.16).

Remark 3.1 The right-hand side of the majorant (3.5) is the sum of three non-negative terms, which
include a global function T¢ and a function n defined on the cell of periodicity. This reflects the specifics
of the considered class of problems. Hence, the computation of the majorant is based on the flux of the
homogenized solution and a proper selection (cf. Section 4) of the function m defined on the cell of
periodicity. The scalar parameters \; and the power s can be selected in order to minimize the overall
value of the magjorant. We emphasize that the majorant does not require an approzimation of the flux
associated with the original periodic problem.

Remark 3.2 For the practical use of the majorant Mg in (3.5), the free functions and parameters have

to be chosen in a proper way which balances the cost for their computation with the gain of having a
sharper magjorant. One very general strategy in this direction would be to replace

10



a) the minimization with respect to 7 € H (2, div) by a minimization over a finite dimensional sub-
space Sy, () C H(Q,div) (e.g. a finite element space) and

b) also the minimization with respect to n € Ho(ﬁ,div) by a minimization over a finite dimensional
subspace Sp(II) C Hy(II, div).

Then the minimization over the functions T, 1 and parameters A, s can be calculated via an iteration
with starting guess
T(()O) = AoVug and 77(0) =0. (3.18)

Note that in our numerical experiments we have chosen T and 1 according to (3.18) and used the
simplified error estimator

1/2
, (3.19)

IV (e = wh)la, < Ma(uo, €)= ‘Z [ A 0 ) dx

3

where g, (x) is defined by (3.2). These choice always led to satisfactory sharp estimates. If a periodic
structure is coarse and consists of relatively few cells (e.g., 25-100) and/or the coefficients of the matriz
A have Jumps, oscillations, etc. then the term €°m may augment the homogenized fluz substantially.
If the periodic structure is fine, then the correction term is less significant and its influence can be
diminished by increasing values of s.

Lemma 3.2 In the one-dimensional case, (3.19) holds as equality provided that

/Q<A€_1/oxf>:/g<‘401/:f)- (3.20)

The proof follows by some tedious but straightforward calculations and will be skipped here.

Remark 3.3 In certain cases, we may know only numerical approximations to the solutions Ny, Nk
and ug of the auxiliary cell problems (cf. (2.12), (2.19)) and of the homogenized equation (cf. (2.13)).
The corresponding approximation errors can be estimated by error majorants of similar types (see [20]
- [25] and references therein). Then, the overall error majorant will include both, approzimation and
modeling errors. A combined modeling-discretization strategy is suggested in [25] (where the modeling
error is generated by defeaturing of a complicated structure) and should be used in this case. This topic
deserves a separate investigation and lies beyond the framework of this paper which is focused on the
principal structure of the guaranteed error bound for homogenized problems.

3.2 Lower bound of the error

Lower bounds of the modeling error allows us to estimate numerically the sharpness of the error majorant
and to evaluate the efficiency of error estimation. A lower bound of the energy error norm can be derived
by means of the well known relation (see, e.g., [23], pp. 85-86):

[V(ue —0)[[%, = sup ME(v; w):= sup /(2(fw — A Vv -Vw) — A Vw ~Vw) . (3.21)
weHL () weH(Q) JQ
Clearly, for any w € H} () it holds ||[V(uec — v)]la. > Mg(v; w). We set v = w! (cf. 2.10) and
make the ansatz w = pumax 2 for some function z € Hi (Q), where the normalization ppax is defined
by the relation
Jo (fw — A.Vwl - V2)

Pmax = fQ AEVZ V2

so that Mé(w;; pz) is maximal as a quadratic function with respect to p. Inserting this into the
definition of MZ (v; w), we get (with a slight abuse of notation)

— A Vwl V)| |fy (Ao Vug — A.Vuwl) - V2|
M 1; = ‘fQ (fZ € = a2 S
o(wz; 2) V2l [Vz]|a,

(3.22)

11



and this is a lower bound of the modeling error ||V (ue — w})] .-
We note that for the periodic functions f the choice of a cell periodic test function z is preferable.
More precisely, we can make the ansatz

z = w! — ug. (3.23)
In this case, we obtain
q- V¢! |
Mg, per(wl; 0 Lo T 3.24
e,pe( ) HVSDQHAE ( )

where
= (Ag — A)Vug — e A. V2.

An alternative choice of the test function z is z = ug. Then, Mg in (3.22) becomes

Uﬂq V“0|

M aper O
R Y

(3.25)

Remark 3.4 By using the upper and lower bounds (denoted by Mg and Mg, respectively) of the
modeling error, we define the number

Mg
=—, (3.26)
Mg
which is a computable upper bound of the efficiency index
up M@
otV (e — wh)a,

and gives insights of the quality of the error estimation. We also denote by i'%Y the efficiency index of

the lower bound defined by
low ,__ M@

1 B e TTNTEE
IV (e — wh)]a

4 Numerical experiments

In this section, we apply the theory introduced in Section 3 to several one- and two-dimensional test
problems. For this purpose, we select problems used in publications related to analysis of homogenized
and interface problems, e.g., see [8, 14, 16, 17, 30]. Our main goal is to validate the sharpness of the

upper bound Mg (ug, €) (cf.(3.19)) setting 79 = Ao Vuy , and lower bounds Mg per(wl; 0) (cf.
Y €

(3.24)) and Mg aper(wl; 0) (cf. (3.25)). In the first series of tests, we set d =1 and Q = (0, 1). Then,
us € HE(Q) is defined by the relation

1 1
/Aaulav’:/ fv Vv € Hy (). (4.1)
0 0

1,if0<y<1/2,

Test 1.1 A(y) := {2 f1/2<y<1

[i=sin(272).

and A, is defined as in (1.3). The right-hand side is given by

Test 1.2 A.(z) =2+cos(272), f:=e0".

In Tests 1.1 and 1.2, the explicit forms of Ay, uy, % and N are known (they can be found from

(2.9) and (2.4)):

12



-5, if0<y<1/2
Test 1.1 Ao (x) = 3, up = 2= cos(2mze?), M(y):{ 35 1 y<1/2,

8w dy Lif1/2<y<1,

1 .
and N () = -4+ 5, if0<y<1/2,
$-_Lif1/2<y<1.
Test 1.2 Ao (x) = V3, uf=—3—e'0% + 352610 N (4) = 1 — /3 (2 + cos(2my)) ", and

N(y) = [(1-V3(2+cos(2my))~t)dy.

In Test 1.1, f is a periodic function. Therefore, it is natural to expect that the minorant Mg per
(in which the periodicity is taken into account) will provide better results. In Test 1.2, the right-hand
side is represented by a non-periodical function, and, therefore, we expect that Mg aper Will be better
(at least for problems with relatively small amount of cells). The corresponding numerical results are
depicted in Figure 2 and confirm the proposed choice of the lower error bound.

We note that in Test 1.1 [, (AZ2 [ f) = [, (Ao fy f) . and (as it follows from Lemma 3.2) the
majorant (3.19) coincides with the error. This fact is confirmed numerically (see Fig. 2 a, b). Test
1.2 shows that the majorant and minorants are quite sharp if the number of cells is sufficiently large

(regardless of the condition [, (AZ1 [ f) = Jo (Ag" J3 f) )

Figure 2: Error bounds (left) and efficiency indices (right) for Test 1.1 and Test 1.2.

a) Test1.1
4 (@7 Y g 12 (b) Test 1.1
: —o M, : —
o, 2 0 up
=10 1 b 5 —6—i
E 10 M_' aper -g 1650 a a a a Ieﬁ
= = < < < < [low
$ T Ieff, per
s 208t . jlow
E 5 eff, aper
©
= 0
S S 06f
> 2
o L >
l]élO 3 04
a) .% ] I\ N I\ I\
U E [ 12 178 12 12
g 5 11 12 w 0.2 I I I I I I
w10 100 1 10 20 40 60 -1 80 100 120
(d) Test 1.2
0w, 2 1.6 T T
'810 2 —K
=] c N
: - "
= a
o
s = 1.2+ Jow
5 A S -
2 o L _ low
s 1 2 ! : Ieff, aper
210 %'
[
:
g 5 s
2 £
5 2
c c
o Q
3100 Q
Ll I I I L ! !
10° 101 10° 20 40 60 8 100 120
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Now, we consider the case d =2 and Q = (0,1)%. Let u. € H () be defined by the relation
/AEVu€~Vv:/fv Yo € HY (Q),
Q Q

in which A. is derived from A :=al asin (1.3) where the coefficient is defined as follows:

ag ai

a’:{ w>0 w00\ (000G, P a | ez

I
f is chosen such that
uo(x) = z1 22 (1 — 21)(1 — x2). (4.3)
Then (see, e.g., [15], pp. 35 - 39.), Ao = /a7 as.
We use results of [16], where the exact solution of the cell problem
0 [ ~ ONy, (y)) 0 ~ - 2
- Ai' :—Ai inIl = 0,]. y
(A5 )~ 2 3 0.1) y
Ny, is periodic in ﬁ, (44)
<Nk>ﬁ =0,
is found as )
+
Nﬂw—y<zg—>+ym k=1,2, (4.5)
where v(y) is the unique solution of the problem
—div(aVv) =0 in (—1,1)? (4.6)

with homogenous Dirichlet boundary conditions and a is defined by (4.2). This solution is given in
polar coordinates (r,0) centered in the origin by the relation

v=r"pu), (4.7)

Here, u(f) is a continuous, piecewise smooth function, and + depends on L. We note that v has a
2

restricted regularity (namely, v € HH“’*(ﬁ) for any € >0).
In order to verify the efficiency of error majorant, we consider two tests in which the exact solution
of (4.4) have different regularity properties.

Test 2.1 Let a; = 5.0, az = 1.0. In this case, (4.6) yields v = 0.53544094560 and 6 = 7 (cf. system (3.2)
n [16]) Then, v € H3/%(1Q).

Test 2.2 Now, we set v = 0.1 and § = 7. Then, (4.6) holds if a; = 161.4476387975881 and az = 1.0

(cf. system (3.2) in [16]) In this case example, the exact solution belongs to H!**(II) with
0 < a<0.1,ie., has very low Sobolev regularity.

To quantify the efficiency of (3.19 ) and (3.24), we compare the error bounds with the exact error
e:= ||V (ue — wg)|a.. (4.8)

Since the exact solutions u. are unknown, we compute (using linear finite elements) “reference” solutions
Uref ON & mesh 7;, with the mesh width h <« . By using u,.r we define approximate computable
efficiency indices via

M97per(w;§ 0)
IV (urer — wl)||a.

-low

. Mg(w}; 0,1, 1)
up — 2 and i o =

IV (urer — wl) |l a,

(4.9)
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Figure 3: Efficiency of error majorant and minorant for Test 2.1 - 2.2.

1 4
—o—Test 2.1 —o—Test 2.1 —o—Test 2.1
26 —&—Test 2.2 —&—Test 2.2 —=—Test 2.2
- 0.9 3
Lup : low
Ieff eff, per
18
0.8 2
1.4
1 oo 0.7 1
10" 10> 10° 10" 10* 10 10° 10° 10 10° 10° 10*
-2 -2 -2
€ € €

In Fig. 3 we show these quantities together with the quantity s as in (3.26). We see that in both tests
the estimates adequately reproduce values of the modeling error. As it can be expected a priorily, the
estimates are better in the first case (related to a more regular v ). However, even if v has minimal
regularity the upper efficiency index does not exceed 2.3 and the lower one does not go below 0.7.
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